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PREFACE 


HE present volume consists substantially of a course of 

lectures which, by special invitation of the authorities, 

I delivered in the University of Calcutta during parts of January 

and February, 1913. The invitation was accompanied by a 
stipulation that the lectures should be published. 

As regards choice of subject for the course, I was allowed 
complete freedom. It was intimated that the class would be 
mainly or entirely of a post-graduate standing. What was 
desired, above all, was an exposition of some subject that, later 
on, might suggest openings to those who had the will and the 
skill to pursue research. 

Accordingly I selected a subject, which may be regarded as 
being still in not very advanced stages of development, and into 
the exposition of which I could incorporate some results of my 
own which had been in my possession for some time. Owing 
to the limitations of the period over which the course should 
extend, it was not practicable to make the lectures a systematic 
discussion of the whole subject; and I therefore had to choose 
portions, in order to discuss a variety of topics and to indicate 
some paths along which further progress might be possible. Thus, 
instead of concentrating upon one particular issue, I preferred to 
deal with several distinct lines of investigation, even though 
their treatment had to be relatively brief. 
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Wherever it was possible to refer to books or to memoirs, 
I duly referred my students to the authorities. In particular, 
I urged them to prepare themselves so that they could proceed 
to the study of algebraic functions of two variables; because 
happily, in that region, there is the treatise by Picard and 
Simart, Honctions algébriques de deux varables indépendantes, 
which includes an account of the researches made by Picard 
and others in the last thirty years. As this treatise is so full, 
I made no attempt to give to my students what could only 
have been a truncated account of the elements of that theory; 
but, as will be seen, what I did was to restate some of its 
problems from a different (and, as I think, a more general) 
point of view. 

At several stages in my lectures, I deviated from the almost 
usual practice of dealing with only a single uniform function 
of two complex variables. I thought it preferable to deal 
with two dependent variables as functions of two independent 
variables. Characteristic properties of the variation of uniform 
analytic functions of two variables are brought into fuller 
discussion, when two such functions are regarded simultaneously. 
The combination of at least two such functions is necessary 
when the general theory of quadruply-periodic functions is under 
review. ‘The same combination of two functions seems to me 
desirable in the general discussion of the theory of algebraic 
functions of two variables whether these occur, or do not occur, 
in connection with quadruply-periodic functions; the considera- 
tion of relations between independent variables and dependent 
variables is thereby made more complete, and illustrations will 
be found in the course of the book. Even in the simplest case 
that has any significance, when these algebraic relations are 
nothing more than the expression of the lineo-linear substitutions, 
it is of course necessary to have two new variables expressible in 
terms of the variables already adopted. 
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The following is a summary outline of the whole course of 
lectures. 

The first Chapter deals with the various suggestions that have 
been made for the geometrical representation of two complex 
variables. The intuitive usefulness of the Argand representation, 
when we are concerned with functions of a single independent 
complex variable, is universally recognised; but there seems 
to be a deficiency in the usefulness of each of the geometrical 
representations when more than a single independent complex 
variable occurs. 

The second Chapter is devoted to the consideration of the 
analytical properties of the lineo-linear substitution, defining two 
variables in terms of two others, each uniquely by means of the 
others. It is a generalisation of the homographic substitution 
for a single variable; some of the properties of the latter are 
extended to the case when there are two variables. In particular, 
insistence is laid upon certain invariantive properties of such 
substitutions. 

The third Chapter is concerned with the expressibility of 
uniform analytic functions in power-series. The limitation of 
the range of convergence of such series leads to the notion of 
the various kinds of singularity which, under the classification 
made by Weierstrass, uniform analytic functions can possess. 

The fourth Chapter is devoted to the consideration of the 
form of a uniform analytic function in the immediate vicinity 
of any assigned place in the field of variation. The central 
theorem is due to Weierstrass, and was established by him for 
functions of » variables; I have developed it in some detail when 
there are only two variables; and it is applied to the description 
of the behaviour of a function in the vicinity of any one of its 
various classes of places, whether ordinary or singular. 

The fifth Chapter is occupied with two constructive theorems, 
both of them originally enunciated (without proof) by Weierstrass, 
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as to the character of functions either entirely devoid or almost 
devoid of essential singularities. A function, entirely devoid of 
essential singularities, is expressible as a rational function of the 
variables; the proof given is a modification of the proof first 
given by Hurwitz. <A function, which has essential singularities 
only in the infinite parts of the field of variation, is expressible 
as the quotient of two functions which are regular in all finite 
parts of the field; the proof, which is given, follows Cousin’s 
investigations for the general case of n variables. 

The next Chapter is devoted to integrals. The earlier 
paragraphs are concerned with double integrals of quantities 
which are uniform functions of two variables; after an exposition 
of Poincaré’s extension of Cauchy’s main integral theorem, these 
paragraphs are mainly occupied with simple examples of a subject 
which awaits further development. The later paragraphs are 
concerned with integrals, whether single or double, of algebraic 
functions, a theory to which Picard’s investigations have made 
substantial contributions. In restating the problems for the sake 
of students, I took the line of introducing a couple of algebraic 
functions, instead of only a single algebraic function, of two 
variables, so that there may be complete liberty of selection of 
two independent variables. The geometry of surfaces has led 
to valuable results connected with integrals of algebraic functions 
of two variables, just as the geometry of curves led to valuable 
results connected with integrals of algebraic functions of one 
variable. But my own view is that the development of the 
theory, however much it has been helped by the geometry, must 
(under present methods) ultimately be made to depend completely 
upon analysis. This will be more complicated when two alge- 
braic equations are propounded than when there is only a 
single equation; but its character will be unaltered. And so 
I have stated the problem for what seems to me the more 
general case. 
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In Chapter VII I have discussed the behaviour of two uniform 
analytic functions considered simultaneously. In particular, when 
the functions are independent and free (in the sense that they 
have no common factor), it is shewn that their level places are 
isolated; and the investigations in Chapter IV are used to obtain 
an expression for the multiplicity of occurrence of such a level 
place, when it is not simple. 

The last Chapter is devoted to the foundations of the theory 
of uniform periodic functions of two variables. In the early part 
of the chapter, I have worked out the various kinds of cases that 
can occur. The method may be deemed tedious; it certainly 
could not be used for the functions of 2 variables with not more 
than 2n sets of periods; but it brings into relief the discrimination 
between the cases which, stated initially only from the point of 
view of periodicity, are degenerate or resoluble or impossible or 
actual. The theta-functions are then introduced on the basis of 
a result in Chapter V; and the discrimination between functions 
with three period-pairs and those with four period-pairs is indicated. 
Later, some theorems enunciated (but not proved) by Weierstrass 
are established for functions of two variables, together with some 
extensions, all these being concerned with algebraic relations 
between homoperiodic uniform functions devoid of essential sin- 
gularities in the finite part of the field of variation. The Chapter 
concludes with some simple examples belonging to the simplest 
class of hyperelliptic functions. But I have not attempted, in 
these lectures, to expound the details of the theory of quadruply- 
periodic functions of two variables; it can be found in specific 
treatises to which references are given in the text. 


My whole purpose, in the Calcutta course, was to deal with 
a selection of principles and of generalities that belong to the 
initial stages of the theory of functions of two complex variables. 
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Often before, I have had to thank the Staff of the Cambridge 
University Press for their efficient help during the progress of 
proof-sheets of my books. This volume has made special demands 
upon their patience; throughout, as is their custom within my 
experience, they have met my wishes with readiness and _ skill. 
To all of them, once again, I tender my grateful thanks. 


A. R. FORSYTH. 
IMPERIAL COLLEGE OF SCIENCE 


AND TECHNOLOGY, Lonpon, S.W. 
February, 1914. 
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CHAPTER I 


GEOMETRICAL REPRESENTATION OF THE VARIABLES 


In regard to functions of a single complex variable, reference may generally be made, 
for statements of results and for quoted theorems, to the author’s Theory of Functions. 
No reference is made to the ultimate foundations of the theory of functions of a single 
real variable ; a full discussion will be found in Hobson’s Functions of a real variable. 


For a large part of the contents of the first two chapters, reference may be made to 
two papers by the author*; and particular references to memoirs will be made from 
time to time as they are quoted. 


But in addition, reference should be made to a papert by Poincaré, who discusses 
groups, classes of invariants, and conformation of space, when the representation of the 
two complex variables is made by means of four-dimensional space. 


1. This course of lectures is devoted to the theory of functions of two 
or more complex variables. It will be assumed that the substantial results 
of the theory of functions of a single complex variable are known; so that 
references to such results may be made briefly or even only indirectly, and 
suggestions, especially in regard to the extensions of ideas furnished by 
that theory, can be discussed in their wider aspect without any delay over 
preliminary explanations. 


My intention is to deal with some of the principles and the generalities 
of the selected subject. Special illustrations and developments will be given 
from time to time; but limitations forbid the possibility of attempting an 
exposition of the whole range of knowledge already attained. Moreover, 
my hope is to establish some new results, and suggest some problems; 
in order to make that hope a reality within this course, some developments 
must be sacrificed. The sacrifice, however, need only be temporary, in one 
sense; because references to the important authorities will be given, and 
their work can be consulted and studied in amplification of these lectures. 

* «Simultaneous complex variables and their geometrical representation,’ Messenger of 
Math., vol. xl (1910), pp. 1183—134 ; “ Lineo-linear transformations of two complex variables,” 
Quart. Journ. Math., vol. xliii (1912), pp. 178—207. 


+ ‘‘Les fonctions analytiques de deux variables et la représentation conforme,” Rend. Cire. 
Mat. Palermo, t. xxiii (1907), pp. 185—220, 
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2 FUNCTIONS OF TWO VARIABLES [CH. I 


Usually, it will be assumed that the number of independent variables is 
two. In making this restriction, a double purpose is proposed. 


Not a few of the propositions for two variables, with appropriate changes, 
can justly be enunciated for n variables; and sometimes they will be 
enunciated explicitly. In such cases, they usually are true for functions 
of a single variable also; and they become generalisations of the last- 
mentioned and simplest form of the corresponding proposition. Results of 
this type have their importance in the body of the theory. But it is 
desirable to have other results also, which may be called characteristic of 
the theory for more than a single variable, in the sense that they have no 
corresponding counterpart in the theory for a single variable. 


Again, it is desirable, wherever possible, to obtain results equally character- 
istic of the theory in another direction, that is to say, results which aré not 
mere specialisations of results for the case of three or more variables. Such 
a result is provided in the case of the quadruply-periodic functions of two 
variables and their association with single integrals involving the quadratic 
radical of a quintic or sextic polynomial. The case might be taken as the 
appropriate specialisation of 2n-ply periodic functions of n variables and 
their proper association with single integrals involving the quadratic radical 
of a polynomial of order 2n+1 or 2n+2. These latter functions, however, 
are notoriously not the most general multiply-periodic functions for values 
of n from 38, inclusive and upwards. Consequently, it is sufficient to develop 
the association with quadratic radicals of a quintic or sextic polynomial ; 
the formal generalisations of the results so obtained are only limited and 
restricted forms of the results belonging to the wider, but not most com- 
pletely general, theory. 


These combined considerations constitute my reason for dealing mainly 
with the theory of functions of two independent complex variables. 


The two variables will be denoted by z and 2’. 


2. One illustration of real generalisation from the theory of functions 
of a single variable arises as follows. In that theory, when a variable w is 
connected with a variable z bya relation f(w, z)=0 of any form, we frequently 
consider that w is defined as a function of z by the relation. But frequently 
also there is a necessity for regarding z as a function of w; and important 
results, especially in connection with periodic functions, are obtained by using 
this dual notion of inversion. A question naturally suggests itself:—what is 
the general form of this notion of inversion when there are two independent 
variables ? 

A function w of z and 2 can be regarded as given by a relation 
f(w,2,2) =0, any precision as to the form of f being irrelevant to the immediate 
discussion. A limited use of the notion of inversion can be applied at once 
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to the relation. Just as in the Cartesian equation of a surface in ordinary 

space it is often a matter of indifference which of the three coordinates is to 
be regarded as expressed by the equation in terms of the other two, so now 
we may regard the relation /(w,z,z’)=0 as defining any one of the three 
variables w, z, 2’ in terms of the other two. Such an interpretation of the 
relation does not imply the complete process of inversion in the simpler case, 
whereby the quantity initially regarded as independent is expressed in terms 
of the quantity initially regarded as dependent. In the present case, the 
initially independent variables z and z are not expressible in terms of the 
single initially dependent variable w. 


The limitation in the use of the notion, however, disappears when two 
functionally distinct quantities w and w’ occur. This occurrence might arise 
through the existence of two functional relations 


I (v, 4.2)=9, g(w’, 2, 2)=9, 
or of two apparently more general functional relations 
F(w, w’,z.7)=0, G(w, w, z, 7)=0. 
We assume that the equations F=0, G@=0, do actually define distinct 


functions w and w’ in the sense that they are independent equations; that 
is, we assume that their Jacobian 


2) 


w,w 


does not vanish identically. Moreover, for our purpose, w and w’ are not 
merely to be distinct from one another; they are to be independent functions 
of z and z, so that the Jacobian 
i 
Z, 2 


does not vanish identically. Now 
se) 1(E8)=1 
Z, 2 w,w 


ister) ev) Gro) 


/ vA 
w, Ww 2,2 / a @ 


always; hence neither of the Jacobians 
(2 at (2 2) 
w,w Z,2 
can vanish identically. In other words, we can interpret the two relations 


F=0 and G=0 in a new way; they define z and z’ as two distinct and 
independent functions of the two independent variables w and w’. 


Ex. Thus the equations 
w+wr+2+22=a, w—w3+8-23=), 
satisfy both conditions; the quantities w and w’ are independent functions of zand 2’. And 
conversely for z and 2 as independent functions of w and w’. 


1—2 
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On the other hand, the equations 
ww'—z—2=0, w*—w'-1=0, 
being independent equations, determine w and w’ as distinct functions of the variables, for 


LOG bie ; a : : 
J ae does not vanish identically. But these distinct functions are not independent 
? 


functions of z and Z, for J (2 7) vanishes identically. Asa matter of fact, both w and 


Zz 
w’ are functions solely of the combination z+7 of the variables, and therefore w and w' are 
expressible in terms of each other alone; the actual relation of expression is the second of 
the two equations. 


Thus, by the introduction of a second and independent function w’, we 
are in a position to adopt completely the notion of inversion, as distinct from 
any precise expression of inversion, for the case of two complex independent 
variables*. The inversion will be equally possible from any two relations, 
which are the exact and complete equivalent of F=0 and @=0 in 
whatever form these relations may be given. In particular, if / and G 
are algebraical in w and w’, they have an exact equivalent in relations of 
the type f=0 and g=0, obtained by eliminating w’ and w in turn between 
F=0 and G=0. 


Finally, we could regard any two of the four variables z, z’, w, w’ as 
independent and the remaining two as dependent. The necessary and 
sufficient condition is that no Jacobian of F and G with oa to any two 
of the variables shall vanish identically. 


Accordingly, for many purposes, we shall find it desirable to consider 
simultaneously two independent functions w and w’ of the two independent 
variables z and 2’. 


Geometrical Representation of the Variables. 


3. Next, it proves both convenient and useful in the theory of functions 
of one variable to associate a geometrical representation of the variables 
with the analysis. It happens that this representation is simple and 
complete while full of intuitive suggestions; and thought the notion of 
geometrical interpretation has not been adopted by all investigators and has 
occasionally been deliberately avoided by the sterner analytical schools, it 
has acquired importance because of the character of the results to which it 
has led. The representation, initiated by Argand, is obtained by the customary 
association of a point upon a plane with one variable, and of a point upon 

* When there are n independent variables 21, ..., Z,, then m functions w,, ..., w, are required 
for the corresponding complete use of inversion. 

+ There is a wide diversity of practice, in regard to the extent of the adoption of geometrical 
notions in the development of the analysis of the theory of functions. As an indication of this 


variety, it is sufficient to note the different relations to the subject as borne in the work of 
Cauchy, Hermite, Kronecker, Poincaré, Riemann, and Weierstrass. 
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another plane with the other variable; and the functional relation between 
the two variables is exhibited as a conformal representation of either plane 
upon the other. 


An adequate geometrical representation of two independent complex 
variables is a more difficult problem than the representation of a single 
complex variable; at any rate, there is as yet no unique solution of the 
problem which has been found quite so satisfactory as the Argand solution 
of the problem for a single variable. 


In order to let the full variation appear, we resolve each of the complex 
variables into its real and its imaginary parts; so we write 


f=a-iy, 2 =a ty’. 
Here a, y, «, y are real; when z and 2 are independent in every respect, 
each of these four real quantities admits of independent variation through 
the range of reality between —oo and +. Thus a four-fold set of 


variations is required for the purpose; and such a set cannot be secured 
simply among the facilities offered by the ordinary space of experience. 


4. Several methods have been proposed. No method has been adopted 
universally. The respective measures of success are attained through some 
greater or smaller amount of elaboration; but each increase of elaboration 
causes a decrease of simplicity, and therefore also a decrease of intuitive 
suggestiveness, in the geometrical representation. 


Among the methods, there are three which require special mention. In 
one of them, four-dimensional space is chosen as the field of variation, In 
the second, a line (straight or curved) is taken as the geometrical entity 
representing the two variables simultaneously. In the third, each of the 
variables is represented by a point in a plane (the planes being the same 
or different), so that two points are taken as the geometrical entity repre- 
senting the two variables simultaneously. 


5. Of these methods, the simplest (in a formal analytical bearing) is 
based upon the use of four-dimensional space; and applications to the 
theory of functions of two complex variables have been made by Poincaré*, 
Picard+, and others. The four real variables 2, y, 2’, y’ are associated with 
four axes of reference. Sometimes they are taken as the ultimate variables ; 
sometimes they are made real functions of other ultimate real variables, 
from one to three in number according to the dimensions of the continuum 


* <¢Sur les fonctions de deux variables,” Acta Math., t. ii (1883), pp. 97—113; ‘* Sur les 
résidus des intégrales doubles,” Acta Math., t. ix (1887), pp. 321—380; ‘ Analysis situs,” Journ. 
de UV’ Ecole Polyt., Sér. 2, t. i (1895), pp. 1—123; ‘‘ Analysis situs,” Rend. Cire. Mat. Palermo, 
t. xiii (1899), pp. 285—345, t. xviii (1904), pp. 45—110, and elsewhere. 

+ Traité d’Analyse, t. ii, ch. ix; Théorie des fonctions algébriques de deux variables in- 
dépendantes, t. i, ch. ii, in the course of which other references are given. 
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to be represented. Thus a single relation between a, y, 2’, y’ provides a 
hypersurface (or an ordinary space) in the quadruple space; and, along the 
hypersurface, each of the four variables can be conceived as expressible in 
terms of three variable parameters. Two such relations provide a surface 
in the quadruple space; along the surface, each of the variables can be 
conceived as expressible in terms of two variable parameters. Similarly, 
three such relations provide a curve along which each of the variables can 
be conceived as expressible in terms of a single variable parameter. Lastly, 
four such relations provide a point or a number of points. The intersection 
of a hypersurface and a surface is made up of a curve or a number of 
curves. Two surfaces intersect in points; two hypersurfaces intersect in a 
surface or surfaces. We consider only real surfaces, curves, and points, in 
such intersections; because what is desired is a representation of the four 
real variables, from which the complex variables are composed. 


The representation, by itself, does not seem sufficiently definite and 
restricted. There is no preferential combination in geometry among the 
four coordinate axes, which compels a combination of x and y for one of the 
complex variables, while 2’ and y’ must be combined for the other. But 
this original lack of restriction is supplied, so far as concerns functions of z 
and z’, by retaining the partial differential equations of the first order, which 
are satisfied by the real and the imaginary parts of any function w. Writing 
w=u+w=f(z, 2’), where u and v are real, we have 


Ou ao Ou y ov ou _ ov Ou ~ ov 
oe Oy. Oy ae” | Ga Oy a ae 


so that w satisfies (as does v also) the equations 


abled ase Ou “ 0? Li Ou Fu _o 
da? "Oy? ?)— Oawdat * Oydy Oa Oy * 
O?u Cu 


dxdy dyda’ 
From a value of w, satisfying these equations, the value of v to be associated 


with it in the value of w can be obtained by quadratures. Thus we have a 
geometry, tempered implicitly by differential equations. 


The comparative difficulty of dealing with the ideas of four-dimensional 
geometry tends to prevent this mode of representation from being intuitively 
useful, at least to those minds who regard the stated results to be analytical 
relations merely disguised in a geometrical vocabulary. In particular, the 
method fails to provide (as the other methods equally fail to provide) a 
representation of quadruple periodicity which serves the same kind of purpose 
as is served by the plane representation of double periodicity; and @ 
fortiori there is an even graver lack, when divisions of multiple space are 
required in connection with functions of two variables that are automorphic 
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under lineo-linear transformations. Stil], it is the fact that certain results 
have been obtained through the use of this method in the extension of one 
of Cauchy’s integral-theorems, in the formation of the residues of double 
integrals, in the topology of multiple space, and in the conformation of 
spaces. : - 

6. The second of the indicated methods of representation of the four 
variable elements in two complex variables is based upon the fact that four 
independent coordinates are necessary and sufficient for the complete 
specification of a straight line in ordinary space. Such a line would be 
determined uniquely by the two points (and, reciprocally, would uniquely 
determine the two points) at which it meets a couple of parallel planes; and 
therefore, if one variable z is represented by a variable point in one plane 
and the other variable z’ is represented by a variable point in the other 
plane, we might regard the line joining the points z and 2 in the respective 
planes as’a geometrical representation of the two variables z and 2’ con- 
jointly. (Jt can also be determined by a point, and a direction through the 
point ; again, the determination requires four real variables in all.) 


We must, however, bear in mind that the two points on the line are the 
ultimate representation of the two variables. When the whole line* (with 
the assistance of the two invariable parallel planes of reference) is taken to 
represent the two variables, a question at once arises as to the geometrical 
relations between a line z, 2 and a line w, w’, which correspond to two 
analytical relations between the variables. Does the whole line z, z’, under 
any transforming relation, become the whole line w, w’ ? 


7. It is only a specially restricted set of transforming relations, which 
admit such a transformation of a whole line. The result can be established 
as follows. 

For simplicity, we assume that the planes for z and 2’ are at unit distance 
apart, and likewise that the planes for w and w’ are at unit distance apart ; 


and we write 
w=uti, w=u +.’ 


The Cartesian coordinates of any point on the z, 2’ line are 


ox+(l—o)a’, oy+(1l-—o)y, l-a, 
and those of any point on the w, w’ line are 
put(l—p)u’, puv+(1—p)v’, 1p, 
where p and o are real quantities, each parametric along its line. Let two 


relations 
F(w, w', z,2')=0, G(w, w’, z, 27)=0, 


be such as to give a birational correspondence between w, w’ and z, 2. H, 


* For the following investigation reference may be made to the first of the author’s two 
papers quoted on p. 1. 
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then, in connection with these relations, the whole z, 2’ line is transformed 
uniquely into the whole w, w’ line, and vice-versa, some birational corre- 
spondence between the current points upon the lines must exist; and so the 
coordinates of the current point upon one line must be connected, by functional 
relations, with the coordinates of the current point upon the other line. 

Because of the independent equations /=0, G=0, the quantities u, », 
u’, v’ are functions of a, y, #’, y’ alone; and these functions do not involve a. 
Similarly 2, y, x, y’ are functions of u, v, uw’, v’ alone; and these functions do 
not involve p. Hence p is a function of o only, such as to take the values 
0 and 1 (in either order) when o has the values 0 and 1; and, for the 
current points, we must have 


pu+(1—p)u' =f(E, 1, 1-20), 
pv + (1—p)v =9 (€, », 1—o), 
where f and g are appropriate functions of their arguments, and 
E=on+(1—oa)a’, n=oy+(1—-o)y’ 
As p is some function of o alone, the former relation gives 


Ou ow’ 0 Ou ow 0 
p get (=p) emo, Pag +1 pag = (1-0) 5) 


du du’ oof du Ou’ af ‘ 
be! Ay asian peal a | aa) =e | ee 
and therefore 
Ou, \ owl OU du’ 
{psu+(-p) 5c} \p a tae 
2, 28 Aaa Guu ans 
= 1p 5, + el Pag tC Pat 
The relation holds for all values of p, and the quantities w and w’ do not 


involve p; hence 
du du _ du du 


ox oy’ a oy Oa" ? 
du du’ j du’ Ou _ du oul re du’ ou 
Oa Oy! Oa” dy’ dy Ox" dy dai’’ 
ou’ Ou’ _ Ou’ du’ 
Oa Oy dy da"’ 
Similarly, the second relation requires the conditions 
au Gv _ dv av 
Ox Oy’ Oy Oa’ 
ov ov’ Wace dv dv ov’ en ov 
ox oy’ * Ox dy’ dy Ox" * dy oa" 
au ou _ au! du! 
Ox oy’ dy Oar” 


> 
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Moreover, because both w+ and u’+ iv’ are functions of z and z’, we have 
the permanent relations 
ou ov i, ae Ou ov du ——au 
ox Oy Oy oa Oa’ Oy 
du’ ov’ ou’ av du’ Ov ow’ 


Ox Oy’ Cen od. or oy Oa 


By using these relations, the three equations involving the derivatives of » 
and v’ can be transformed into the three equations involving the derivatives 
of u and w’; and therefore, as the permanent relations exist for all functional 
relations, we need retain only the three equations involving the derivatives of 
u and w’ as the essential independent equations for our problem. 


8. The complete integral of the first of these three retained equations— 
it involves uw only—is 
u=axn— By t+a'a’ — By’ +x, 


where a, £, a’, 6’, x are any real constants, provided the condition 
aB’ —a’ B=0 
is satisfied, The permanent relations then give 
v=Pat+ayt+Pa't+dy +k, 
where «’ is any real constant; and so 
w=u+w 
=(a+7B)z+(a+iB)2 ++i’. 


The presence of the term « + 7x’ in w merely means a change of origin in the 
w-plane ; neglecting this temporarily, we have 
w=(a+78B)2+(a' +28’) 2’. 

Now let 

a+iB=Aer, a +iR! = A’er? 
where A, A’, uw, w’ are real; then the condition 48’ — a’8 =0 becomes 

AA’ sin (u— pw’) = 0, 

so that either A =0, or A’ =0, or w=p’, giving three possibilities. 


Similarly, the complete integral of the third of the retained equations— 
it involves wu’ only—is 
ul = ya — dy +a — Sy +r, 


where y, 6, 7’, 8, \ are any real constants, provided the condition 
yo’ — 7/5 =0 
is satisfied. The permanent relations then give 


v =dat+yyt Sa +y/y' +N, 
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where 2’ is any real constant; and so 
w =u +i 
= (y +18) 2+ (9 +78) 7 +410. 

The presence of the term X+7\’ in w’ merely means a change of origin in 
the w’-plane ; neglecting this temporarily, as before for w, we have 

w! =(y + 10) 24+ (y +78) Z. 
Now let 

y +d = Cer, x’ +18’ = Ce", 
where C, C’, v, v’ are real; then the condition yé' — yd =0 becomes 

CO’ sin (vy — v') = 0, 
so that either C=0, or C’=0, or v=y’, giving three possibilities. 
The second of the three retained equations still has to be satisfied; it 


involves derivatives of w and of w’, and it is satisfied identically by the fore- 
going values of w and w’, provided 


ad’ —a'd = By’ — By, 
or (what is the equivalent condition) provided 


AC’ sin (u—v') = A’C sin (w’ — v). | 


9. Nine cases arise for consideration, because the three possibilities 
from the first of the retained equations must be combined with the three 
possibilities from the third of the retained equations. Each combination 
is governed by the last condition; and the expressions obtained must satisfy 
the conditions holding between p and c. Moreover, in the end, w and w’ 
are to be independent functions of the variables; and, for the present 


purpose of geometrical representation by a line, we manifestly may inter- 
change z with 2’, and w with w’. 


Of the nine combinations, two are impossible under these requirements, 
viz. A=0, 0=0; and A’=0, C’=0. Four of them are equivalent to one 
another under these requirements, viz. A=0, v=v'; A’=0, v=’; p=p, 
C=0; w»=p’, C’=0; and they lead to the expressions 

w=(Az+A’/)e", w= C'dem. 
Two of them are equivalent to one another under these requirements, viz. 
A=0, C’=0; and A’=0, C=0; and they lead to the expressions 
w= Azer, w =C'2er. 

The remaining combination, viz. w= mw’, v=v’, under the requirements leads 
to the expressions ; 

w=(Az+ A’z’)e", w' =(C2+ C’2’) e™. 
All these expressions must still satisfy the terminal condition applying to p 
and o, viz. that p must be 0 or 1 when o is 0 or 1. When these expressions 
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are inserted for the functions f and g in the earliest equations in § 7, the 
latter lead to the relations 


pa+(l—p)y _pa+(1—p)y’ 


Co l-—o 
pB+(1—p)d_ pi'+(1—p)& 
o l-o ; 


and therefore 
pAe+(1—p)Ce* pA’er*+(1—p) Cer 


o l-o 


For the first of the expressions, this becomes 


pA _pA'+(1—p)C’ 


o l—o 


In order that p may be 1 when o is 1, we must have A’=0 and the 
necessity, that then p must be 0 when a is 0, imposes no further condition ; 
the expression becomes 

w=Azer, w=C'Zer, 
which is the same as the second. 


For the second of the expressions, the relation is satisfied without any 
further condition. 


For the third of the expressions, the relation becomes 
pA+(l—p)C a 
pA’+(l—p)C’ l-a 
In order that p may be 1 when o is 1, we must have A’=0; and in order 
that p may be 0 when a is 0, we must have C=0; the expression becomes 


w=Aze, w=C'2’er, 
the same as before. 
In obtaining this result, we neglected temporarily an arbitrary change 
of origin in each of the planes; and we assumed that z can be interchanged 
with 2’, and w with w’. Thus we have the result :— 


The only relations which give a birational transformation of the straight 
line, joining z and z' in two parallel planes, into a straight line, joining w and 
w’ also in two parallel planes, either are 


w =aze + be®, w' =a'ze + cer’, 


where a, a’, b, c, a, B, y are real constants, or can be changed into this form by 
interchanging z and 2’, or w and w’, or both. 


These relations, as equations in a general theory, are so trivial as to be 
negligible; and so we can assert generally that two functional relations 
F(w, w’, z,2’)=0 and G(w, w’, z, 7)=0, which transform the variables z 
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and 2 in their respective parallel planes into the variables w and w’ likewise 
in their respective parallel planes, do not (save in the foregoing trivial cases) 
admit a birational transformation of the whole straight line joining z and 2’ 
into the whole straight line joining w and w’. 


10. Manifestly, therefore, we need not retain the suggested geometrical 
representation of two variables by the whole straight line joining the two 
points z and z’, because the only effective part of the representation is 
provided by the two points in which the line cuts the planes. 


Nor would any other method of selecting the four real variables for the 
specification of the straight line be more effective. For example, the line 
would be uniquely selected by assigning a point where it cuts a given plane 
and assigning its direction relative to fixed axes in space; and then we 
could take 

z=a+w, 2=e%tand, 


with the usual significance for w, y, 0,¢. It is easy to see that, when we 
take a plane at unit distance from the given plane, and we write 2” =z2+2’, 
the former representation by the straight line arises for z and 2”. As 
before, the whole straight line is not an effective representation of the two 
complex variables; the only effective part of the representation is the 
point in the given plane and the direction relative to fixed axes. 


11. Another method of constructing a straight line to represent two 
complex variables z and 2 has been propounded by Vivanti*, whereby it is 
given as the intersection of the two planes 


aX +yZ=1, ¢¥+yZ=1, 


where X, Y, Z are current coordinates in space. The immediate vicinity of 
a line Z, 2 is assumed to be the aggregate of all lines such that 


(c@-HP+(y-Yrer, (@ —m P+ — yo) < rs 


where r and 7’ are arbitrary small quantities; and the boundary of the 
vicinity is made up of the lines 


(e7-HP+(y—yr=r, (a —a P+ (y —yP=r®. 


It is easy to see that, as before, the whole straight line as a single 
geometrical entity is not an effective representation of the two complex 
variables z and z’; the only effective part of the representation depends 
upon the coordinates of the two points in which the line cuts the planes of 
reference }) =(0, X =0 (or any two of the coordinate planes). 


* Rend. Cire. Mat. Palermo, t. ix (1895), pp. 108—124. 
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12. The preceding investigation suggests cognate questions which will 
only be propounded. ‘Two functional relations, F’(w, w’, z, 2’)=0 and 
G(w, w’, z, 2’) =0, transform a pair of points z and 2’, in parallel planes, 
into a pair (or into several pairs) of points w and w’, also in parallel planes. 
Let z and z be connected by any analytical curve; let a corresponding pair 
of points w and w’ also be connected by any analytical curve; and suppose 
that the two analytical curves have a birational correspondence with one 
another. Then 


(i) How are the equations of this correspondence connected, if at all, 
with the original functional relations? and what are these 
equations when the two analytical curves are assigned ? 


(i) What functional relations are possible if, under them, the whole 
z. 2 curve is to be transformed into the whole w, w’ curve ? 


(i) When functional relations are given and an analytical z, 2’ curve 
is assigned, what are the equations of the w, w’ curve, if and 
when the whole curves are transformed into one another ? 


13. One warning must be given before we pass away from the con- 
sideration of a line, straight or curved, as a geometrical representation of a 
couple of complex variables. The preceding remarks refer to the possibility 
of this geometrical representation; they do not refer to functions of two 
complex variables which are functions of a line. Functions of a real line 
occur in mathematical physics; thus the energy of a closed wire, conveying 
a current in a magnetic field, is a function of the shape of the wire. This 
notion has been extended by Volterra* on the basis of Poincaré’s general- 
isation of one of Cauchy’s integral-theorems. In the case of the integral 
of a uniform function of one complex variable, we know that the value is 
zero round any contour, which does not enclose a singularity of the function, 
and that the integral between two assigned points is (subject to the usual 
proviso as to singularities) independent of the path between the points; 
that is, the integral can be regarded as a function of the final point. So 
also (as we shall see) the integral of a function of two complex variables over 
a closed surface in four-dimensional space is zero if the surface encloses no 
singularity of the function; and when the surface is not closed, the integral 
(subject to a similar proviso as to singularities) depends upon the. boundary 
of the surface; that is, the integral can be regarded as a function of the 
boundary-line. 

This property has nothing in common with the line-representation of 
two complex variables which has been discussed. 


14. The third of the indicated methods of representation of two complex 
variables is the effective relic of the discarded line-representation. It is the 
simple, but not very suggestive, method of representing the two variables z 


* Acta Math., t. xii (1889), pp. 233—286. 
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and z’ by two points, either in the same plane or in different planes, the two 
points always being unrelated. It is the method usually adopted by Picard 
and others. For quite simple purposes, it proves useful; thus it is employed 
by Picard* in dealing with the residues of the double integrals of rational 
functions, and it is important in his theory of the periods of double integrals 
of algebraic functions. 


Let me say at once that the point-representation of z and 2 is not 
completely satisfactory, in the sense that it does not provide a representation 
which gives a powerful geometrical equivalent for analytical needs. One 
illustration will suffice for the moment. It is a known theorem+, due 
originally to Jacobi in a simpler form, that a uniform function of two 
variables cannot possess more than four pairs of periods. The point- 
representation of two variables admits of an effective presentation of simple 
periodicity for either variable or for both variables, of double periodicity for 
either variable or for both variables separately, of triple periodicity for both 
variables in combination; but (as will be seen later in these lectures) it 
does not lend itself to a presentation of quadruple periodicity for both 
variables in combination, a presentation which is much needed for functions 
so fundamental as the quotients of the double theta-functions. An attempt 
to circumvent the latter difficulty will be made later for one class of 
quadruply-periodic functions. But the general difficulty remains. There 
are other limitations also upon the effectiveness of the method of repre- 
sentation by points; they need not be emphasised at this stage. 


New ideas, or some uniquely effective new idea, can alone supply our 
needs. In the meanwhile, we possess only two fairly useful methods, 
viz., the method of four-dimensional space, and the method of two-plane 
representation. 


Properties of the two-plane representation. 


15. As the principal use of the representation of two variables in four- 
dimensional space occurs in connection with double integrals, illustrations 
can be deferred until that subject arises for discussion. We proceed now 
to make a few simple inferences from the two-plane representation of two 
variablest. 


We shall use the word place to denote, collectively, the two points in 
the z-plane and the z’-plane respectively which represent the values of z and 


* See the reference to the second treatise by Picard, quoted on p. 5. 

+ The general theorem is that a uniform function of m independent variables cannot possess 
more than 2n independent sets of periods. The simplest case, when n=1, was originally estab- 
lished by Jacobi, Ges. Werke, t. ii, pp. 27-32. For the general theorem, see the author’s Theory 
of Functions, § 110, § 239, where some references are given. 

+ For much of the investigation that follows, reference may be made to the author’s paper, 
quoted on p. 7. 
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of 2. Let w and w’ be two independent functions of z and 2’, so that their 
Jacobian J, where 


5) (= 7 : 
Z, 2 
does not vanish identically ; and let the places z, 2’ and w, w’ be associated 
by functional relations. Any small variation from the former place, repre- 
sented by dz and dz’, determines a small variation from the latter place, 
which may be represented by dw and dw’; the analytical relations between 
these small variations are of the form 


dw=Adz+Bdz’, dw’ =Cdz+Ddz, 
where A, B, C, D are free from differential elements, and AD— BO =J. 


Next, let d,z and d,z’, d,z and d,z’ denote any two small variations from 
the z, 2 place; and let d,w and d,w’, d,w and d,w’ denote the consequent 
small variations from the w, w’ place. Then 


d,w, d,w' 7% Ad,z+Bd,z, Cae + Dayz’ | 
dw, d,w | | Ad,z+Bd,2, Cd,z+Dd,z’' | 
=J\ 2, de 
hidie: daz 


Manifestly, if d,zd,2’ —d,zd,z vanishes, then d,wd,w' —d,wd,w' also 
vanishes; and the converse holds, because J is not zero. Hence if, at the 
place z, 2’, two similar infinitesimal triangles are taken in the planes of z 
and of z respectively, the corresponding infinitesimal triangles at the place 
w, w in the planes of w and of w’ respectively also are similar; and 
conversely. 


This property holds for all pairs of similar infinitesimal triangles; and 
therefore, when the z-plane and the z’-plane are put into conformal relation 
with one another, the w-plane and the w’-plane are also put into conformal 
relation with one another. This result is the geometrical form of the 
analytical result that, when the two equations 


PQu,w,2,2)=0, G(w,w’, z,2)=0, 
determine w and w’ as independent functions of z and z’, a relation 
¢ (z, 2’) =0, involving z and z’ only, leads- to some relation > (w, w’) =0, 
involving w and w’ only. 
Another interpretation of the relation 
aw, aw l=J}\d,z, a7 | 
d,w, dw’ doZ, Gaz | 


is as follows:—When w and w’ are two independent functions of two 
independent complex variables z and 2’, and when d,Z, d,2, d,w, d,w' are 
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any one set of simultaneous small variations, while d,z, d,z’, d.w, d.w' are 
any other set of simultaneous small variations, the quantity 


| dw, dw’ |+| dz, d,z’ 
dw, dow’ | | dee, d,2’ 


is independent of differential elements and depends only upon the places 
z, 2 and w, w’. 


16. The converse also is true, viz. :— 
Let z and z' be two complex variables, such that 
z=a+ty, g=a' +’, 
where x, y, x, y’ are four real independent variables ; and let w and w' be 
other two complex variables, such that 
w=utw w=u4+w, 
where u,v, wv, v are four real independent quantities, being functions of a, y, 
a’, y'; then, if the magmtude 
d,w, d,w’ 4 G20) ae: 
/ / 
dow, dw dz, dz 
for all infinitesimal variations, is independent of these variations, w and w' 
are independent functions of z and z' alone. 


, 


This property, which for two independent complex variables corresponds 
to Riemann’s definition-property* for functionality in the case of a single 
complex variable, can be established as follows. Let 


ow ow ow ow 
Ae ee te ayan pues 10 aye 
OU! on OW Sa, CU CU 
CL ? ies Avie te ay ae 
so that 
dw =adx+ Bdy+yda' + ddy’ 
dw’ = ada + B'dy + y'dax' + eine 
Then 
d,w; d,w' 
d,w, d,w' 


=| ad,a+Bdy+yda'+ddy’, adx+ Bdyy + yd,a' + Sdyy’ 
| adie + Bdyy +ydya! + Sdyy’, ada + B'day + -//dya' + Say’ 


=|a, a || da, dy |+] a, @ d,a, dja |+|a, a || d,x, dy’ | 
8, B || dye, dey | fy || che do’ | 18, 81 | dee, gel 
+|B, & dy, de |+|.8, 6 | | diy, dy |+|ly 7 d,a', dy We 
y, day, dah ‘6, 8 | | day, day’ | 6.0" dia, dey 


* Riemann’s Ges. Werke, p. 5. 
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Also 

et d, 2’ 

d,Z, do2’ 


da+idy, dx +id,y 
d,v+id,y, dx’ + id,y’ 
d,a, dhe’ \+1| dy, da’ diy, dy’ 
d,@, dpa’ dyy, dx’ doy, doy’ 
These two quantities are to stand to one another in a non-vanishing ratio, 
which is independent of the arbitrarily chosen differential elements that 


occur in them. Consequently, when we denote this ratio by J, we must 
have 


+1| dha, dy’ 


dyx, dy’ 


af’ — a’ =0, 
ary’ —a'y = J, 
ad’ —a’d =1J, 
By’ — By =, 
BY — BS=—d, 
yo — 7d =0; 


and these necessary conditions also suffice to secure the property. 

The first of these conditions shews that a quantity m exists such that 

S= ma, “p= mea : 
and the sixth shews that a quantity n exists such that 

Sb=ny, 8 =ny’. 
The third condition then gives 
iJ =ad’—a’d=n (ar —a'y) =nJ ; 
the fourth and the fifth conditions similarly give 
id =mJ, —J=mnJ; 


and the second condition gives the value of J. Thus all the conditions are 


satisfied if 
m=%t, n=1; J=ar’ —a'y. 
But now . 
ow ; ow ow ow 


a eo en aa 

and these are the only equations affecting w alone. The theory of partial 
differential equations of the first order shews that their most general in- 
tegral is any function of «+ 7%y and of a’ +1’ alone, that is, w is a function 
of zand z alone. Similarly 

ow’ ow Sw’ cw’ 

Oy Ox’ oy ~Mieal? 
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and these are the only equations affecting w’ alone; hence, as before, w’ 
also is a function of z and z’ alone. Moreover, we now have 


ow dw ow dow 


a Be * Dah eats 
Ow’ dw’, = ow 


Gz. On), |) Oe ee Ot ae 


and therefore 


fey ek _ dw dw’ dw dw’ 
Be Y= Ge Oe Oz dz" 


Also J is a non-vanishing quantity. Hence w and w’ are independent 
functions of z and 2’ alone—which is the result to be established. 


17. The Riemann definition-property for a function of a single complex 
variable leads to a relation 
dw bz 
Sw 82’ 
this relation, when interpreted geometrically, gives the conformal repre- 
sentation of the w-plane and the z-plane upon one another, The property 
just established in connection with the quantity 


d,z.d,2’ — d,z.d,z’ 
has a corresponding geometrical interpretation. 


For simplicity, let z and 2 be represented in the same plane, At any 
point O in the plane, take OA, OB, OC, OD to represent d,z, d,z’, dz, d.z’. 
Along the internal bisector of the angle between OA and OD, take OP 
a mean proportional between the lengths OA and OD; and along the 
internal bisector of the angle between OB and OC, take OQ a mean 
proportional between the lengths OB and OC. Complete the parallelo- 
gram of which OP and OQ are adjacent sides; let M denote the product 
of the lengths of its diagonals, and let @ denote the sum of the inclinations 
of those diagonals to the positive direction of the axis of real quantities; 
then 

d,z.d,2¢ —d,2,d,2 —Me™, 
Constructing a similar parallelogram in connection with the variations of 
w and w’, we should have 
d,w.d,w' —d,w.d,w’ = Ne*. 
Consequently 
Net = JMe%. 

Now let two sets of pairs of small variations of z and z be taken, 
one of them leading to a quantity Me, the other of them leading to a 
quantity M’e®*; and let the corresponding quantities, arising out of the 
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two sets of pairs of the consequent small variations of w and w’, be Ne* 
and N’e**, Then 
New=JMe, Net? =JM'e, 

and therefore 

tga ¢ 

Wa’ 
which is the extension, to two functions of two variables, of the conformation 
property for a function of one variable. Moreover, the extension is deter- 
minate; for the parallelogram, constructed to give the representation of 
d,z.d,z —d,z.d,z’, is unique in magnitude and orientation. 


¢—p=0- 8, 


18. While a geometrical interpretation of functionality can thus be 
provided at any place in the two planes of the independent variables, 
a limitation upon the general utility of the method is found at once when 
we proceed to the transformation of equations. It does not, in fact, provide 
any natural extension of the transformation of loci and of areas which occurs 
when there is only one complex variable. 


Thus consider the periodic substitution 

zV2=wiw, 7/2=w-w, 
which gives 

wf/2=2+2, w/2=z—-—Z. 
Corresponding to any z, 2 place, there exists a unique w, w’ place. But 
the combination, of a definite locus in the z plane unaffected by variations 
of 2’ with a definite locus in the z plane unaffected by variations of z, does 
not lead to similar loci in the planes of w and of w’. Thus suppose that z 
and z describe the circles 

z=ae, z#=a'e%, 
in their respective planes; the corresponding ranges in the w and w’ planes 
are given by the equations 
(u+uPt+(vtvP=20%, (u—w P+ (v—v'P = 2a”, 

neither of which gives a locus in the w plane alone or in the w’ plane 
alone. The z circle and the 2 circle, which can be described by the 
respective variables independently of each other, determine »* places in 


the w and w’ planes combined, but there is no locus either in the w plane 
alone or in the w’ plane alone corresponding to the two circles, 


Again, the content of the field of variation represented by 
[z|<a, |2|<a, 
ean be described very simply; it consists of the 2‘ places given by com- 
bining any point within or upon the z circle with any point within or 
2—2 
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upon the 2’ circle. When this field of variation is transformed by the 

periodic substitution, the new field of variation is represented by 
jw+w|<aV/2, l\w—w'|<a'/2; 

it consists of co4 places in the w and w’ planes, each corresponding uniquely 

to the appropriate one of the o* places in the z and z planes; but there 

is no verbal description of the w, w’ field so simple as the verbal description 

of the z, z’ field which has been transformed. 


Analytical expression of frontiers of two-plane regions. 


19. One consequence emerges from even the foregoing simple illus- 
tration, and it is confirmed by other considerations. 

When we have a four-fold field of variation such that places im it are 
represented by a couple of relations 


$(t,Y #Y)KO Vay xs y)<O, 
the three-fold boundary of the field consists of two portions, viz. the range 
represented by 

dye y)=0, pay, y)<0, 
and the range represented by 

p (a, Y, wv, y’) <0, (wy, wv’, y’) = 0. 
These two portions of the three-fold boundary themselves have a common 
frontier represented by the equations 

Gaye y)=0, vay x, y)=0, 
which give a two-fold range of variation. This last range is a secondary or 
subsidiary boundary for the original four-fold field; to distinguish it from 
the proper boundary, we shall call it the frontier of the field. 

Accordingly, we may regard the frontier of a field of the suggested kind 

as given by two equations 


b (2, y #2, Y)=0, Wa, y, #, y')=0. 
(The simpler case of unrelated loci in the planes of z and of z’ arises when 
@ does not contain 2’ or y’, and W does not contain w or y; and, at least 
when ¢ and w are algebraic functions of their arguments, the foregoing 
relations can be modified into relations of the type 


O (x, 4; @) == 0, 6 (a, y, y’) = 0, 
or into relations of the type 
x(a, 2, y)=0, XY, 2, y') =9, 
which are equivalent to them.) Now this form of the equations of the 


frontier of the field possesses the analytical advantage that, when the 
variables are changed from z and z’ to w and w’ by equations 


F (w, w’, 4, z’) <= 0, G (w, w’, z, z’) => 0, 
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the equations of the frontier of the w, w’ field are of the same type as 
before, being of the form 

D(u,v,u,V7)=0, Vu, », wv, v’)=0. 


It is necessary to find some analytical expression of the doubly-infinite 
content of these equations. In the special example arising out of the 
periodic substitution in § 18, we at once have the expressions 


u/2=acos@+a'cos 0, u’/2=acos 6—«a cos O, 
v/2=asn0+a' sind’, v/2=asin 6 —a'sin O, 


giving the doubly-infinite range of variation for w, v, u’, v', when 6 and 6’ vary 
independently. But when the equations of the frontier do not lead, by 
mere inspection, to the needed expressions, we can proceed as follows. 


Let 2, y, «, y’ =a, b, a’, b' be an ordinary place on the frontier given 
by the equations ¢=0 and w=0, in the sense that no one of the first 
derivatives of @ and of y vanishes there ; and in its vicinity let 


a=a+& y=b+n, #a=ad+f, Y=d' +7. 


Then we have 


0-624, a aa ia) 


OnE ee Een abt 
there being only a finite number of terms when ¢ and w are algebraic in 
form. Introduce two new parameters s and ¢, and take 
s=fa+nB+&yt+76, 
t= Ea’ +B + Fy +78, 


where a, 8, 7, 6, a’, 8’, y’, & are constants such that the determinant 


dp ab dh dg 
da’ 3b’ da” a’ 
Ob Oh Oh On 


ad 0b *) .0a:" ».0b' 
a, B ? fy 5) 8 
al : B' ; yy : IY 
does not vanish. Then the four equations can be resolved so as to express 
£, , &, 7’ in terms of s and t; owing to the limitations imposed, the deduced 
expressions are regular functions of s and ¢, vanishing with them; and so we 


have each of the variables 2, y, 2’, y’, expressed as functions of two real 
variables s and ¢, regular at least in some non-infinitesimal range. 


22 EQUATIONS OF A FRONTIER [cH. I 


In order to indicate the two-fold variation in the content of the frontier, 
it now is sufficient to consider regions of variation in the plane of the real 
variables s and ¢t. Thus, corresponding to a region in that plane included 
within a curve k(s, t)=0, there are frontier ranges of variation in the z 
and the z’ planes, determined respectively by the equations 


2—a=p(s, t) a —a =p (s, 4 
y — b=4q(s, t)/, y—b=q (st), 
0 >k(s, t) 0>k (st) 


that is, by the interiors of curves 
f(a-—ay—b)=90, g(a -a,y'—b)=0, 
the current descriptions of these interiors being related. 


Moreover, the equations #’= 0 and @=0 potentially express wu, v, u’, v' in 
terms of a, y, 2, y’; and so the frontier range of variation in the w and w’ 
planes would be given by substituting the obtained values of a, y, a’, y/’, 
as regular functions of s and ¢, in the expressions for u, v, w’, v’, that is, the 
frontier range of variation is defined by equations of the form 


u, v, u’, v' = functions of two real variables s and t. 


But, in dealing with the geometrical content of the frontier, whether with 
the variables z and 2’ or with the variables w and w’, care must be exercised 
as to what is justly included. We are not, for instance, to include every 
point within the curve f(# —a, y—b)=0 conjointly with every point within 
the curve g (a —a’, y’— b’)=0, even if both curves are closed; we are to 
include every point within either curve conjointly with the point within the 
other curve that is appropriately associable with it through the values of s 
and t. 


Ex. 1. The method just given for the expression of w, y, wv’, y' is general in form; but 
there is no necessity to adopt it when simpler processes of expression can be adopted. 
Thus in the case of the equations 


C+P+er%=l1, w—y sy, 
a complete representation of the variables is given by 
v=sinscost, y=sinssint, #’=coss, y'=sin?s cos 2¢, 
A full range of variation in the plane of s and ¢ is 
OSsSm, OStS Qn. 
When we select, as a portion of this range, the area of the triangle bounded by the lines 


s-t=0, sti=dr, ¢=0, 
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the limiting curves corresponding to f=0 and g=0 are a curvilinear figure made up 
of a straight line and two quarter-circles in the z-plane, and another curvilinear figure 
in the 7-plane made up of a parabola and arcs of the two curves 


y =(1—?) (Qv2-1), oy =—(1—x) (2x?-1), 


Ex. 2. For the periodic substitution 
w/2Z=2+27, w' /2=—2-2, 
a 2, @ frontier defined by the equations 
e+e¢2%=1, y?+7%=1, 
is transformed into a w, w’ frontier defined by the equations 
wtu2=1, v+v2=1; 


that is, the frontier is conserved unchanged. 


Ex. 3. To shew how a field of variation can be limited, consider the four-fold field 
represented by the equations 

w+y2tarS1, Ww+3y2+y2< 1. 

As regards the z-plane, the first equation allows the whole of the interior of the circle 
xz*+y?=1. The second equation allows the whole of the interior of the ellipse 2#°+3y?=1. 
The region common to these areas is the interior of the ellipse ; hence the content in the 
z-plane is the interior of the ellipse 272+3y?=1, so that 2* ranges from 0 to 4, and y” 
ranges from 0 to }. 

As regards the z’-plane, we have 

3a? —y/27=2—27, Qa? —-yP=1+y%. 
Because of the range of 2, the first of these equations gives the region between the two 


hyperbolas 
3v2—y'2=2, 3a'2?-y'2=3. 


Because of the range of y*, the second of these equations gives the region between the two 


hyperbolas 
Qa’ — y= 4s, QWe%—y'?=1. 


The required content in the z’-plane is the area common to these two regions ; that is, it 
is the interior of two crescent-shaped areas between the hyperbolas 


Qv2—y'2=1, 3x%-y'=2. 

The whole field of four-fold variation of the variables z and 2 is made by combining 
any point within or upon the first ellipse with any point within or upon the contour of 
each of the crescent-shaped areas. 

Ev, 4. Discuss the four-fold field of variation represented by the equations 

By + 2a (va! +yy’) <k, 
uv’ +" + 2¢ (ay’ — ya’) <P. 


20. The last two examples will give some hint as to the process of 


estimating the field of variation when it is limited by a couple of frontier 


equations in the form 
O(a, y,¢)=0, O(a, y, ¥)=9, 


or in the equivalent form 


x (a, 2, y')=0, X(y,a', y') =0. 
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We draw the family of curves represented by 6=0 for parametric val 
of «’; for limited forms of 6, there will be a limited range of variation 


of curves represented by @=0 for parametric values of y’; as for 0, so fo: 
there will be a limited range of variation for # and y, bounded by some ot 
curve or other curves. Further, the equations y= 0 and X=0 may it 0] 
restrictions upon the range of « and the range of y’, which are param 
for the preceding curves. In the net result for the z-range, when subject to 
the equations @= 0 and ®=0, we can take the internal region common to all 
the interiors of these closed curves. ae 


The same kind of consideration would be applied to the equations x =| 
and X =0, so as to obtain the range in the 2’-plane as dominated by thes 
equations. ; —— 


And the four-fold field of variation for z and z’ is obtained by com 
every point in the admissible region of the z-plane with every point 
admissible region of the 2’-plane. 


Note. In the preceding discussion, a special selection is made of the four-fold fie 
variation which are determined by a couple of relations ¢ < 0, ~< 0. an 
It is of course possible to have a four-fold field of variation, determined b 
relation ¢<0. The boundary of such a field is given by the single equation p=0; 
is no question of a frontier. > oa 
It is equally possible to have a four-fold field of variation, determined by mo 
two relations, say by ¢ <0, ~<0, y <0. The boundary then consists of three 
given by =0, ¥<0, x<0; H<0, P=0, x<0; H<O, P<O, y=0. The 
consists of three portions, given by ¢@ <0, P=0, y=0; =0, Wp <0, x=0; 


the three equations p=0, ~=0, y=0. 


Sufficient illustration of what is desired, for ulterior purposes in these | 
provided by the consideration of four-fold fields determined by two relations, — 
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Lineo-linear transformations. 


21. WuaTEveErR measure of success may be attained, great or small, with 
the geometrical representation, the analytical work persists; the geometry 
is desired only as ancillary to the analysis. So we shall leave the actual 
geometrical interpretation at its present stage. 


The fundamental importance of the lineo-linear transformations of the 


type 


wath 
 ce+d 


in the theory of automorphic functions of a single variable is well-known. 
We proceed to a brief, and completely analytical, consideration of lineo- 
linear transformations of two complex variables*, shewing the type of 
equations that play in the analytical theory the same kind of invariantive 
part as does a circle or an arc of a circle in the geometry connected with 
a single complex variable. 


These lineo-linear transformations between two sets of non-homogeneous 
variables have arisen as a subject of investigation in several regions of 
research. Naturally, their most obvious analytical occurrence is in the 
theory of groups. When the groups are finite, they have been discussed 
for real variables by Valentiner+, Gordan}, and others; they are of special 
importance for algebraic functions of two variables and for ordinary linear 
equations of the third order which are algebraically integrable§. Again, 
and with real variables, they arise in the plane geometry connected with 
Lie’s theory of continuous groups||. They have been discussed, with complex 


* For much of the following investigation, as far as the end of this chapter, reference may 
be made to the second of the author’s papers quoted on p. 1. 

+ Vidensk. Selsk. Skr., 6 Rekke, naturvid. og math. Afd., v., 2 (1889). 

+ Math. Ann., t. xi (1905), pp. 453—526. 

§ See the author’s Theory of Differential Equations, vol. iv, ch. v. 

|| Lie-Scheffers, Vorl. i. cont. Gruppen, (1893), pp. 13—82. 
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variables, by Picard* in connection with the possible extension, to two in- 
dependent variables, of the theory of automorphic functions. And a memoir 
by Poincaré has already been mentioned f. 


22. We take the general lineo-linear transformation (or substitution) 
between two sets of complex variables in the form 
w = w = it 
az+b7 fo azpbe +e Pa 2207 ce 


wy 


where all the quantities a, b, c, a’, b’, c’, a”, b”, c” are constants, real® or 
complex. The first step in the generalisation of the theory for a single 
variable is the construction of the canonical form; and this can be achieved 
simply by using known resultst in the linear transformations of homogeneous 
variables. For our purpose, these are 

y, = an, + ba, + ¢%, 

Y,=am, +a, + Cx;, 

Ys = a a, + 0x, + 0" Gs, 
so that we have 

a eel ww ii. 


vy Dg Wa I, Yn Ys 
The quantities w and w’ are independent functions of z and z’; and there- 
fore the determinant 
tO Ca 
a’, b’, c! 
Ce b”, Cc” 
denoted by A, is not zero. As a matter of fact, 


(~ *) A 
J TA) oe 7 7 \3° 
Zz, 2 (az + b°2 +") 


The equation 
a — 0, baa, C = (0) 


ANG bi— OF ares 
qa’ ; b” ; ok. ro 0 
is called the characteristic equation of the substitution. This characteristic 


equation is invariantive when the two sets of variables are subjected to the 
same transformation ; that is to say, if we take 


W nsuplen bee * 1 
aw+ Bwt+y aw+ Buty a’w+ Rw +’ 
Z Li 1 


az+ Baty —a'ze+ P'2' + ye + Ble +r"? 

* Acta Math., t. i (1882), pp. 297320; ib., t. ii (1883), pp. 114—135, 

+ See the reference on p. 1, ; 

} Jordan, Traité des substitutions, Book ii, ch. ii, § v; Burnside, Theory of groups, (2nd ed., 
1911), ch. xiii, 
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and express W and W’ in terms of Z and Z’, the characteristic equation of 
the concluding substitution between W, W’, Z, Z’ is the same as the above 
characteristic equation of our initial substitution between w, w’, z, 2’. 


There are three cases to be discussed, according as the characteristic 
equation, which is of the form 
&—A,@+ A,d—-A=0, 


has three simple roots, or a double root and a simple root, or a triple root. 


Case I. Let all the roots of the characteristic equation be simple; 
and denote them by @,, 6, 6;. Then quantities a,: 8, : y,, determined as 
to their ratios by the equations 

aa, + a'B, ss ayy = 6,4, ) 
ba, 7F b'B, a by, = leh 


ca, + cB, + Cy, = 6, > 
are such that, if 


Y,= Orit BrY2+ YrYs, Mr = Ay ® + By, + pHs, 


a1 ee 
The canonical form of the homogeneous substitution is 
P Marly) to Ody Fe = OX5 3 
and so the canonical form of the lineo-linear transformation is 
aw + Bw +y _ met Pre! + a 
asw + Byw' + Ys Q,2 + Byz’ + ys 
ony + Byw’ + yo _ 2 + Rye! + | 
aw + yw’ + ys M32 + B52’ + ys 
where the quantities X and y, called the multipliers of the transformation, 
are 


we have 


Xr = 6,” ed = 8,’ 
being the quotients of roots of the characteristic equation. The multipliers 
are unequal to one another, and neither of them is equal to unity. 


This canonical form can be expressed by the equations 


Ward, W's pz’. 


Case II. Let one root of the characteristic equation be double and 
the other simple; and denote the roots by 0,, 6;, 63. The canonical form 
of the homogeneous substitution is 

Y, = 6,X), Y,= «X,+ 0,Xz, Ys = 6,Xz, 
where the forms of the variables X and Y are the same as in the first case ; 
and the constant «, in general, is not zero. 
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The canonical form of the lineo-linear transformation is of the type 
W=)rZ, W'=d2'+ oZ, 


where 


and the constant o, in general, is not zero. The repeated multiplier % is 
not equal to unity. 


Case III. Let the characteristic equation have a triple root @. The 
canonical form of the homogeneous substitution is 
Y,=0X,, Y,=aX,+6X,, Y,;=BX,+yX_+ OX;; 
and the canonical form of the lineo-linear transformation is of the type 
W=Z+p, W=27'+0Z+4+7, 
where the repeated multiplier is unity, and the constants p, o, 7, in general, 


do not vanish. 


23. Any power of the transformation can at once be derived from its 
canonical form. Let the transformation be applied m times in succession, 


and let the resulting variables be denoted by w,, and w,,’; then . 
Wm + Bim + — xm 2+ Biz + 
Asm + BsWm’ + Ys a,2 + Bs2° + Ys : 
A Wm + Bom. + 2 ef owe a2 + Boz + Ye 
AsWm + BsWm +s 32 + B32’ + Ys” 


expressing w,, and w,,’ in terms of z and 2’. 


When >A”=1 and w”™=1, the mth power of the transformation gives 
an identical substitution. For then 
AhWm + Bim, =e vn = Wim + BoWn + Lie A3Wn + BsWm + Ys 
2 + Biz +; ApS + Biz + 2 32 + Bee. + Ys ; 


When each of these three equal fractions is denoted by p, we have 
Ot (Wm — p2) + By (Wm' — p2') +, (1— p) = 0, 
As (Wim — pZ) + Ba (Wm — pz’) +42 (1 — p) = 90, 
as (Wm — pZ) + Bs (Wm — p2’) +3 (1 — p) = 0. 
The determinant of the coefficients a, 8, y is not zero, because otherwise 


the canonical form of the original transformation would contain only one 
independent equation; hence 


Wm — p2=0, Wy —p2z=0, 1—p=0, 
that is, 
Wm = 4, Wm. a 2, 
shewing that the mth power of the original transformation gives an identical 
substitution, if YW” =1 and w”™=1. 


—— 


—_ 
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Invariant centres. 


24. Certain places are left unaltered by the lineo-linear transformation 
between the z, 2 field and the w, w’ field. On the analogy with the 
corresponding points in the homographic transformation w (cz+d)=az+b, 
these unaltered places may be called double places or (because repetitions 
of the transformation still leave them unaltered) they will be called the 
invariant centres of the transformation. 


Returning to the initial form of the transformation, and denoting any 
invariant centre by € and ¢’, we have 


at+ b6'+¢=66, 
aC+bU +c =00’, 
are+ bre’ +0" =8 ; 
with our preceding assumptions, 0 manifestly is a root of the characteristic 
equation. Hence when all the roots of this equation are simple, we generally 
have three invariant centres, say €, and ©’, & and &’, & and 6’, associated 
with @,, @,, 0; respectively. It is easy to verify that 
9, (6) + Boor + yo) 
= (da, + a’ By + a2) F + (day + 0'Ba + Bryn) + cay + 0B. + 0''Ye 
= 8, (a0, + Bobi’ + 2), 
so that, as 6, and @, are unequal, we must have 


a6, + Bob’ + y2= 0. 

Similarly 

a0) + Bo + y= 0, 

a6 + Bio’ +m + 0. 

Thus the invariant centres are given by the equations 
A 0, + Babi’ + Y= i 
abi + Bobi’ + y= OJ | 
asf + Bsbs + ys = of 
mo + Bio’ +m =0 
OO + Bo +n = ot 
abs + Bobs +y2=0) ” 


a result which can be inferred also from the canonical form of the trans- 
formation. 


while 


In deducing this result, certain tacit assumptions have been made as to the exclusion 
of critical relations. It will easily be seen that the transformation 


w/2=e4+2, wi /2=2-7Z, 


‘s 
is not an example (for the present purpose) of the general transformation, 
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Manifestly, we can take 


w,w,l +|w,w,1 (=r 2, 2 1 Wel ee enone 
Sirs Lube IiGe iLolag Wh Cake amea i Neo 
ee GAGiod Nubmer al CuGeH 
w, ut, 1 |=), wT = wee ee ee ce 
aera, (ms ee i teal ind CO 
Mea eect yh, eee | eee | 


as a canonical form of the lineo-linear transformation. 


This canonical form leads at once to an expression of the relations 
between the two sets of variables in the immediate vicinity of the invariant 
centres. Near ¢, and &’, we have 

226462, 7o=G +62, w= C+ ow, Ww =G + oe. 
where 


Ow Owe = INR 6,2 

oe a Be erates ein eee 
6, w bw | Oye a 6,2 

eae ae al 


Near ¢ and ¢,’, we have 


z= & TF One, z= Gy as One i ba ate d.W, Ot Ge ae 5,u’, 
where 


dw daw” LX j Oz Oya’ 

Go — Sie Se = OF ee os Ce 
OW Oss ea OoZ 032 | 

Ge C= Ce G-& eas 


Near & and &’, we have 


Ge os +6:2, 2= os ar O32 W= & ta 55W, W = + Osu’, 


where 
5,w Su 632 632’ 
aa Es Cre geste a= ae 
Bw swt =f - ce 
oe ae o; os, aad oS - fa a o an cs 


Moreover this new canonical form, involving explicitly the places of the 
invariant centres in their expressions, shews that the assignment of three 
invariant centres and two multipliers is generally sufficient for the con- 
struction of a canonical form of a lineo-linear transformation of the first 


type. 
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Ex. 1. Some very special assignments of invariant centres may lead to equations that 
do not characterise lineo-linear transformations. The resulting equations, in that event, 
belong to the range of exceptions. 


Thus, if we take 
Gg=1 (,=a | (3=a? } 
? , b 

q/=-1 (i= —a {3'= —a? 
where a is neither zero nor unity, and if we assign arbitrary multipliers A and p different 
from unity and different from one another, the canonical equations can be satisfied 
only by 

w+w=0, z2+7=0, 

which is not a lineo-linear transformation of the z, 7 field into the w, w’ field. 


Other special examples of this exceptional class can easily be recognised, One 
inclusive example is given by the relations 


Co —O3' _ Ca—f3__ dads’ — Co" , 
oy (waned cielo mammal ie Gis 


1 
Kegs, | 
1 


3 5) ¢3', 


A B 
and then the equations acquire the unsuitable form 
Aw-— Buw'+C=0, Az—B7/+C=0, 


tote Cots Cob — Cals 
= Ame 


Ex. 2. When neither point in any one of the three invariant centres is at infinity, 
we can (by unessential changes of all the variables that amount to change of origin, 
rotation of axes, and magnification, in each of the planes independently of one another) 
give a simplified expression to the canonical form, 


Suppose that no one of the quantities G, G1’, G, G’, ¢3, ¢3’ then is zero; alternative 
forms, when this supposition is not justified, are left as an exercise. We then transform 
the z-plane and the w-plane by the congruent relations 


@-G=(@-G)4, w-G=(e-&) W; 
and we transform the 7-plane and the w’-plane by the congruent relations 
@eGia(G—-)2Z, w-G=Gsi—-c) W. 
All of these are of the type just described ; they require the same change of origin, the 
same magnification, and the same rotation, for the z-plane and the w-plane; and likewise 


for the 7-plane and the w’-plane. The effect of the transformation is to place, in the 
Z, Z field and the W, W’ fieid, two of the invariant centres at 0, 0 and 1, 1. 


The third invariant centre then becomes a, a’, where 


en Coe pe — Oh 


= a=, ak 

Tao Cr ty 
The equations, in a canonical form, of the lineo-linear transformations of the Z, Z’ field 
into the W, W’ tield, having 0,0; 1, 1; a, a’; for the invariant centres, are 


a 


ew SZ, VA Gs 

fey aL ag ele 

ws Se »L% an 
Wi WEY 4-Z' 


Wa' — a Ld —Z'a 
Wai at fs Gene? 
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where A and p» are different from one another and where (so far as present explanations 
extend) neither nor p is equal to unity. 


But it must be remembered, in taking these equations as the canonical form, that 
definite (if special) identical modifications of the z-plane and the w-plane have been made 
simultaneously, and likewise for the z’-plane and the w’-plane. The result of these 
modifications, in so far as they affect the original lineo-linear transformation, is left for 
consideration as an exercise. 


Invariantive Frontiers. 


25. In the theory of automorphic functions of a single complex variable, 
it proves important to have bounded regions of variation of the independent 
variable which are changed by the homographic substitutions into regions that 
are similarly bounded. Thus we have the customary period-parallelogram for 
the doubly-periodic functions ; any parallelogram, under the transformations 


W=2Z+0,, W=Z2+ @, 


remains a parallelogram and—with an appropriate limitation that the real 
part of @,/@, is not zero—the opposite sides of the parallelogram correspond 
to one another. Similarly a circle or a straight line, under a transformation 
or a set of transformations of the type 
(cz ++ d)w=az +b, 

remains a circle or sometimes becomes a straight line; and so we can 
construct a curvilinear polygon, suited for the discussion of automorphic 
functions. These boundary curves—straight lines and circles—are the 
simplest which conserve their general character throughout the trans- 
formations indicated; they are the only algebraic curves of order not 
higher than the second which have this property. They are not the only 
algebraic curves, which have this property, when we proceed to orders higher 
than the second; thus bicircular quartics are homographically transformed 
into bicircular quartics. 


For the appropriate division of the plane of the variable, when auto- 
morphic functions of a single complex variable are under consideration so 
as to secure an arrangement of polygons in each of which the complete 
variation of the functions can take place, other limitations—such as relations 
between constants so as to secure conterminous polygons—are necessary. 
They need not concern us for the moment. What is of importance is 
the conservation of general character in the curve or, what is the same 
thing, conservation of general character in the equation of the curve, under 
the operation of a homographic transformation. 


26. Corresponding questions arise in the theory of functions of two 
complex variables. We have already seen that, when a z, z’ field is determined 
by two relations, its frontier is represented by a couple of equations between 
the real and the imaginary parts of both variables; and therefore what 
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is desired, for our immediate illustration, is a determination of the general 
character of a couple of equations which, giving the frontier of a z, z’ field, 
are changed by the lineo-linear transformation into a couple of equations 
which, giving the frontier of a corresponding w, w’ field, are of the same general 
character for the two fields. The invariance of form of such equations, at 
any rate for the most simple cases, must therefore be investigated. 


We shall limit ourselves to the determination of only the simplest of 
those frontiers of a field of variation which are invariantive in character 
under a lineo-linear translation. Also, we shall consider only quite general 
transformations; special and more obvious forms may occur for special trans- 
formations, such as those contained in the simplest finite groups. Accordingly, 
in the equations 

. w w fu 1 
Orehe re, dat+be +6 al’e+ be” +0’ 


we resolve the variables into their real and imaginary parts, viz. 
Z=a+ty, 2=e+ yy, w=utw, w=w+ws; 
and we require the simplest equations of the form 


p(a,y,e,y)=0, way, #, y')=9, 
which, under the foregoing transformation, become 
®D (u,v, uv’, v)=0; Vu, v, wv, v’)=0 


where ® and W are of the same character, in degree and combinations of 
the variables, as ¢ and W. Moreover, the constants in the transformation 
may be complex ; so we write 

fe ont 4a, b=b, + th, C= + te, 

a => ay! + 1 , b’ = by’ + ab, , on = Cy + Uo 

ae es rma Me tay b” oes b,” aL aby Cc” = oi” 45 1Cy, 
in order to have the real and imaginary parts. Lastly, let 


N, = age + b,0' — ay — bey +, Ny = ae + byw’ + my + bry’ + om, 
Ny =a, 2 + ba’ — ay — byy + 0, Ny = aa + bya’ + ay + b/y' + ¢, 
Ny = ay!’ + by’! — ’y — d,’y' +001", Ny" = 15" + d5'a! + ayy + Oy" + 04", 
D = My" +N"; 
then the real equations of transformation are 

Du = N,N,’ + NN", 

Du = N,N, — N,N,’ , 

Du = Ny Ny + Ns N,', 

Do = Ny Ny - Ny N,. 
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Further, we haye 
D(w 4+ v) = N?+ N,, 
D (uw + ov’) = N,N + NLN2, 
D (uw —w'v)= N,N — NLNY, 
D (u? +0") = N,? + N,”. 


These equations express each of the quantities wu, v, w’, v', w+, uw’ + ww’, 
uv —u'v, w*+v", in the form of a rational fraction that has D for its de- 
nominator, The denominator D and each of the numerators in the eight 
fractions are linear combinations (with constant coefficients) of the quantities 
lay ¢,y, @+y, wa + yy, vy —a“y, ory. 


The same form of result holds when we express a, y, x’, y’ in terms of 
u, v, w, v3 any quantity, that is a linear combination of 1, a, y, 2, y, 
ve+y, vx + yy’, vy’ —a'y, #+y", comes to be a rational fraction the 
numerator of which is a linear combination of 1, u, v, wv’, vo’, w+v%, uu’ + ww’, 
uv’ —wv, w*+v"; the denominator is a linear combination of the same 
quantities, and is the same for all the fractions that represent the values 
of a, y, a, y,e@+y, vv + yy’, vy — yx, 2?+y". Consequently, any equation 


A (a? + y") + O (au' + yy’) + D (ay' — ya’) + B (ae? + y”) 
+ Ha + Fy + Ge’ + Hy =K 
is transformed into an equation 
A’ (uw? + v?) + O' (uw' + v0’) + D! (wo — u'v) + B (u? + v") 
+ Hut Fot+ G+ hv=K, 
where all the quantities A, .... K are constants, as also are A’, .,., K’, 


each member of either set being expressible linearly and homogeneously 
in terms of the members of the other set. 


27. Thus the transformed equation is of the same general character, 
concerning combinations and degree in the variables, as the original equation; 
and there is little difficulty in seeing that it is the equation of lowest degree 
which has this general character of invariance. Further, two such simul- 
taneous equations are transformed into two such simultaneous equations of 
the same character, 


This is the generalisation of the property that the equation of a circle 
is transformed into the equation of another circle by a homographic sub- 
stitution in a single complex variable. 


Accordingly, when a z, z’ field having a frontier given by two equations 
of the foregoing character is transformed by a lineo-linear transformation into 
aw, w’ field, the frontier of the new field is given by two similar equations. 
We define such a frontier as quadratic, when it is given by equations 
of the second degree in the variables; and therefore we can sum up the 
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whole investigation by declaring that a z, 2’ field, which has a quadratic 
frontier, is transformed by a lineo-linear transformation into a w, w' field, 
which also has a quadratic frontier. 


28. One special inference can be made, which has its counterpart in 
homographic substitutions for a single variable, viz., when all the coefficients 
in a lineo-linear transformation are real, the axes of real parts of the com- 
plex variables in their respective planes are conserved. For when all the 
constants are real, we have 

wD = (a"b — ab”) (ay’ — ay) + (ac’ — ac) y+ (bc"’ — bc) y’, 

yD ae (a’b’ = ab’) (ay’ wes xy) de ae tn) ae’) y ee (ce a b’c’) Y ; 
and therefore the configuration given by y=0 and y'=0 becomes the 
configuration given by v=0 and v =0. The converse also holds, owing 
to the lineo-linear character of the transformation. 

These axes of real quantities in the planes of the complex variables 
are, of course, an exceedingly special case of the general quadratic frontier, 
which can be regarded as given by the two equations 

A, (a + y?) + By (a® + y) + CO, (we' + yy’) + Dy (ay — 2'y) 
+Hhyr+Phyt+ Get hy=k, 
A, (a + y”) + B(x” + y*) + C, (aa’ + yy’) + D, (ay — 2'y) 
+ Hio+ Foy + Gc + Hey = Ky. 
Let 2 and Z be the conjugates of z and z’ respectively, so that 
@=a2—W, F=a' —w'; 
then the general quadratic frontier can also be regarded as given by the 
equations 
A,2z + Bez + Ci 2z ok Daz + Kz + ee) aa Gz + HYz = Vitp 
A,ze + B,2'2 + O22 + D/7/2+ £i2+F/%7+Gi2+ A/z= K,, 
where A,, B,, K,, A., B., K, are real constants, while C// and D,’, C,' and D,’, 
HY and fF, #,' and FY, G, and H,’, G, and H,’, are pairs of conjugate 
constants, 

Manifestly any equation of this latest form is transformable by the 

lineo-linear substitution into another equation of the same form. 


29. Another mode of discussing the frontier of a z, 2’ field, which 
is represented by two equations that have an invariantive character under 
a lineo-linear transformation, is provided by the generalisation of a special 
mode of dealing with the same question for a single complex variable. 


The general homographic substitution affecting a single complex variable 
has the canonical form 
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where a and 8 are the double points of the substitution, and K is the 
multiplier. Let 

w=utw, z=at+y, a=atia, B=b+0, K= xem, 
where u, v, 2, y, a, a, b, b’, x, k are real; then 


u-atiQv-a@) | j,e-at+i(y—a@) 


u-bHiwveby 8" Heopaay oy 


and therefore 
ae (u— b)(v—a@’)—(u— a) (w-8') 
oa (u—a)(u—b) + (v—-a) (v- 
(a — b) (y— a’) -@—a(y—¥) _ 7 
(c—a)(a—b)+(y-—a)(y-¥) 


—tan™ 

Hence the circle 

(a — a) (w—b) + (y—@) (y —B') =m ((w—) (ya) — (@— 4) (y— BY, 
which passes through the double points (a, a’) and (6, b’) of the substitution, 
is transformed into the circle 

(u—a)(u—b) + (v-@) (v—b') = M {(u—b) (v- a) —(u—-a) (0 —-B)}, 
which also passes through those common points. The constants m and M 
are connected by the relation 

m—M =(1+ mM) tan k. 


At a common point, the two circles cut at an angle k, which depends only 
upon the multiplier; thus when an arbitrary circle is taken through the 
common points, it is transformed by the homographic substitution into 
another circle through those points cutting it at an angle that depends only 
upon the constants of the substitution. 


This process admits of immediate generalisation to the case of two 
complex variables. Let the lineo-linear transformation in two variables be 
taken in its canonical form; and write 

H2+ Bi2+y=l/ +1", aw Bw +y,=L/ +1L,", 

WZ + Boe += ly + 41s”, aw+t Bow’ + Yo = Le +1L,”, 

As Z + Bsz +; = ly, +4l,”, a3W + Bw’ +73 = Ls GF tidig 
where 1,’, 1,”, ls’, tp”, ls’, ly” are real linear functions of 2, y, a’, y’ and L,’, L,”, 
L,, L,’, Lj, L;’ are respectively the same real linear functions of w, v, w’, v’. 
The three invariant centres are the places given by the equations 


idacx Opuifie eRe h’-=0 
ly’ =0 iy’ =0 ly’ =0 
i= 0]? de eee 
i,’ =0 1,” =0 ly’ =0 


i 
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and they are also the same places given by what are effectively the same 
equations 


L/ =0 Lj =0 L/ =0 
L,/ =0 L,’ =0 LL, =0 
Cee O)? ale =0| —L/=0 
L,/=0 L,’=0 Lj’ =0 


The canonical form of the lineo-linear transformation now is 
Bis iby" | Wit ih” 
enh ss bfoe abt 
a) a 
yim wa ie Sah et ie is ne 
and therefore, among other inferences, we have 
Le Be” eri da Et es vs bets 


ois ad it et Sat eo Nt a CA ig ge ae 
tan IG re ees tan Lite uf he? arg r, 
OPT AT, ee hgea a 
tan a =. ; he an tan™ 4. . < = ar: ? 
ff a Lipari BH 
Te fic LAL Eas eee 
Sees Nee es anes ‘Ne a oa ; 
tan ery a d High Bis tan ee ee aie oa arg Xr arg fod 


Accordingly, the frontier configuration, represented by any two of the three 
equations 

A a Ty by” =p (Us bq" +1;'1,"), 

bys” — Us,” = q (hls + 1,;”), 

Dg by” — by ly” =r (lgly’ + bel”), 
where the three constants p, q, 7 are subject to the relation 


Page = Por 
so that the three equations are really equivalent to only two independent 
equations, is changed by the transformation into the frontier configuration 
represented by any two of the three equations 


Pola es =F (Ly ly ig, ), 
Ei Dy — Ly 0," = Q (Ly Ly + £,'L5"), 
Dale Sig =i E, L, + 24-L, ), 
where the three constants P, Q, R are subject to the relation 
P+Q+R=PQR, 


so that these three equations are really equivalent to only two independent 
equations. Moreover, if 
p=Ge", A=He™, 
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where g, h, G, H are real constants while G and H are positive, we have 
P—p=(14+ Pp) tang, 
Q-—q=-—(14 Qq) tanh, 
R—r=(1+ Rr) tan (h—g). 
It is easy to verify that, if either of the relations 
P+Q+R=PQR, pt+qtr=pq, 
is satisfied, the other also is satisfied in virtue of these last equations. 

The quadratic frontier of the z, 2 field and the quadratic frontier of 
the transformed w, w’ field both pass through the three invariant centres of 
the lineo-linear transformation. 

Ex. 1. In connection with the homographic substitution in a single variable 


W-a_y4%-a 


w-B 2-8 
(in the preceding notation), shew that the constant m in the equation of the circle 
(a — a) (a —b) + (y - a’) (y — 0) =m {(a—b) (ya) — (@— a) (y—8)} 


is the tangent of the angle at which the circle cuts the straight line joining the double 
points of the substitution. 


Prove also that, if 2d is the distance between the double points, 7 is the radius of the 
foregoing circle, and & the radius of the circle into which it is transformed, 


i 2cosk 1 sintk 


Bo The eee ew 
Hx, 2. Shew that the circle 
(w—a)?-+(y —b)=n? {(v—a!)?+ (yD) 
is transformed, by the homographic substitution, into the circle 
(w-a)?-+ (v— b= N?{(w— a')?+ (v — 6’), 
N=kn. 


where 


Interpret the result geometrically. 


Ex. 3. Construct a lineo-linear transformation which has 0, 0; 1, 1; 7, —7 for its 
invariant centres; and shew that there are quadratic frontiers of the z, 2’ field, which 
pass through these invariant centres and are represented by any two of the three 


equations 
B+ yp party’ —2 (wa! yy’) — 2 (xy! —wy)—2(y—y) 
=a{er+y?—(a?+y?)+2(2—#’/)}, 
eP+yr+u +y2+2 (wa! +yy')—2 (ay! — 2'y) —2 ("@+a’) 
=Biwrty?—(e?ty?)—-2yt+y)}, 
w+ yo — (ay) =y (ay! — 2y), 
provided the constants a, 8, y satisfy the relation 


y (a+8)=2a+26 — >. 


rr NSE 
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Verify that the lineo-linear transformation changes these equations into equations in 
u, ¥, w, v' of the same form but with different constants a’, f’, y satisfying the relation 


y (a +P’) =2a' + 2p’ -y', 
Shew that, at the invariant centre 0, 0, small variations dz and dz cause small variations 


dw and dw’ such that 
dw —dw' =; (dz—dz), 


dwo+ deo’ =i 5 (de+dz) ; 


and obtain the relations between the small variations at each of the other two invariant 
centres, 


Invariants and Covariants of quadratic frontiers. 


30. Owing to the importance of the quadratic frontier, because it is 
given by two equations of the second order that are invariantive in general 
character under any lineo-linear transformation, we shall briefly consider 
those combinations of the coefficients which are actually invariantive under all 
such transformations. The proper discussion of the invariants and covariants, 
which belong to two equations of any order that are invariantive in general 
character under the transformations, requires an elaboration of analysis that 
will take us far from the main purpose into what really is the full theory of 
invariants and covariants. It will be sufficient to give the elements of that 
theory as connected with the fundamental procedure. Moreover, we shall 
take a general quadratic frontier and not merely the special class which 
pass through the invariant centres of an assigned transformation; and we 
require the quantities which are invariantive under all lineo-linear trans- 
formations and not merely under one particular transformation. We further 
shall only deal with such invariantive quantities as are algebraically 
independent of one another. 


31. There are several modes of procedure; in all of them, it is con- 
venient to use homogeneous variables, as was done in establishing the 
canonical form of the lineo-linear substitution. So we take 


Also, as the variables respectively conjugate to z, 2’, w, w’ have been intro- 
duced, we shall require variables respectively conjugate to a, @, 3, Yi, Yo, Ys; 
denoting these by 2, %, %, J, Yo, Ys, We take 


24220 OD Gt, 1 


TR Te 
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For the present purpose, we take a z, 2’ field eceremns by two re’ 
Q <0, Q’ <0, where 


Wis Ay + Bays + OpGs + Dy + Byrt. + Fyo¥s 
+ Gysih + HysYs + Kyso— 7" 


V= Ay + BYI+ Opt Dye. + Byrzat P'yays 
FEY + Lyi t+ B ys 

its quadratic frontier is given by the sGueone 
Q=0, Q=0, z 

which, on division by the non-vanishing quantity y;%;, acquire the | form of 
our earlier equations. In Q the coefficients A, #, K are real, while Band D, 
Cand G, F and H, are conjugates in the stated pairs; and similarly for the 
coefficients in Q’. 


‘Vig 


The method of procedure that we shall use 1s boc upon an aa n 
of Lie’s theory of continuous groups to these quantities Q and Q; and th 
application proves fairly simple in detail when we use umbral fo 
simultaneously with the expressed forms. Accordingly, we intre 
umbral coefficients a1, o2, 03, 01, o2, 73, with their conjugates o, & 
G,, J, Gs 3 we take 

T= oy, + o242.+ ad meee 
— aayAt+ant+ay) WW =3/RA+o/p+a% 
and we write ¥ > 
Q = eal te 
We then both define and secure the umbral character of the 
coefficients by imposing the customary condition that the only combing 
of the umbral constants which have significance are those leading 
expressed coefficients in the form 
A=0,0,, D=0,0,, G=0;6,, 
B=0,%,, H=0,0,, H=0,6,, 
C=0,6,, F=0,0,, K =056;; ib 
and likewise for the coefficients of Q’. ‘ 

When the lineo-linear transformation, in the form i 

Y, = aa, +bx, + CX, 

Yo= WH, +b’, + Ca, }, 

Yo= al’ I, +5" ty + ol! Ws 
and its conjugate, in the form cris 
h=aa, +b, +0%, ) 
Yn =U'%, + VG, + 7H, }, 


lt ee 


Yy = OD, + 0B, + 62s 
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are applied to Q and Q’, these become P and P’ respectively, so that 
we take 
Q=P, W=P, 
and then 
P=A,2,%, + B,x,%, + C,2,%, + D, 2%, + E,2,%, + F,x,X, 
+ G,2,%, + H,a,%, + Ky2;%,, 
P= Al 2,%, + By x, % + Of x,%5 + D,'x,%, + Fy’ 0,%, + Fyx,%, 
+ Gi! 2,2, + Hy’ 1,%, + Ky xis. 
We take 


S = 8%, + 8% + 8,0,, S’ = 8", + 8:0, + 83 25, 


S= 5,2, + 5,%,+5,%,, S' =35/%,+5,%, + 5,2, 


where 8, 89, Ss, 5, 8), S; are new umbral coefficients, while §,, 3, 3, 3, 3, 5y 
are their conjugates; and we write 

P=SS, Q=S'S’, 
regarding II as transformed into S, II into S, Il’ into 8’, and II’ into 9’. 
Then the laws of relation between the umbral coefficients in II and S, and 
in II and VS, are 


S$ = ao,+ a'o,+ aoe 3, =G@0,+ 76,+ G's, | 
& = bo, + b'c, + bo, }, 3, = bo, + Wa, + ba, }; 
$;= Co, + Co, +C co; 8, = Co, + Ca, + CO; 


and the same laws of relation hold between the umbral coefficients in I’ 
and S’,and in II’ and 8’. Finally, in connection with our transformation, 
we write 


et Be at, “Co |, Pen Oa. 
| cas 
Br Gif 6. | a Ure 
| —s i — 
ae U.; Cc” | Ci Hee ie Ce" 


where A has the same significance as before, A is its conjugate, and neither 
A nor A vanishes. 


32. As an example of an invariant, consider the quantity 
f= )Ay, B, C, 
De eo, 
Gay Hy, Ky | 


To express it in umbral symbols, three sets of these are required because it 
is of degree three in the non-umbral coefficients. Denoting these by 
81, Sa, 83, t, ta, ts, Uy, Me, Us, with their conjugates, we easily find that I is 
equal to 


ib Sy ) So > 83 3 2 8. ’ 8; ? 
t ? ty ? ts t, 5) ty ? ts 
U,, Us, Us Uy, Us, Us 


42 INFINITESIMAL 
that is, to 
41 oi; Ooi Oe | ee Oe d, Oa, G1) a, 0, (2 ieee 
Mis lay ate Qa Dewme 71, Ta, i et 
Uy Woy sdtly PR a CIN al fy Via Vay Ds a, Dea 
that is, to 4 
AAA Tada es ii, Tey GE WA ‘ 
Tilly) eat eS Ty Tay Te 
Vi, Us, Us UV}, Us, Vs 
and therefore 
‘Aj, «Bi dab), bed Ase aD hi 
D,, £,, Ls dD E, F A 


Gy, Tink KG Gt, fe, K 7 3 
a relation which establishes the invariantive property of the quantity fi 
which is a function of the non-umbral coefficients of P alone. ' 


The same combination of the coefficients of P’ alone is easily seen to be 

an invariant. The simplest covariants are P and P’; for we have 
Q=P, V=P, — 

33. Passing now to the consideration of invariants and of covariants 
that belong to the general quadratic frontier, we define any quantity = 


$ (5 Yr Ys, nh; Yos Ys, A Le} 1G fol OD} 1G) 
to be such a function if it satisfies a relation 
D = ArArg, 


where ® is the same function of a, a, #5, %,, a, %, Ar, »..) Ka, Ay, 
as p is of its own arguments. We shall deal only with ieee (not witl 


and we assume that, in the foregoing relation which defines an i 
or a covariant, the index of A is the same as that of A because w 
limiting ourselves to the properties of real frontiers as defined b: 
real equations. And we retain the customary discrimination, by th 
rence or the non-occurrence of variables, between a covariant a 
invariant. 


transformation in order to construct the full effect of the finite con 
‘ 


* Por proofs of this fundamental ‘theorem, see Campbell, Theory of continuous 
chap. iii. 


re OK 
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transformation. Accordingly, for our immediate purpose, it is sufficient to 
obtain an algebraically complete aggregate of integrals of the set of partial 
differential equations which characterise the full tale of the infinitesimal 
transformations in question. To obtain these, we take 


Mei} e,, DB. = ex, € =«, 
¢ =&,; b =1+e, c =¢e, : 
a’ =e, Ls 5. c= 1+ a 
@=1+6, b =a, é =6, 

a =%, bo =14+%, @ =% 

a’ ==, b’ =%&, ce’ =1+4+8%, 


For the most general infinitesimal transformation, all the quantities e« and @ 
are small, arbitrary, and independent of one another, subject to the condition 
that e, and é,, for the nine values of n, are conjugate to one another. 


The laws of relation among the umbral coefficients now are 


8, — 0) = €&,0, + 0. + €7 03 2 eR aleve 
Sq — Ty = 0, + €5T_ + Eg [ , ao || 
S3 — Oz = €30) + €gO2 + gy 83 — Gs = 30, + Eg 2 + Es 


Consequently the infinitesimal variations of the coefficients in the equations 

of the quadratic frontier are given by the equations 
6A =A,—-A=eAt+eD+e64G+4A4+4B+EC |) 
8B =B,- B=eB+eB+eH+eAt+eB+ac | 
80 =0,-— C=e0+eF +6K+eA+6B+6C | 
6D =D,—-D=6,A+¢eD+eG¢+4D0+¢4+6F | 
dbf =#,—-H=6.B+6H+e,H+¢D+¢4H+6&F +; 
oF = F,-F=.0+6F+¢6Kk +640+¢4+6F | 
64 =G,-G=6.A+eD+eaG+e4G+48H+eKkK | 
6H=H,—-H=¢BieH+,4H+64+2H+6Kk | 
dK =K,-K=6¢,0+6F +¢6K+¢G+¢H4+6K j 


with a corresponding set of nine expressions for the infinitesimal variations 
of the coefficients A’, ..., K’. 


The infinitesimal variations of the variables are given by the relations 


Yy — By = € HX, + €yHy + €3Hz \ Yy — Hy = &H, + Ey Xo + €yXy 
Yo — Ug = €4X, + €5Le + gL y 


2 
Y3 — Lz = €7 Ly + €gXy + €gXy | Ys — Lz = pL, H Egky + Egils 
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and therefore, so far as small quantities up to the first order are concerned, 


we have 
= 67.) en U ip) aha Ug ay Boe ae — Yo — €Ys 
Be — Yo = — 441 — &5Y2 — €6Ys fF > Le — Yo = — E&Y: — EsYa — Eo Ys 
— Ys =— €7Y1 — €aY2 — €oYs | Xs — Ys = — EY — Es Yo — Eos 


And, lastly, we have 
AA =] + é& +e, + €y + €, + €5 + &. 


34. Now any covariant or invariant satisfies the equation 
(a, Hy, Ly, Ly, Ly, Lg, ae tees JAG Ay, tees Ky) 
= (AA) $ (qm, Yo; Ys) hie Yo, Ys, AN eareks iG as Lio ONS | H€ 


Substitute in this defining equation the values of A,,..., Ky, Ay’, ... 


Yr» Yas Ys, AA; write 


F) 0 0 , 0 0 pase 
=A~7 + Bap t+C~atA' at B xy t+ O am 


ies oe a ee E + fF" ! 


aD “aR > oF + ar’ 


7 0 0 0 jue , 0 
at Kar +G +H + ae 


Ook OG’ oH’ , 
- ) F) ) Ba: pine fee 
=Aaz +Dayt+G~qt+A = + DD eal 


9 a or ee eee , 3 
OB sp ttagt Bap t Bat Bam 


) ) a bet : aa 
+0 apt Pam + Kl se 


0 0 oe 


A’ op + Boe oF” 
aes , 9 


Bota 


aH +4 yt Daa +G aH" 


4) 0 0 , 0- / 0 / 0 
=-A 5+ Bont Cap t+ Ang + Bat O ar, 


a 3 es ie 
a0 | Pap t Gag +4 at Dag + G aK" 


0 0 0 0 cas ts 


ys / om 
Daqt Bayt Pagt Dag t EF apt Fog 
fe hae ja0sr gh) gee ees 


apt 1 ag 


7 
yikes 
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1 


is 


=G¢ — 


=~ — 


0 
OSD 


C 


0 


0 


0 


0 


0A 


0 
0A 


aap 
+E 
+H 
+P LS 


ig sealaes 


INVARIANCE 


0 ri) ay Pa po 
at Part? aq +E amt Ff’ 


K 
a ee 3 ae U9 
ptAagt Bag t+ Vamt Hae 


/ 


3 Bans eben 3 3 
ea aC’ 
‘ats 9 


a 2 
ae ap +k ag 


+ K’ 


+K +0 +F 


oD ae 


0 


Aes A a ft 


0 


+F 


ant an apt K ar’ 


0 0 0 0 0 


0B 


ant Kagt Cag + FP apt Koop 
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and expand both sides of the equation in powers of the small quantities e 


and €. 


Equating the coefficients of these small quantities on the two sides 


and denoting our covariantive function 


b(%; Yo; Y35 Nn; Yo; Ys; a; ore laiy 


Rata eK") 


by ¢$, we have the partial differential equations 


Ap — noe pd, 0.4 — hss = po 
Qu — yoan = Pd Ob — ess po +, 
bap — ys 5h = Pd A. 752 = ps 
0b yo5h =O 0p — Ico = 0 
Ou — Yosh =O, Ash - Tage = 0 | 
Qn 5h =O, 0.6 — Tse = 0 
yor =0, dup — Tush = 0 
rh — you =0, ang — thee =0 
Orb —yos = 0 db age = 0 


? 
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as equations satisfied by the function ¢. Moreover, by Lie’s theory, any 
function ¢, which satisfies all these equations, is a covariant (or invariant) 
of the required type. 


35. Having regard to the fact that ultimately we are dealing with 
quadratic frontiers and with transformations between w, w’ and z, 2’, we 
shall consider only those integral functions ¢, which are homogeneous (say 
of order m) in y;, Ys, ys and homogeneous (also then of order m) in %, Yo, Ys- 
We also shall consider only such functions ¢ as are homogeneous (say of 
degree n) in the coefficients A, ..., K and homogeneous (say of degree n’) 
in the coefficients A’,..., K’. Then, from the first set of equations and by 
means of Euler’s theorem on homogeneous functions, we have 


n+n' —m= dp. 


It follows that every integral invariant of a quadratic frontier has its degree 
in the coefficients of the boundary a multiple of 3. 


When the index p is taken as equal to the foregoing value, and when we 
note the equality between the indices of A and A in the relation which 
defines the covariants, the first six equations can be replaced by the four 

Op _ Ob _ ob 
se a Osh — Yo i nb 355, 


eR i a oe pate 

Ob Ii ag, = 96h — Ye a Oe on, 
and we then retain the other twelve equations, so that we have a set of 
sixteen partial equations of the first order. 


It is easy to verify that the conditions of co-existence of these sixteen 
equations are satisfied, either identically or in virtue of the equations in 
the set. Hence the set of equations constitutes a complete Jacobian system 
of partial equations of the first order. The possible arguments in any 
solution ¢ are twenty-four in number, viz., the nine coefficients A, ..., K, 


the nine coefficients A’,..., K’, and the six variables %, Yo, Ys, Yi, Yor Ysi 


consequently, by the customary theory of such systems*, the number of 
algebraically independent integrals is eight, the excess of the number of 
possible arguments over the number of equations in the complete system. 


36. After the limitations that have been imposed, every integral ¢ of 
the system is homogeneous of degree m in 4, yo, yz, and also homogeneous 
of degree m in %, Yo, Ys. Let it be represented by 


2p gpg yr? Ly Ph yt yi PT YP Ys! 5 


* See my Theory of Differential Equations, vol. v, chap, iii. 


PT ee. 
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then, in order that it may satisfy the equations, we must have the relations 
(among others) 


DS 
ra 


Up,a,n',¢—(P +1) Upis,¢,n,7 = 0 
1» Uy,a,y,¢ —(P +1) Upayt,¢ = 0 | 
Tost +1) Ursa = 0 | 

0; . Up,av,a—( +1) Upan,¢+1=0 


By the continued use of these equations, all the coefficients Up, a,n',¢ Can be 
obtained when once Up... (say U) is known; and therefore, as usual in the 
theory of homogeneous forms, the whole covariant can be regarded as known 
when its leading term Uy,"y,-™ is known. 


Again, and just as in the ordinary theory, the leading coefficient U of the 
covariant satisfies the equations 


6,U=0, 0,U=0, 6,U=0, 6,U=0, 
6,0=0, 6,U=0, 6,U=0, 6,U=0, 
6,U-0,0=0, 6,0—0,U =0. 


These ten equations also are a complete Jacobian system of partial diffe- 
rential equations of the first order. Each integral can involve the eighteen 
possible arguments, constituted by the constants in the two equations of the 
quadratic frontier; and therefore the system of equations possesses eight 
algebraically independent integrals which are the leading coefficients of the 
eight covariants constituting the algebraically complete set of integrals of 
the full system of equations. It follows that, in this method of proceeding, 
we have to obtain eight algebraically independent integrals of the preceding 
set of ten equations in the second complete Jacobian system. 


37. The actual process of solving the equations is the customary process 
that applies to complete Jacobian systems that are linear and homogeneous. 
The algebra required in the manipulation is long and tedious for the present 
set of equations; so the results will merely be stated, especially as they can 
be obtained by another method (or combination of methods) applicable to 
the equations of the quadratic frontier. The summary of the final integra- 
tion of the ten equations, which are to possess eight algebraically independent 
integrals, is as follows :— 


Every integral of the system is expressible algebraically in terms 
of the eight independent integrals A, A’, I, J, J’, I '_ I, T’, where I is 
the invariant of Q, Z’ the similar invariant of Q’, 


J= 2A’, J’=2A ~,, 


(the summation being extended over all the coefficients of Q and Q’), 


48 THE FOUR INVARIANTS 


and where 7’ and 7’ are the coefficients of \ and mw respectively in 
expression us 


Gee 
Ge py 3 
a G 
+ Woe yf He > ; 
( i ) AY OL Hee (Ga | 
A eas eee * 
(A de aa ; | G 
( tr ) A; B a IBY a 
A CBG ' 
SOW Sey | 2 
( le ) AX, OBA | G’, “| 
ed A 
Ae ie a 


Moreover, A determines a covariant Ay,%,+..., that is, Q; A’ d 
mines a covariant A’y,7,+..., that is, Q’; 7’ determines a cov 
TyLy2+ ..., say R; T’ determines a covariant 7"y,?7,2+..., say R’; 
I, J, J’, I’ are invariants. Finally, any quantity aborted with 
quadratic frontier that is invariantive under the lineo-linear t1 
formation is expressible in terms of Q, Q’, R, RB’, I, J, J’, I’. 


38. Had our quest been for invariants alone, the preceding a 
shews that they must satisfy the equations 


6,-6,=0, 0;-6,=0, 0,—8,=0, 6,—-0,= 
6, = 0, 6, = 0, G0): a0) 
6,=0, 6, = 0, 6,=0, 6,= 0, biaae 


But always 6, + 6,+ 0,= 0, + 6, + 8,, 
so that, in virtue of the first four we have 
0, az 6, 


and therefore 0, = 6;, 0,=9,. The two equations 

| 6,—6,=0 and 6,—0,=0 
are therefore satisfied in virtue of 

6,— 6;=0, ~ 0, — G50 

and so the system for the invariants contains fourteen independent z 
They are a complete Jacobian system, and involve the eighteen 
constituted by the coefficients of Q and Ws hence there are ous a 
independent invariants. 


They can be obtained simply as follows. We have seen that 
A, {Beet 
DE ein 

Hl feel 


rr, MT, 
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is an invariant of Q; the same function for aQ+ 8Q’, where a and #8 are 
arbitrary parameters, also is an invariant of the system. Let 


|aA4+BA’, aB+BB’, aC +B’ |=e%l+ 0B) +469)’ + BI’; 
| aD +8D’, ah+BE’, aF + BF’ | 
| aC +86", aH + BH’, aK +8K’ 


then I, J, J’, I’ are four invariants, independent of one another, and there- 
fore suitable for the aggregate of the four algebraically independent invariants. 
They manifestly agree with the four invariants in the earlier aggregate of 
invariants and covariants. 


Ex. Prove that the complete system for a single equation @=0 is composed of @ and J. 


39. The detailed consideration of the invariantive forms will not be con- 
sidered further. What has actually been done should suffice to shew the 
march of a general method of proceeding for the particular problem. 


But one warning must be given if this general method is to be applied to 
a wider problem, viz. the determination of all the covariantive concomitants 
of all kinds whatever that are to be associated with any single form or with 
any couple of forms that are integral and homogeneous in ¥;, Y, Yz, and also 
integral and homogeneous of the same order in %,, Y., Ys, where we still assume 
the lineo-linear transformation for y,, y2, y; and its conjugate for %,, He, Ys 
as the transformations under which the concomitants are to be invariantive. 
For this problem, it is necessary to introduce variables contragredient to the 
variables @, x, x, and ¥,, Ys, y;, according to the customary law of variation in 
the theory of forms; that is, if we denote these further variables by &, &, &, 
™, 2, 93, and their conjugates, they are subject to the lineo-linear trans- 
formations 


& = an, + ang + a’ ns E, = a, + a7, + ay 
& = by, + b'y, + b''ns 7, & = bi, + bq, + b”%; 
E, = cm + ¢'m + cng E,=¢7, + CR, + CRs 


It will be noticed (as is to be expected) that the umbral coefficients, used to 
express a given homogeneous form symbolically, are themselves contragredient 
to the variables. Manifestly we have 


WM + Yo. + YsNs = HE, i Labo ot XE, 
WAM + Yo. + YsMs = Wy Ey + XyEq + HF. 
It need hardly be pointed out that, while the complex variables a, «,, «, 


o 


correspond to the point-variables in the ordinary theory of ternary forms, the 
complex variables £,, &, &, correspond to the line-variables in that theory. 


In order to obtain the most general concomitant of any kind, we should 
apply the preceding method to a function of the type 


$ (1, Yrs Ys» I, Yos Ys, > Ne, "3 > mh No; Ns» A, 42); 
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involving all the variables and the coefficients of any or all of the initial 
given system of forms whose aggregate of concomitants is wanted. There is 
plenty of room and opportunity for research; but the investigations would 
take us into the wider pure algebra of the theory of homogeneous forms, and 
they will not be pursued in these lectures. 


Ex. 1. Let Uand V be any two covariants that belong to a form or to a system of 


homogeneous formas ; and let 
OU OV saCrok 


ag Oy2 O43 OYs OYs 
~ OU OV en oF 
* Oyg Oy, OY OYs 
OU GY ou ay 
8 dy: Oya Oya OY 
> 0UdV dUd0V 


t OYs OY3 OY OY» 
w= OU Or ou or 


7 


2 Os On y 091 OYs 
w~ 0U0V d0U0V 
5 0% OY2 OY OF 
Prove that Y;, Y, Ys; are cogredient with 71, y2, ys, and that Y,, V2, Yy are cogredient 
with %, %, ¥;; and shew that 
Ui tas Vay 2s 2» Y;) and VF tas hse aa Y;) 
are covariants of the system, 


In particular, when U and V are the two initial quantities Q and Q belonging to 
a quadratic frontier, determine the two covariants which are thus constructed. 


y 


Ex, 2. Shew that when a quartic frontier, generally covariantive under a lineo-linear 
transformation, is given by equations Y=0 and Q’=0, where symbolically 


Q=IPI? and Q =I’, 
the algebraically complete set of invariants and pure covariants belonging to the system 
consists, in addition to Y and Q’, of sixty functions, 


40. One other matter is left for investigation outside the range of 
these lectures. We have already dealt with the canonical form to which the 
expression of a lineo-linear transformation can be reduced. Also we have seen 
that there are quadratic frontiers, represented by the two equations of lowest 
degree, which keep a general invariantive character under such a trans- 
formation. It remains to consider what is the simplest canonical form to 
which two simultaneous equations representing such a quadratic frontier 
can be reduced, where there no longer is a question of invariance under a 
single transformation only*. This more general problem has some analogy 
with the problem of reducing to canonical forms the equations of two conics, 

* The simplest examples of forms, invariant under a single given transformation, have 


already been given; they are the equations of the frontier which passes through the three 
invariant centres of the transformation, 


Pe OK 
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In that solved problem, certain invariants of the system are necessarily 
conserved ; in this propounded problem, the four invariants of the system of 
two equations, which already have been obtained, must also be conserved. 

One appropriate form is suggested almost at once by the known result in 
the case of two conics referred to their common self-conjugate triangle. It is 
natural to enquire whether two forms 


P = Az,%,+ Ba,%,+ Ca,%,+ Dax, 2%, + Hx, + Fat, + Gat, + Hat, + Kasi, 
P'=A'a,%, + B’x,%, + O'2,%; + D'x,%, + E'a,@, + F'x,%5 + G'a,%, + H'0,%, + K'2,%s, 
can simultaneously, by homogeneous linear transformation of the variables, 
be changed to forms 


iP = ex? Nee ex es 

Pome NON en A ek XX, 
where no two of the three quantities A’, B”, OC” are equal to one another, 
and no one of them is equal to unity. With these last restrictions, we have 


I[+aJ+oJ’+ aI’ =(1+ aA”) (1+ 4B") (1 + 40”), 


for arbitrary values of a; consequently, the three invariants J/J, J’/I, 1'/I 
(which are absolute invariants) are independent of one another, and no one 
of them vanishes. Thus the general condition as regards conservation of 
invariants is satisfied. 

Now all the quantities A, H, K, A’, E’, K’ are real; hence a requirement 
that they shall respectively acquire the values 1, 1, 1, A”, B”, C”, where 
A”, B”, O” are real, imposes six conditions. Also B and D, B’ and D’, 
C and G, 0’ and G’, F and H, F’ and H’, are (in each combination) conjugate 
constants; hence a requirement that all these coefficients shall vanish 
imposes twelve conditions. In order, therefore, that the suggested canonical 
forms shall be possible, eighteen conditions of the specified kind must be 
satisfied. } 

Suppose, then, that the variables are transformed by the relations 

a, = O0X,+ $X.+ Ws, 
= OX, + pb Xo+ WX, 
= 0" X,+ p'X, a We" Xs; 


where the complex constants are at our disposal. Let 


V=|6, ¢, » |... V=l@, $, + |; 
a, ¢, re oe as 
(i ; ”, a" 0” ; gp” f yy” 
then 1=VviI, 


At 5s BY + CO” = VV, 
Blo? a CGLAL df: A” iB" x Vu: 
AUR TO! ae VVI', 

i 


Lo 
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so that the values of A”, B”, OC” are given by means of the quantities 
J/I, J'/I, I'/I, three real quantities. Also, as each of the nine arbitrary 
constants @, ..., wv" is complex, we have effectively eighteen constants at our 
disposal, formally sufficient to satisfy the eighteen conditions which take the 
form of linear equations. 


It therefore may be inferred that a couple of general forms P and P’ can 
be transformed so that they acquire forms of the suggested type. 


Periodic transformations, 


41. ‘These results, as regards lineo-linear transformations, are general. 
Simple forms occur when the transformations are periodic, that is, are such 
that after a finite number of repetitions in succession we return to the initial 
variables; and these provide the generalisation of finite groups of homo- 
graphic transformations in a single variable, 

The requirement of periodicity will impose conditions upon the unequal 
multiphers X and y in the first type (§ 22). 


The second type cannot be periodic unless o vanishes, But if o does 
vanish, the type can be periodic when an appropriate condition is imposed 
upon the repeated multiplier A, 

The third type cannot be periodic unless all the constants p, o, tT vanish, 
But if all these constants vanish, we have merely the identical transformation 
at once. There is no modification of the variables, and consequently there is 
no question of periodicity. 

When therefore we deal with periodic substitutions, we have to consider 
only the first type of transformation which has unequal multipliers » and yp, 
and a limited form of the second type which has a repeated multiplier X. 


42. A multiplier is the quotient of two roots of the characteristic 
equation; hence the equation, which is satisfied by a multiplier, is the 
eliminant of 

— A, + A,d—-A=0, 
OO — Ae + Atd-A=0. 
The eliminant is of degree nine in ¢; but there is a factor (t— 1)’, which is 
irrelevant to the present issue and must therefore be rejected. One of the 
simplest ways of obtaining the residual equation is to proceed by the method 
of Bezout and Cayley for constructing the eliminant; it leads to the result 
1l+t4+? , A, (1 + #) ; fa\s [= 0, 
A,t(d+t), AWI+t+#)+A,A,t¢, A,A(1+?%) 
Af , A,t(1 +t) , Ad+t+#) 
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which, when the determinant is expanded, becomes 
A?(t* + 1) +(3A42—A,A,A) (t° + t) 
+ (6A? —54, 4,4 + A°A + A,*) (4+ P) 
+ (7A? — 6A,A,A — AYA? +24; + 2A.) # = 0. 
This is a reciprocal equation, as is to be expected from the mode of occurrence 


of the multipliers in the canonical form of the transformation. 


For the first type of transformation, the six roots of this multiplier 
equation are 
1 ae ey Cae rae 
Naas Ook 
and the solution of the equation effectively involves the two quantities 
A, A~4 and A,A~3, which are homogeneous (of order zero) in the coefficients 
of the original transformation. 


Ay Bs 


For the second type, the six roots of the multiplier equation are 


eb | 
r, r, x ) x 5) , 1 ) 
and we must have 

27A?— 18A,A,A — A,2A,? + 4A,2A + 4A, = 0, 
being the discriminant condition for the equality of two roots of the charac- 
teristic equation. 
When the lineo-linear transformation is periodic of order n, then 
AML) phd; 

and n must be the lowest integer for which both the conditions are satisfied. 
Thus, for the first type, 


r= earir/n po errisin 


where r and s are unequal positive integers, greater than zero, less than n, 
and such that 7, s,m have no common factor other than unity. Then 
A, = 0; (1 af eenirin ce ertin), 
fh a 0, onus at e2risin at eon aig B 
A — 0,3 e2rt (r-+8) In : 
and the conditions for periodicity of order n are 
Ai? {1 te errir|n ae grrtint~s pa A, jomrenis de e2ris/n ot geri eraint—t, 
A} {1 ot e2nir|n ae grnl* = Aen2tt(r+8) [n, 
The conditions thus imposed upon 7 and ¢ require that m should be greater than 2 ; 


and so lineo-linear transformations, of which the characteristic equation has three unequal 
roots, cannot possess quadratic periodicity. 
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As a matter of mere algebra, it is easy to verify that the original transformation 


/ 


w Ode w 4 yy ty _ 
az+be'+c az+b'7/ +e’ = a'2+0"2 +c" 


is of quadratic periodicity in the two cases settled by the relations 


Ml eR 

i Pen iol 

a’ es Ey —a*—a'b 

a-l BU ¢ e(a—1) 

D ris ee eae: 

ie eal | 
a 0! ete 1—a?—a'b ) 
a+1 8 ec e(a+l) 


In each case four parametric constants, which may be taken to be a, 6, ¢, a’, are left 
unrestricted by the limitation of quadratic periodicity. 


For the second type of transformation, the characteristic equation of 
which has a double root and a simple root, the discriminant condition has to 
be satisfied by all forms. If the transformation is to be periodic, another 
condition (the vanishing of the quantity 7) must also be satisfied whatever 
the order; and then the order of periodicity is the lowest value of ’ such 
that 


— e2rir in 


where r is any integer between 0 and n, which is prime to n. 


Ex. 1. The simplest example of such a transformation is 
w=, w=)he. 
The z plane can be divided into n triangular wedges, bounded by lines through the origin 
inclined at successive angles 22/2 to one another; and similarly for the z plane. The 
whole z, 7 configuration is then transformed into itself by a double rotation of each plane 
through an angle 277/n about an axis through the origins perpendicular to the planes ; and 
the z, 2 field, made up of two such wedges in the z and 7 planes, is transformed into 
the w, w’ field, made up of two similar wedges in the w and w’ planes. 
Ex, 2. When the original transformation is linear and has the form 
w=az+b/+e, w=a2z+b'7 +e, 
a factor 6—1 can be dropped from the characteristic equation which then becomes 
62—(a+b') 0+ab' — ab=0. 
Let the roots of this equation be » and vy’; the canonical form of the substitution is 
aw+ Bu'+y =v (az + B2'+y), 
aw+Pw' +7 =r' (avz+P2'+y), 
where 
da+aB=va, ba+B=vB, ca+cB=(y—-l)y, 
aa'+a'B'=v'd, ba'+b'p’=y'B’, ca'+c'B'=(v'—1)y’. 
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_ Hae. 3, Find a canonical form of the periodic transformation 
w/2=2+2, w' /2=2-Z. 


Ex. 4. Prove that all transformations of the linear type, which have quadratic 
periodicity, belong either to the form 
w=—zte w=-Z+¢, 
or to the form 


aya 
w=az+b7 +e, a a p-a/—**%,, 


where a, b, c, c are arbitrary constants. 
Ee. 5. Prove that all cubic linear transformations have either the form 
w=Oz+ce, w=072+C'; 
or the form w=az+bz/-+c, with either 
= - (a? + a6? + 6) z—(a+6?) /-5(a-6), 

or 

w= ~F(@tatl)e-(atl) 2 +e, 
where @ and 6’ are imaginary cube-roots of unity, and a, 6, c, c’ are unrestricted constants. 


Ex. 6. Shew that, if 


w less Ww be 1 
azt+b/+e azt+b7+e a’z+b"7/4+e"”’ 


then 
z Z iI 


Aw+A'w +A" Bo+Bw +B" Cot Cw +0” 


where A, A’, A”, ..., C, C’, C” are the respective minors of a, a’, a”, ..., ¢, ¢, ¢” in the non- 
yanishing determinant A, where 


and prove that 


(a'etb'e +0") (© 7)=4 


2, & 
Prove that the roots of the characteristic equation for this inverse transformation, 
expressing z and z in terms of w and w’, viz. 
A-¢, A’, A”- |=0, 
Bee Rog B 
i C’ , C"-¢ 
are connected with the roots of the characteristic equation of the original transformation 


by the relation 
Op=A ; 


and verify that the invariant centres for the inverse transformation are the same as those 
for the original transformation. 


Hx. 7. Obtain for a lineo-linear transformation, between two sets of ” variables, 
results corresponding to those in the preceding example. 
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Ex. 8. Prove that the invariant centre ¢, and ¢/ of the general lineo-linear trans- 
formation is given by the equations 


a1 oe 1 


a+ 08, ~ B+-d0,~ "= (at 0) G4 0 
the denominator in the third fraction being distinct from zero. Prove also that, for the 
quantities a, : By: y1, 
Say aot) (Cera) 


aGthid+y 


Kx. 9. Shew that, when 7 is a prime number, all the periodic substitutions 


w=az+b7 +e 
w= a (a =, grey 2 (a -l-—- geen, Z— 5 (a _ ehrtiny 


for s=2, ..., 2-1, are powers of the same periodie substitution for s=1. 
Shew that all the substitutions 
w=ae+e, w=da7+e, 
where a and a’ are primitive mth roots of unity, are periodic. 


Do the two preceding classes contain all the purely linear substitutions which are 
periodic ? 


CHAPTER III 
Unirorm ANALytic FuNcTIONS 


43. WE now proceed to the more immediate and direct consideration of 
the properties and the characteristics of functions of two independent complex 
variables, beginning with the simplest fundamental propositions. Not a few 
of these can be considered as well known; they are included for the sake of 
completeness, and also for the sake of reference. Some among them are 
expressed in forms that appear more comprehensive than the customary 
enunciations. Others of them appear to be new, such as those which deal 
with the characteristic relations and the properties of two functions of a 
couple of variables considered simultaneously ; and these, as being more novel 
than the others, are expounded at fuller length (Chaps. vit and vittz). 


Though the exposition is restricted to the case when there are only two 
independent complex variables, it should be noted that many of the theorems 
belong, mutatis mutandis, also to functions of n independent variables. For 
others, however, further ideas are needed before a corresponding extension 
can similarly be effected. 


We begin with definitions and explanations of the more frequent terms 
adopted, many of which are obvious extensions of the corresponding usages 
for functions of one complex variable. 


The whole range of the variables z and 2’ is often called the field of 
variation. The extent of the field sometimes depends upon the properties of 
the functions concerned ; otherwise, it implies the four-fold range of variation 
between —o and +o. 

A restricted portion of a field of variation is called a domain, the range of 
a domain being usually indicated by analytical relations. Thus we may have 
the domain of a place a, a’, given by relations 

|jz-aler, |2-a <r’; 
we may have a domain given by relations 

o(x—a, y—-B8, x’ -a, y'—B')<e, w(c-ay—B,a-a,y —B’)<e, 
where a =a+ 78, a’ =a’ +7’, the equations being such as to secure a finite 
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range of values of z and a finite range of values of 7. When r and (or ¢ 
and c’, in the alternative case) are small, the domain of a and a’ is sometimes 
called the vicinity, or the immediate vicinity, of the place a, a’, 


In these definitions we substitute F for |z—a| when a is at infinity, and 


7 for | 2’—a’| when a’ is at infinity. 

44. A function of z and 2’, say w=f(z, 2’), is said to be uniform, when 
every assigned pair of values of z and z’ gives one (and only one) value 
of w. Through familiarity with properties subsequently established, the 
notion that z and z may attain their assigned values in any manner 
whatever sometimes comes to be associated with the definition; but the 
notion is not part of the definition. 


The function w is said to be multiform, when every assigned pair of 
values of z and 2’ gives a finite number of values of w, the finite number 
being the same for all z, 2’ places where the function exists. Sometimes it 
is convenient to specify the number in the definition ; when there are m values, 
and no more than m values, w is sometimes called m-valued. 


A function w may have an infinite number of values for given values of 
z and z. Among such functions, each class can be specified by its own 
general property. Thus one simple class of this kind arises from integrals 
of functions that have additive periods. 


Just as with uniform functions, so with multiform and other functions, 
familiarity with properties subsequently established leads to the notion that 
a specification of the path or range by which z and 2’ attain their values 
will lead to the acquisition of some definite one among the m values ; again, 
the notion is not part of the definition. 


Eyen in this matter of the description of the range of z and of z, care must be 
exercised ; it may become necessary to take account, not merely of the actual range of z 
and of 7, but also of the mode of description of those actual ranges. Consider, for 
example*, the function 


w=(2—7+41)% 
Take z=0 and 7=0 as the initial place; and consider the branch of w which has the 


value +1 at that place. 
We make z vary from 0 to +1 by describing (in the direction indicated by the arrow) 
a simple curve OAB which, when combined with the axis OB of real quantities, encloses 
the point $7 and does not enclose the point 7. 
* The example was suggested to me by Prof. W. Burnside. Another example, viz. 
w=(2-2' +1)3, 


is given by Sauvage, Ann. de Marseille, t. xiv (1904), section 1, a particular path being specified. 
Obviously any number of special examples of the same type can be constructed. 
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We make Z vary from 0 to +1 by describing the straight, line 0’C’ in the direction 
indicated by the arrow; the point D’ on that line is given by /=?. 


Consider two different descriptions of these paths. 


In the first description, keep z at O’, while z describes the whole path OAB; and then 
keep z at B, while 7 describes its whole path 0’O’. For this description, the final value 
of w is manifestly +1. 


it A 


0 D' +1 
O' —_> (et! 


In the second description, keep z at 0, while z’ describes the part O’D’ of its whole 


path; then keep 7/ at D’, thus making w=(2?+})2 for that value of z, and now make 
_ @ describe its whole path OAB. When z arrives at B by this path, the value of w is 


—(§)3, that is, when z is at B and 7 at D’ by this description of paths, the value of 
(2— 2+ 1)3 has become —(3)2. Now keep z at B, and let 7 describe D’O"’, the remainder 
of its path; the final value of w is manifestly —1. 


It thus appears in the case of the special function that, even when the range for each 
variable is perfectly precise, the final value can depend upon the mode of description of 
the precise ranges. The matter belongs, in its simplest form, to the theory of algebraic 
functions. 


45. <A function f(z, 2’) is said to be continuous if, when the real and 
imaginary parts of z and of z’ are substituted and the function is expressed in 
its real and imaginary parts w+ 2, both the functions wu and v of a, y, a’, y’ 
are continuous. 


Let the function f(z, 2‘) be uniform and continuous, everywhere within 
a field of z, 2 variation. It is said to be analytic, when it possesses 
derivatives of all orders with regard to both variables 


alee) ae # 


ry 5 ae 7 pceeeee 5 


which are uniform and continuous everywhere within that field; or what is 
equivalent, it is said to be analytic if f(z, 2’) is an analytic function of z when 
any arbitrary fixed value is assigned to 2’ and is also an analytic function of 
zg when any arbitrary fixed value is assigned to z. But it need hardly be 
pointed out that, while f(z, 2) is—under this definition—expressible as a 
power-series of z alone having functions of the parametric z’ for coefficients, 
and also as a power-series of z’ alone having functions of the parametric z 
for coefficients, an expansion in powers of z and z’ simultaneously is a 
matter of proof, to be considered later. 
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It is a known proposition that an absolutely converging double series can 
be rearranged in any manner and can be summed in any order, the sum 
being the same in all arrangements and for all orders of summation. 
Suppose, then, that the double power-series 


TCn,m (2 — a)" (7 — a’), 


where m and m’ are positive whole numbers (including zero), and where the 
coefficients Cm, are constants, converges absolutely at every place within some 
domain of the place a, a’. The series, within the domain, defines a function ; 
and the function is said to be regular, or to behave regularly, everywhere 
in the domain of the place a, a’. The domain must not be infinitesimal in 
extent; and the place a, a’ is said to be an ordinary place for the function. 
When it is desired to indicate specifically that the double series contains 
only positive powers of z—a and z# —q’ in accordance with the definition, we 
call the series integral, or whole, or holomorphic; and sometimes the function 
is called integral or holomorphic within the domain of the place a, a’. 


When the power-series is finite in both sequences of indices, the function 
is a polynomial in z and 2. When it is infinite in either sequence or in both 
sequences, the function represented is usually called transcendental, unless it 
can be represented by algebraic forms. 


When the function is transcendental, the question arises as to the 
range of the domain over which the power-series converges. When the 
domain is limited, a question arises as to whether the power-series, 
representing the function within the domain, can be continued analytically 
beyond the limits of the domain. 


Perhaps the simplest example of a multiform function w of z and 7 occurs, 
when the three variables are connected by an algebraic equation 


A (w, 2, 2)=9, 
where A is a polynomial in each of its arguments. As already explained, it 


sometimes proves desirable in this connection to consider two multiform 
functions w and w’, defined by algebraic equations 


O (uw, wv’, 2, 27)=0, Dw, wv’, 2,2) =0, 


where C and D are polynomial in each of their arguments. In this event, the 
. ordinary processes of elimination enable us to substitute equations 


A (w, 2, 2)=0;" Bul, z, 2) = 0, 
for the equations C=0, D=0; but care must be exercised to secure that the 


separate roots of 4=0 and of B=0 must be grouped so as to give the 
simultaneous roots of C=0, D=0. 
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For example, we shall have (Chap. vi) to consider an expression 
R (wu, w’, 2, 2) 
CBD ea 
i) 
where & (w, w’, z, 2) denotes an integral polynomial in w and w’, and where the double 
finite summation extends over the simultaneous roots of C=0, D=0. In the method 


adopted for its evaluation, we are led to introduce terms which arise from combinations 
of the roots of d=0, B=0, that do not provide simultaneous roots of C=0, D=0. 


>>> 


In the first case, to the function w: and, in the second case, to the 
functions w and w’: the epithet algebraic is assigned. Manifestly, among 
the four variables w, w’, z, 2’, any two can be described as algebraic functions 
of the other two, unless (in limited cases) elimination should lead to a single 
relation between two variables alone. 


In this initial stage, it is not necessary to state the definitions of terms 
pole, accidental (or non-essential) singularity, essential singularity. New and 
modified definitions are required, because functions of two variables possess 
properties which have no simple analogue in the properties of functions of 
a single variable. These definitions will be given later (§§ 57, 58), when 
the properties are under actual consideration. As will be seen, a dis- 
crimination between functions of two variables and functions of more than 
two variables can be made, so as to give a classification proper to functions 
of two variables. We may, however, mention in passing that, in the vicinity 
of any non-essential singularity a, a’,a uniform analytic function is expressible 
in a form 


Q(z-—a, 7 —-a) 


P(z—a, /—a)’ 
where Q and FP are functions, which are regular in a domain of a and @. 
Such a function is sometimes called meromorphic in the vicinity of the 
place a, a’. 


The simplest example of a meromorphic function occurs when both Q and 
P are polynomial functions of their arguments; in that case, the function is 
called rational. 


Some properties of regular functions. 
46. Consider functions that are regular everywhere in some finite domain 


; a 1 : P ; 
of an assigned place a, a’. By writing z—a=€ or >, according as | a | is finite 


9 


: ‘ aa ‘ 1 ' Pueae’ aac : 
or infinite, and by writing 2’ - a’ =’ or e according as |a’| is finite or is 


infinite, we can take the assigned place as 0, 0, without any loss of generality. 
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We then have a theorem* connected with the definition of the analytic 
property, as follows :— 

When a function f(z, 7), for values of |z|<r and of |2’| <r’, is a regular 
function of z everywhere within the assigned z-circle for every value of 2 within 
its assigned circle, and also 1s a regular function of 2 everywhere within the 
assigned z-circle for every value of z within rts assigned circle, it is a regular 
function of z and 2’ everywhere within the indicated field of z, z variation. 


Let the function f(z, 2) be represented by a series 
f@Z= > Im ye", 


as is possible under the first hypothesis. If M,’ denote the greatest value of 
| f(z, 2’)| for any assigned value z, of z’ within the 2-circle, and for all the 
values of z within its circle, our series gives 


faz: 2) = = gm CAS 


and then by a well-known theorem, we have 


n\ - Mo 
| Gm (20) |< rm 
Consequently, if M denote the greatest value of |f(z, 2’)| within the 
whole z, 2 field considered, we have 
M, <a M, 
and therefore 
J M 
| fm (20) |< pin? 
for all values of m, for any value of z,' such that | 2’ |<7r’. Consequently, for 
all values of z’ in question, we have 


mea te bd! 
|m(2') | < rin 
Now f(z, 2) is a regular function of z’ for every value of z for which 
|z|<r; hence g, (z’), being the value of f(z, 2’) when z= 0, and 
eaat 6 Ree r 
gnl?)=s| alle) 
for all values of m, are regular functions of 2’. Accordingly, we can write 


ies) 
Im (/)= > Cees 
n=0 


* The theorem is true under even less restricted conditions. See two papers by Osgood, 
Math. Ann., t. lii (1899), pp. 462—464, ib., t. liii (1900), pp. 461—464; anda paper by Hartogs, 
ib., t. lxii (1906), pp. 1—88. 

+ Theory of Functions, § 22. 
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where the series represents a regular function of z’; and as | g,, (2’)| throughout 
the whole range of variation of z is less than M/r™, we have, again by the 
theorem already quoted, 

M at 


| Cm,n | < ym ‘ yn . 
On these results, consider the double series 
Tee’ oi 2 Om 2 2; 
m=0 n=0 
if it converges absolutely, we can take it in the form 
> | Sat en mm, 
n=0 \m=0 
that is, 
= Im (2')2™, 
n= 
and so we shall have 
F(z, 2)=f(2, 2) 
for the field of variation within which F(z, 2’) converges absolutely. But 
we have just proved that 


: M 
| Cm,n | < pm gin ; 
and therefore we have 
ioe) io 2) 
\F(e2)|=| 2S cn 22” 
m=) n=0 | 
iv 2) wo 
ee ona eh | 2 
m=0 n=0 
ao Loo} , 
eee aral el le | 
M 


ria Pe Calle 
pay 
r r 
for all values of | z| <r and all values of | z’| <7’. 


This result establishes the absolute convergence of F(z, 2); and so we 
have 


M8 


fan= > 


m=0 n=0 


Cm,n 2” a 
where the double series converges absolutely in a field |z|<k<r, |z|<k' <1, 
while & and k’ are not infinitesimal. 


Consequently the function f(z, 2’), under the postulated conditions, is a 
regular function of the variables z and 2’. 
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47. Now let /(z, 2’) be a regular function of z and 2’ everywhere in the 


domain 
|jz-al€r, |2&—a'l<r’ 


and within this domain let M be the greatest value of | f(z, 2’)|. Then, if the 
power-series for f(z, 2’) is 


f(e,2)= 2 = Onn (e—ay"(e'—a')%, 


m=) nel 
we have 
| Quer Se (2, zZ ‘) 
Oma mini - Oz" Oz'” oe ; 
and also 
M 
LCi: n| iy pny! n? 


shewing that 
M 


f=mint — 
LE ym yi De® 


f n / 
| guerty (Zz, z’) 
| CeCe Nn wed 


Another expression for ¢,,, can be obtained by a simple extension of 
Cauchy’s well-known integral-theorems for a single variable. Denoting by 
g(2) a function that is uniform, continuous, and analytic, within a range 


g(a)= [2 ae, 
(ry a Shh g (2) 


dz” ~ Qari} (2-—ayrn 

for all values of n, the integrals being taken positively round any simple 
closed curve which lies entirely within the region and encloses the point a. 
The extension indicated can be established in exactly the same way as these 
theorems just quoted; the analysis and the reasoning are so similar to those 


for the simple case that they can be stated very briefly. 


¢-a|<€r, we have - 


> 


For our function /(z, 2’) which is uniform, continuous, and analytic, and 
therefore regular, everywhere in the domain 


& 
| 
- 
| 
8. 
| 
8 
“A 


| 
|« 
we have 


pane pepe Be 
Oz Seg LmrtJ(e—a)mri 
the integrals being taken positively round any simple closed curve which lies 
entirely within the region bounded by |z—a@|=r and encloses the point a, 
and holding for every value of 2’ for which f(z, 2’) is defined. Again, f(a, 2’) 
und (Pre “)\ ; 
oz™ Sea 
of variation, are regular functions of 2 throughout the 2’-region bounded by 


owing to the character of f(z, 2’) within the z, 2’ field 


a 


Ot 
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|Z’ —a’\|=7'; hence, by a repeated application of Cauchy’s integral-theorems, 
we have 


: ; bi AF (ee) 97 
J (G, @) = 5 Z—h dé, 


Om ~~ n! / rave yn. 
—-, f(a, 2 = ——, | —! ; dz 
Ee I( ? ) whoa) Qari, (2 maith yrs ; 


the integrals being taken positively round any simple closed curve which lies 
entirely within the region bounded by | z’ —a’|=7’ and encloses the point a’. 
The variations of z and z are independent of one another, as also are the 
integrations in the two planes of the variables; combining the results, we 
have 


D. fe Ae am 
F(a, a’) = eadll Pet NTE dade 
y | L(4, Ly —- dzdz’, 


~~ der (z—«a) (2 —«a’) 
amin f(z, z’) we, ! 2 ! I St, z) dads, 
O2™ dz nm ae Ayrr® : (z = gyn (Z Tat bss bl 
the integrals being taken round simple closed curves in the z-plane and the 
z-plane, the z-curve lying entirely within the region | z— a|=r and enclosing 
the point a, and the z’-curve lying entirely within the region | 2’ —a’|=7" and 
enclosing the point a’, 

We thus have expressions, in the form of double contour integrals, for the 
value of f(z, 2’) and of every derivative of f(z, 2’) at the place a, a’, 

Again, let M denote the greatest value of | f(z, 2’)| for places within the 
whole z, 2 domain of variation represented by |z—a| <r, |2’-—a’|<r’; then 
at every place on the double contour integral we have 

IP (2 2)| <M. 
Proceeding exactly as in the case of a single variable, we can shew that 

a, 2 

| | | SA d A oeoe < 4 M, 
(z— dW) (2 — 

If(aa’)|<M, 
which is merely a statement that the value of | f(z, 2’)| at a particular place 
in the field is not greater than its greatest value in the field; and we can 


also shew that 
Si, “’) pry jy 
| il (z — amt (2! — q/ywh dede 


| (Pe 2’) 


44 
dz Oz'™ j zc, 2! 


and therefore 


Avrr* 


ye y n ? 


and therefore 


<min! Af 


. yn yn ’ 


which is the former result, 


F, 


7 
ws 
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Another method of stating these results is as follows. Let z, 2’ be any 
place within the field of variation where f(z, 2’) is regular; in the 2-plane, 
take any simple closed curve lying within the field and enclosing the point z, 
say a circle of centre z, and let t denote the complex variable of a current 
point on this curve; and in the Z-plane, take any simple closed curve lying 
within the field and enclosing the point z, say a circle of centre z’, and let ¢’ 
denote the complex variable of a current point on this curve. Then 


(ip Ginn eae Skt) Meese 

St (2, a ) en -aalla — Zt mp yal 
gins n f(z, Z’) EL ln ‘| St t) wa : 
Og og'™ i Aer? i (= zymt (t/ = 7h dtdt’. 


Kix, Prove that, for the foregoing function f(z, 7) and with the foregoing curves of 
integration, the value of each of the integrals 


I S(t, ¢) 1 ft #) 
~ Ape [{ Aamn dtdt, Arr? I Gozpri ee, 


for all positive integer values (including zero) of m and vn, is zero. 


48. We shall come later (Chap. v1) to a fuller discussion of double 
integrals involving complex variables; meanwhile, it will be sufficient to state 
that integrals of the foregoing type, in which the integrations with regard to 
z and to z’ are completely independent of one another, belong to a very 
special and limited class of double integrals, They may even be regarded as 
merely iterated simple integrals; and many of their properties can be deduced 
as mere extensions of corresponding properties for simple integrals. 


Thus we know that the value of the integral 


taken positively round the whole boundary of any region within which f(z) 
is uniform, continuous, and analytic, is zero, even if the region is multiply 
connected ; and it follows, as a corollary, that the value of the integral taken 
round any simple closed curve is unaltered if the curve is deformed without 
crossing any point where f(z) ceases to have any one of the three specified 
qualities, This result can at once be generalised, merely through a double 
use of the result, into the following theorems :— : 


I, Let /(z, 2) denote a function which, over a limited region in the 
z-plane with a complete boundary unaffected by variations of z’, and over a 
limited region in the z-plane with a complete boundary unaffected by variations 
of 2,18 uniform, continuous, and analytic. Then* zero is the value of the 
integral 


1 ; j 
ae [Pe Daead, 


* The constant ~1/4* is inserted-here merely for the purpose of formal expression. 


os 
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taken positively round all parts of the complete boundary* of the z-region, 
and positively over all parts of the complete boundary of the z’-region, when 
these boundaries are entirely unrelated to each other. 


IJ. For the same type of function, and with the same type of range of 
integration, the value of an integral 


1 ; A 
oe [FG 2)deae 


is unaltered when the z-boundary and the z’-boundary are deformed separately 
or together in any continuous manner which, while leaving them unrelated, 
does not cross a place where the function /’(z, 2’) does not possess each of 
the three specified qualities. 


It is to be noted that the theorems are exclusive and not inclusive. 
The function F(z, z’) might cease to possess the property of being continuous 
(thus it might be z~*z’~ in a region round 0, 0), without causing the integral 

1 
wae. | F(z, ¢’) dedd 
to be different from zero as in the first theorem, and without preventing the 
deformation contemplated in the second theorem. For the moment, we are 
concerned with the theorems as enunciated, 


49. As an illustration of the use of -all the preceding theorems, we shall 
establish the following proposition :— 


Let f(z, 2) denote a function which is regular everywhere in a z, 2’ field 
represented by the relations 
lS tie |e ler; 
and let t and t be current variables in that field. Then the magnitude 
; 1 Fit, t’) teow ght  gmtip/n+1 ‘ 
ST (4, 2) me Anz? fla ae z) (t’ a Z) lem tt {rn as — dtdt’, 
when the double integral is taken positively round a simple closed curve 
enclosing the z-origin and the point z in the z-plane, and positively round 
a simple closed curve enclosing the z’-origin and the point 2’ in the z'-plane, is 
a polynomial P (z, 2’) of order m in z and of order n in 2’, such that 


a (2, I} ai (ee 
z=0, 2’=0 z=0,2'=0 


dz" 02's 02" dz’8 


for the values r=0,...,m and s=0, ...,n in all simultaneous combinations, 
the descriptions of the two curves being unrelated. 


* That is, with the customary convention as to the positive direction of any portion of the 
boundary when the included area is multiply connected; see my Theory of Functions, § 2. 


5—2 
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The result can also be stated in the form 


Peti=-aalfeene att () }E-() faa 


and can easily be established from this form by inserting the values of 


{ Ky a iii Ie ut -(5) "b+ nie We al , 
i} (7) t7 (1 ') and { 7 | : (1 4 and using the preceding 


theorems as they stand, 

The derivation of the result from the first form requires a different use of 
the theorems: it is set out as an exercise in integrals, as follows. 

As our function f(z, 2) is everywhere regular within the specified field, 
the only places where the subject of integration ceases to be regular within 
the selected domain are 


(i) attmz, tmz’; (li) attme, Y=; 
(iii) att=0, t#=2’; and (iv) atti=m0, ¢#=0, 
After the preceding theorems, it is sufficient to take the double integral 
P 8 g 
positively along small curves round these places, 
For a double integral, taken positively round small circles, one in the 


z-plane round the point z and one in the z’-plane round the point 2’, so that 
we should have 

t—z=pe!, —2 = pe, 
where p and p’ are small, while @ and 0’ vary independently each from 0 to 
2a, the value of the integral 


1 fe ‘ git gi {4 oi) 1g! nt 1 didt 
Fre [[s (t, C) per “iN pnb prripnys (t - z) (t —~£’) 
is the value of 
“(4 / grt ss oo By gtd o/ M4 1 
Z y ) pr nr a 
when t=z, U= 42’; that is, the value of the integral for the double small 
contour round z and 2’ is f(z, 2’). 


For a double integral, taken positively round small circles, one in the 
z-plane round the point z, and one in the 2’-plane round the origin, we have 
t—z=pe", ¢ =p'e', 
where p and p’ are small, We then expand (t’—<2’)~ in ascending powers 

of ¢/z, and obtain the subject of integration in the form 
’ ‘ Mero +1 MAL old ‘8 
_ftt,t) (amin avy gmnignnt) 
t—2 lon {rd ymebrginer | o/b 
Let integration be effected first along the path in the z-plane; on the 
completion of the path, the value of the integral is 


! ' , / gn rd gut = ts / 
. iF (2, Y (1 a wri -~ a e ght) ) lt ) 
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that is, 
=i, [ra (2) a 


This integral_is to be taken along a small closed path in the z’-plane round 
t =0, and f(z, t’) is regular; hence the value of the integral is zero. Thus 
the double integral, taken round the place t=z, t'=0, contributes zero to 
the value of the general double integral. 

Similarly the double integral, taken round the place t = 0, t’ = 7, contributes 
zero to the value of the general double integral. 

For a double integral, taken positively round small circles, one in the 
z-plane round the z-origin and one in the 2’-plane round the z’-origin, we 
have 

t=pe%, t =p’e%%, 
where p and p’ are small. We then expand {(¢—z)(t’—2z’)}~ in ascending 
powers of t/z and ¢’/z’, the expansion being 


Se Soph Zh 


w=0 v=0 
and so the subject of integration becomes 
gun Ay gm Y/n+1 tetv 
S(t t’) pm + pm p/n+1 et cy atl g/v 1" 


The value of the part 


-z5| AU, tae 3, =0 > Saves dtdt’, 


taken round the contour as indicated, is zero (Ex., § 47), because there are no 
negative powers of t’. Similarly pn value of the part 


1 Had hd 
aal|re om nr per 2 en ger dtdt 


is zero, Again, the a: of the i 
1 » atdt’ 
-za/ [re rere 


Deo PU, &) 
1 sil, ot at? ; ot 

for all integers 7 = 0, 1, ..., and all integers s=0, 1, ..... When either of the 

integers r and s is negative, and when both of the integers are negative, the 

value of the integral is zero, Hence, taken positively along the small contour 

that encloses the z-origin in the z-plane and the z’-origin in the 2’-plane, we 


have 
1 | fit, t’) gmt 2/n+1 dt’ 


(t—2z)(t'— 2’) tmynn 
mf ara’t (arte F(t, g 
r=0 s=0 a ! s ! at” ot’* t=0, t’/=0 j 


is 


| 
Ms 
Me 
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We thus have the full value of the integral 
6 / m+ /n+1 M+1 »/N+1 
ie = ff fC, 0) ti be SNE 4 | atar, 
4ar 


(t— 2) (t’ = 2’) pnt {nr priya 


taken positively round our contour in the z-plane enclosing the z-origin and 
the point z, and our contour in the z’-plane enclosing the z-origin and the 


point 2’; it is 
| eps eon 
Sf @:2) = ES Or Ob * MN tae, boo te 


r=0 s=0 rist 


Consequently our magnitude 


, m+ ‘N+1 M+1 -/N-+1 
I (4, “+75 le LM a A Sie att g | dear 


Zz) (t’ — fmt {mn pm nti 


is equal to the polynomial 


Ses Ka (ars FG, ot ie 
t=0,t/=0 ; 


AE ra ris! { ot’ ot’® 


and when this polynomial is denoted by P (z, 2’), we manifestly have 


eee 2 if ee t’)) 
2=0,2'=0 


02" 0z'* C t’ ots t=0, t'=0 ; 
The proposition is thus established. 


The result, in either form, shews that it is possible to construct an ex- 
pression the value of which shall be a polynomial approximation to the value 
of a function f(z, 2’) in a field where it is a regular function of its arguments. 


Ex. Evaluate the integral 


(Zt, t’) gmt+1 n+l , 
EY: alles’ LA ian ymriz¢gntl dt dt’, 


with the same suppositions as to the function f (z, 2’) and the range of integration. 


50. In connection with the function f(z, 2’), which is regular within 
the field |z—a|<r and |z’ —a’|<r’, and for which | f(z, 2’)| is never greater 
than M for places in the field, consider a function ¢(z, 2’) defined by the 


relation 
(1 et == *) (1 Red =) 
r r 


Evidently ¢ (z, 2’) can be expanded in a double power-series in z—a and 
2 —a’, which converges absolutely for values of z and 2’ such that 


¢ (2, 2) = 


|je—-alep<r, |2-al<p' <r; 
and it has the form 
z—a)™ (2 —a’)” 


$(67)=M =z 3S 


m=0n=0 ae re 
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Hence 
amen b (2, Z)_ min! yy _ (p +m)! (g +n)! (2 — a (@— a’, 


oz™ O2'™ TTP =g 420) ml pi nig! 7? ra 


and therefore 
oe $ (, 2)) _m!n! u 


( 02" 02% J ee ay pm pl? 


for all values of m and n. It therefore follows that 
f(a, v)|< ba, v’), 
m+n / 
Z ‘ foe ne 


oz” dz'® 


| _ ta; 2) 


oz" az be ae 


The function ¢(z, 2’), related in this manner to a function f(z, 2’) from 
some characteristics of which it is constructed, is called a dominant function. 
Manifestly the result can be extended to any number of independent complex 
variables by a precisely similar process. 


These dominant functions prove to be of great importance in various 
regions of analysis; thus, for example, they are of general use in the present 
methods of establishing many theorems concerning the actual existence of 
integrals of whole classes of differential equations, particularly in connection 
with certain broad external assigned conditions under which those integrals 
exist. 

A dominant function ¢ (2, 2’) is not necessarily unique. In the same 
circumstances as before, consider a function f(z, 2’) defined by the relation 


which also is expressible as a double power-series in z—a and z’—a’, con- 


verging absolutely for the region Z " 1 +e a — lek< 1. Proceeding as 
for ¢$ (z, 2’), we find, for all integer values of m and n, 


— v% 2) 


oz oz’® 


_ (m+n)! 
pitt pln 


Bate 


Now (m+n)! >m!n!; hence 


a A ( z, =} .s . ( z, = 
dz™ dz” g=d, z=a fs az™ oz'™ Z=a,2=a 
| fone Fe, a | 
me oz™ Oz g=a, 2’ =a' | ’ 


so that  (z, 2’) also is a dominant function*. 


* Poincaré uses the term majorante. 
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51. During the foregoing investigations, particular series in suitable 
circumstances have been declared to converge; and it will be noted that, in 
such series as have occurred, the convergence has been absolute. We do not 
propose to consider, in detail, the general theory of convergence of double 
series. When convergence is absolute, no other kind of convergence need be 
considered specially ; and such series, as will be discussed in these lectures, 
will be discussed with a view to absolute convergence, What is wanted here 
is a knowledge of some non-infinitesimal region of variation of the variables 
in which the respective series converge absolutely *, 


In this regard, one warning must be given. Both in what precedes and 
in what will follow, a region of variation, in which a double series converges 
absolutely, is usually defined by a couple of relations of the form |z|<€p<7, 
| 2'|<p’ <r’, where p, p’, 7,7 are positive constants, while 7 and 1 are not 
infinitesimal. It must not therefore be assumed—and it is not the case in 
fact—that the whole region, within which a double series converges absolutely, 
must be determined by two (and only two) relations of the preceding form ; 
thus the whole region of absolute convergence of the double series, that 
represents the dominant function  (z, 2) of § 50, is determined by the 
single relation 

|z—-a 


|e a'| oy, I 
Pe Hear ar oe vs, 
as there stated ft. 

To repeat the substance of what has just been said, what is mainly 
wanted at the initial stage is a knowledge of some non-infinitesimal region 
of absolute convergence of the series, not necessarily a knowledge (however 
desirable) of the whole region of convergence. 


52. Three simple propositions relating to uniform analytic functions can 
be established at once. 


I. A uniform analytic function must acquire infinite values somewhere 
in the whole z, 2 field, unless it reduces to a mere constant. 


Suppose that a uniform analytic function f(z, 2’) does not acquire infinite 
values anywhere in the 2, 2 field. In that event, there must be some 
greatest value for |/(z, 2’)| in the field, say M, where M is finite; and no 
matter how the field is extended, this value of M for |f(z,2’)| cannot be 
exceeded, 


Accordingly, we take a domain in the field, determined by the relations 
sie Rh, |e len; 


“ For the theory of absolute convergence of double series, readers may consult Bromwich, 
An introduction to the theory of infinite series. 


| Other examples of the same type are given by Bromwich, p. 504 of his treatise just quoted. 


52| PROPERTIES OF REGULAR FUNCTIONS 73 


and, under the hypothesis, we can make R and R’ as large as we please. We 
still shall have, over this domain, M as the greatest value of | f(z, z’)). 


In the domain thus chosen, let f(z, 2’) be represented by a double power- 
series, as in §47; and let the series be 


ae On ee 
m=0 n=0 


By our preceding results, we have 
M 
Lema! < Fem Bw 

for all values of m and of n, independently of one another. We can increase 
the domain of the field to any extent; so that, by increasing R and R’ 
sufficiently, we can make 

| Cm,n | > 0, 
for all values of m and n except simultaneous zero values. Hence, under 
the hypothesis that f(z, 2’) does not acquire infinite values, every term 
in the series vanishes except the first, which is a constant; the proposition 
therefore is established. 

Note. Itis obvious that the place, where a function acquires an infinite 
value, does not lie within the domain over which the function is regular nor 
(to anticipate the explanations connected with the continuation of series 
representing regular functions) does such a place lie within the region of 
continuity of the function. Every such place lies on the boundary of the 
region of continuity of the function. 


Thus consider the function 
_2t2 
Z—7 


For all places other than z=0, z'=0, which lie in the field and are given by 
z=z, the function is infinite; such places do not lie within the region of 
continuity of the function, At the place z=0, 2’=0, the value of the 
function is indeterminate; near z=0, 2’=0, say such that 

z=re 2 =re%, 
where r and 2” are small, we have 
en) eer drr cos'(0 — a 
z—2| |r?+7r7—2rr' cos(@—@)) ’ 
which as 7 and 7’ tend to zero independently of one another can be made to 
acquire any value. Thus at z=0, z’=0, the function is not regular; the 
place does not lie within the region of continuity of the function. 


II. If two functions, both of them regular within one and the same 
domain, acquire the same value at every place within any region of that 
domain, they acquire the same value at every place within the whole 
domain, the region (like the domain) being one of four-fold variation. 
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Firstly, suppose that the origin of the domain lies within the region ' 
considered ; and round that origin, take a smaller domain given by | z|€k< Pp 


and | 2’|<k' <p’, lying entirely within the region, 
Let the two regular functions be /(z, 2’) and g(z, 2’); and suppose that 
the double power-series representing them in the whole domain are 


, hs oe mM oN 
WE (2, 2’) ae at Cm, nee", 
m=) n=0 

Ne Sh m oN 
g (2, 2 ) = 4 = Kun, 1 gee", 
ma) n=l) 


both series converging absolutely within that domain, ‘Then the difference 
of the functions f(z, 2’) — g(z, 2) is represented by the absolutely converging 
double series 
> > (Cm, ae Kan) Fi 2", 
m=0n=0 : 
Now this function is everywhere zero within the smaller domain, so that its 
(greatest) modulus M, never differs from zero; accordingly we have 
M, 


| Cm, Kin, n | < “mh : 
— 0, 
so that 
Cnn = hm, n> 
for all values of m and n. Consequently, the coefficients in the power-series 
representing the functions are the same; and so the two functions are the 
same within the whole domain. 


Secondly, when the origin of the domain does not lie within the region 
considered, we take an origin within that region; and proceed as before, 
The coefficients in the power-series, representing the two functions in the 
smaller domain round the new origin, are the same. There, these coefticients 
determine the functions uniquely; and so, when the process of analytical 
continuation (§ 56) is adopted in exactly the same way for the two functions 
so as to cover the whole of the original domain in which they are regular, the 
two functions remain everywhere the same within the whole of that domain, 


TIT. If f(z, 2) isa regular function of z and ¢’ for all finite values of 
the variables, and if there exists a finite positive quantity M7 such that, no 
matter how |z| and | z’| are increased, there exist integers m and n for which 


S (4, 2’) 


Mi 


< M, 


ge 


then f(z, 2’) is a polynomial in z and 2’, of degree m in ¢ and of degree n 
in 2’, when m and n are the smallest integers satisfying the condition, 


Let f(z, 2’) be expressed as a double power-series 


f(a, 2) = S 2 oy 0 oF at; 
p=0 q=0 


Pisa 
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then 


Cn o 1 1 (ort f(z, 2’) 
ee { Oz” dz ten 
21 if fen 
us i | dt dt, 


tpt t /q-+1 


where the double integral is taken round any simple closed contour (say 
a circle) enclosing the origin in the z-plane, and any simple closed contour 
(also say a circle) enclosing the origin in the z’-plane. Let the former circle 
be of radius R and the latter of radius R’, so that we can take 


t= Re, t= Re: 


then 
fit) ; 
ep, 91 <p {f} iP #4 dé dé’. 
Now no matter how |¢| and |t’| increase, we have 
aL ad be M, 
and therefore 
ftt) ie 
tP ¢'9 < | {pm fq-n | < Re-m m P’q—n* 
Consequently 
1 
Io.01< gape | dd dO" 
M 


< Re-m Rian : 
By hypothesis, we can increase R and R’ without limit; hence, for all values 
of p that are greater than m, or for all values of g that are greater than n, 
and for both sets of values simultaneously, we have 
| 
Cp, q| = 0 
and therefore 
Cp,q = 9, 
for those values. Accordingly, when we remove from the series those terms 
which have vanishing coefficients, the modified expression for f(z, 2’) becomes 
m n 
Die Be Op, ge? 2% 
p=0q=90 
shewing that f(z, 2) is a polynomial in z and 7, of degree m in z alone and 
of degree n in z’ alone. 


53. It follows, from the first investigation in § 52, that a uniform analytic 
function must acquire infinite values. In particular, a general polynomial in 
z and 2 acquires infinite values, when |z’| is not zero, 
or when |2’| is infinite while |z| is not zero, or when both |z| and |z’| are 
infinite, though in the last event conditions may have to be satisfied”, 


* For example, the function 1+z2+2’ does not become infinite when | is infinite and | 2’ | is 
infinite unless |z+2’| also is infinite, 
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The questions then arise :—Must a uniform analytic function of z and 2 
acquire a zero value within the whole field of variation? And, what is a 
subsidiary question governed by the answer to this preceding question, must 
a uniform analytic function of z and 2’ acquire any assigned value within the 
whole field of variation? Naturally, in considering the questions, we assume 
that we are dealing with functions that do not reduce to a mere constant. 


First, a brief proof will justify the answer that a uniform analytic function 
of zand 7 must acquire a zero value somewhere within the whole field of 
variation. Let f(z, 2) be a function of z and 2’, which is uniform; con- 
sequently, if 


$6 = 5G yy 


the function ¢ (z, 2’) is uniform. Further, ¢ (z, 2’) is continuous, unless f(z, 2) 
has zero values. Let f(z, 2’) be analytic; then ¢(z, 2’) also is analytic. 
Thus, assuming that f(z, 2’) is a regular function, that has no zero within 
the whole field of variation, its reciprocal ¢ (z, 2’) is uniform, continuous, and 
analytic throughout the domain where f(z, 2’) is regular. Consequently, 
(2, 2’) is a function that is regular throughout the whole field. 


Now we have seen that a uniform analytic function must acquire an infinite 
value or infinite values somewhere in the field of variation of the variables ; 
hence our function ¢$(z, 2’) must acquire an infinite value somewhere, that 
is, the regular function f(z, 2’) must acquire a zero value somewhere and 
therefore the hypothesis, that f(z, 2’) has no zero, is untenable. But as was 
the case with the place where the function acquires an infinite value, so that 
the function is not regular there and the place does not belong to the region 
of continuity of the function, so it may happen that a place where a function 
acquires a zero value does not belong to the region of continuity of the function. 


Thus the function e?*” is regular over a domain given by finite values of |z| and finite 
values of |z’|; it is not regular for infinite values of |z| alone and of |z’| alone, because it 


; 1 1 4 ou hv ? , 
cannot be expanded in powers of % and 7 When z is real, infinite, and negative, while 


|2’| is finite, the function ¢+”=0; and so for other places. No one of these places 
belongs to the region of continuity of the regular function e?**. 


The corresponding question, as to the acquisition of an assigned value a, 
would similarly be answered in the affirmative after a consideration of the 
function f(z, 2’) — a which, under the foregoing argument, would have to 
acquire a zero value; so f(z, 2’) would have to acquire an assigned value, 


The difficulty, that the zero of the function perhaps will not occur in the 
domain of regularity, may be illustrated by returning to the corresponding 
question in the theory of functions of a single a variable ; indeed, it 
would be raised directly, for orale, by taking z’=0, in the case of a 
regular function. 


"= 
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54. It is a result, in Weierstrass’s theory of uniform functions of a 
single variable*, that, in the vicinity 2 of an essential singularity of a uni- 
form function f(z), there always is at least one point within a circle 
|2—%Z|=e, where e is any assigned small quantity, such that 


If (2) -al<e, 
where @ is any assigned quantity. But the specified point does not need 
to be distinct from the point 2). 

Picard+ discriminates between essential singularities according as the 
value @ is, or is not, actually acquired at a point inside the circle | z— 2 | =e 
which is not its centre, the centre being the essential singularity. As 
examples, illustrating the discrimination, he adduces the two functions 


1 L 
ent e, 
sin — 

zZ 


considering both of them in the vicinity of their essential singularity at 
the z-origin, 


. nl dik , ‘ ‘ 
The function} 1 /sin (:) has any number of poles in the immediate 


vicinity of the origin; they are given by z= a where k& is any integer 
CT 


sufficiently large to keep z within the suggested vicinity. The function 
does not vanish for any value of z (other than z= 0) within that vicinityt. 
But consider a range of z near z=0 along the positive part of the axis 
of y, so that we can write 
2= ir, 
where the small positive quantity 7 is at our disposal; we have 
1 24 


The denominator can be made as large as we please by making 7 as small 
as we please; my own view is that, when r is made zero, so that 2 
approaches the origin along the axis of y and falls into the origin, the 
function in question does actually acquire the value zero at the origin, 
But the value is acquired only at the essential singularity z=0, and at 
no point in the vicinity of z=0, other than the centre itself. 


Similarly for the other function. 


* Weierstrass, Ges, Werke, t. ii, p. 124; see my J'heory of Functions, § 33. 

+ His valuable, and far-reaching, ideas were expounded in some memoirs to which reference 
is given in his Traité d’Analyse, t. ii, ch. v. See also, for further investigations, Borel, Legons 
sur les fonctions entieres, (1900), ch. i; ib., ch, v; ib., Note 1. 

t Picard, J. c., p. 126, p. 128; in the second sentence, I have added the words “other than 
g=0,” 
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The difference between Picard’s statement and my own is obvious. 
Picard considers the vicinity of z,=0, and does not include the actual 
point z= 0, not regarding it as a point where the value or a value of 
the function can be stated. I do include the actual point z,=0 and do 
regard it as a point where, if the function nowhere else acquires some 
assigned value, it must there acquire that assigned value; and that assigned 
value can then be stated as a value that can be acquired there. But the 
point z =0 is actually merged in the essential singularity. 

And, it need hardly be added, all the valuable investigations* of Picard, 
Hadamard, Borel, and others, are unaffected by these considerations. The 
discrimination is between functions, that acquire an assigned value in the 
vicinity of the essential singularity at a point which does not coincide with 
the singularity, and functions that acquire the assigned value only at the 
essential singularity. 

The whole discussion thus suggests, even for functions of a single variable, 
the idea of places where our function, regular within a domain, ceases 
(at the boundary of the domain, or elsewhere) to maintain its character 
of regularity. To the consideration of these possibilities we now proceed, 


55. First, however, in connection with the earlier remarks, a reference 
to a theorem by Picard must be made. 

It may happen that an integral function f(z) cannot acquire a finite 
value a for a finite value of z, so that the equation f(z)=a then has no 
finite root; thus e?=0 has no finite root. Picard shews that an integral 
function f(z), which for finite values of z cannot acquire a finite value a and 
cannot acquire another distinct finite value b, reduces to a constantt. 

The similar question would then arise for an integral function G (z, 2’) of 
two variables. Suppose that there are no values of z and 2’, which are 
simultaneously finite, such that ((z, 2’) can acquire a special finite value a ; 
and similarly suppose that there are no values, also restricted to be simul- 
taneously finite, such that G(z, 2’) can acquire another special finite value b, 
where 6 is different from a. To 2’ assign a finite value c’; as #(z, 2’) is 
an integral function of z and 2’, being regular for finite values of z and 2’, 
then G(z, c’) is an integral function of z. By the suggested postulate about 
G' (z, 2’), the integral function G (z, c’) cannot acquire for finite values of z 
either the finite value a or the different finite value b; accordingly, by 
Picard’s theorem, G (z, c’) can only be a constant, which must necessarily 
be a finite constant because |G (z, 2’)| is finite for finite values of z As 
this holds for any assigned value c’ of z, it follows that G (z, z’) is constant 


* See the lectures by Borel, already cited. 

| Picard’s proof depends upon the theory of modular functions (Z'raité d’ Analyse, t. ii, 2nd ed., 
pp. 251—254). Borel, (Legons sur les fonctions entiéres, Note 1, pp. 103—106) gives a direct 
proof of this theorem without the intervention of any theory of special functions. 


56] . ANALYTICAL CONTINUATION 79 


for each assigned finite value of 2’; but the constant values of @ (z, 2’) 
are not necessarily one and the same. Now G'(z, 2) is an integral function 
of z’, because it is an integral function of z and z’; hence all the requirements 
will so far be met by taking 

Gz, z)=9 (), 
an integral function of z’ alone. 


Again, by the suggested postulate about G(z, 2’), there is no finite value 
of z’—simultaneously with a finite value of z—for which G (z, z’) can acquire 
the finite value a or the different finite value b; and therefore there is no 
finite value of z for which the integral function g(z’) can acquire the finite 
value a or the different finite value b. By a repeated application of Picard’s 
theorem, it follows that g(z’) can only be a constant, and therefore ( (z, z’) 
can only be a constant. 

It therefore follows that, if an integral function G (z, 2) cannot, for any 
finite value of z and any finite value of 2 taken simultaneously, acquire 
a finite value a; and also cannot, for any finite value of z and any finite 
value of 2 taken simultaneously, acquire a finite value b different from a; 
then G(z, 2’) 1s a constant. 

_ The result is manifestly the merest generalisation of Picard’s theorem. 
It is specially important to note that the limitation about the non-acquisition 
of the finite values a and b is confined to finite values of zand of z’. A variable 
function may be unable to acquire a finite value a for finite values of z and 
z’, but could acquire that value for infinite values of z and finite values of 2’, 
or for finite values of z and infinite values of z’, or for infinite values of z and 
of z; such is the case, for the value zero, of the variable integral function 


eP (4, 


where P (z, 2’) is a polynomial in z and 2’, 


Analytical Continuation. 
56. Now let us consider a function f(z, 2’), which is regular everywhere 
in a domain round a place a, a’ determined by 
|je—al<r, |2 -a’ |<; 
it can be represented by a double series of powers of z—a and z —da’, the 
series converging absolutely for values of z and z’ such that 
|z-al<p<r, |2z—-a'l|<p'<r’ 
Denoting the series by P (z—a, 2’ — a’), we have 
f(, 2)=P (z-a, 2-4) 
for values of z and z thus defined. The values of the constant coefficients 


in the double series are determined by the values, at the place a, a’, of the 
derivatives of the function f(z, 2’) of the appropriate orders. 
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Such a series* 


may be capable of the process called analytical continuation 
outside a given domain within which the series represents a regular function, 
Let ge band ¢=b' be any place within the domain; at this place b, b’, the 
values of the funetion f(z, 2’) and of its derivatives are unique and finite, 


and they can depend upon the origin a, a/ of the domain, 
y | B ) 


secause the place b, b’ les within the domain of a, a’, where f(z, 2) 1s 
regular, there is a definite domain, actually lying within the domain of a, a’, 
appertaining to the place 6, 6, and providing a region over which /(z, 2’) 
is regular; this domain is given by the relations 


, 


lj¢~blér—|b—al, |\&f—-W ler —|b =a’ 


Let the double power-series be constructed to represent f(z, 2’) within this 
definite domain, ‘he coefficients in this new double series are determined 
by the values, at the place b, 65 of the function f(z, 2’) and of its derivatives ; 
and these may depend for their expression upon the initial double series 
P(z—ua, 4 —a’), Denote this new double series by 
Q(¢—b, 2 —b'; a, a’), 

Within the specified domain round 6, 6’, which belongs also to the domain 
round a, a, we have two power-series representing one and the same 
regular function /(¢, 2); accordingly, (II, § 52) for all places z, 2 within that 
specified limited domain, the new series @ provides no expression for the 
function /(¢, 2’) which, in significance, is additional to the expression for the 
function /(¢, 2’) provided by the old series P. 


But now consider the range of absolute convergence of the double series 
(, which will be the general domain of the place 6, 6’ It certainly 
includes the preceding specified domain, which lies within the general 
domain of the place a, a in connection with the absolute convergence of 
the series 2, Lt may extend beyond the boundary of that preceding 
specified domain; if it does, then it includes places 4, 2 not ineluded 
within the domain of a, a, Tor all such places, the series Q converges 
absolutely and therefore has a unique significance whereas, for them, the 
series P has no significance, 


Accordingly, when some of the general domain of 6, 6° as connected 
with the absolute convergence of the series @ lies outside the general domain 
of a, @ as connected with the absolute convergence of the series ?, our new 
series Y provides an expression for a regular function of ¢ and 2 which is not 
provided by the old series ?, while over the region common to the two general 
domains the series Q represents the regular funetion which is represented by 


* Nor many of the investigations which are given ob this atage, reference oan be made to the 
memoly by Weleratrvant,  Winige auf die Theorie der analytisehen Munetionen mehrever Veriin- 
dorlichen wich bezichonde Silva,” Gea, Werke, tii, pp, 185-188, A doctor's thesis by Dautheville, 
“ Wtude sur lew adrion entidres par rapport A plusiours variables imaginaires indépendantes,” 
Gauthier Villar (1485), may alno be consulted, 
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the series P over the domain of a, a’. Using the term adopted for the 
corresponding result in the similar event for functions of a single variable, 
we say that (in the supposed circumstance of the more extensive character 
of the general domain of b, b’) the series Q is a continuation, sometimes an 
analytical continuation, of the series P; and we call each of the two series 
an element of the regular function which they help to represent. 


The process may be repeated by selecting a new place c, c’, lying 
within the general domain of b, 6’ and not within the general domain of 
a, a. When a definite domain of ¢, c’ is constructed lying within the 
domain of b, b’, and when we form a new double series for the function 
represented by Q(z—), 2’ —b’; a, a’) by taking the value of the function 
and of its derivatives at c, c’ as determining the coefficients for this new 
series, we can denote this series by 


R(z-c, 2 —c'; a, a’; b, b’). 


Within the specified domain round ¢, c’, the new series R represents the 
same regular function as is represented by Q within that domain. 


Again, now consider the range of convergence of the double series R, 
which range will be the general domain of c, c’.. It certainly includes the 
specified domain round ¢,c’. It may extend beyond the boundary of that 
specified domain; and then it includes places z, z’ not included in the general 
domain of 6, b’ and, when ¢, c’ is properly chosen, not included in the general 
domain of a,@. For all such places z, 2’, within the general domain of ¢, c’ 
and outside the general domains of b, b’ and of a, a’, the series R provides 
a regular representation of the function which is not provided either by the 
series @ or by the series P, while over the part of the domain of ¢, c’ that. 
belongs to the domain of b, b’ it represents the same function as is repre- 
sented by the series Q. In this event, the series & provides a continuation 
of the series Q and it is another element of the function, now represented 


by the series P, Q, R. 


And so on, from domain to domain. The ultimate aggregate of all the 
series, each providing a new element, is the combined analytical expression 
of a function. The ultimate aggregate of the z, 2’ field, provided by all the 
domains, is called the region of continuity of that function. 


It is clear, after earlier explanations, that one of the simplest instances 
is provided by an integral function, that is, a double series converging for all 
finite values of z and 2’; and its region of continuity consists of the part of 
the z, 2 field given by finite values of z and 2’, 


Ex. Consider the double series 
je EES 


r=0 s=0 
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which converges for values of |z|<k<1 and |7|<#<1. At the place ry 


, 


Z= — 2 we have 
1 2\2 
JVs | ‘ i 3 
(245) (1+5) 


Te hs h Gy 
Te aay am Le Ne : 
m!n! (1+5) (1+5) 3 


2 


ee 1 1 : oth 
When we form a series in powers of a+5 and 2 +35» 80 that ~5 and es is the new origin 


for a new domain, the series converges for values of z and z such that 


| fe gee 
fe 7 >? 
Sie LENG , Nee 
= mini 2t3 (= +5) ? 
2 some 1\™ 1\ 
> = (= Z+= Z+n-). 
m=0 n=0 eS 4 ( +3) 


For values of |z|<4<1 and |z’|< #’<1, the series gives no representation of .f which is 


J 1 3 
Z45|< <5. 


The series is 


that is, it is 


anys ey and values of 


not given by the first series. For values of |z| > 1 such that 245 


|2 | >1 such that eae 5? the second series does give a representation of f which 


gard 
2 


is not given by the first series. 
The first series is the expansion, within a domain round 0, 0, of the function 
1 
(i-a)(1-7)" 
When we sum the second series, we have, as the sum, 


2/_.1\\ Wawel 
{1-5 (+a)p 2-3 +2) 
specks 1 
(l—z)(1-2)’ 
verifying the property that the two series, within their respective domains, are elements 


of one and the same function. 


that 1s, 


Singularities of uniform functions. 

57. Any region of continuity of a function that is uniform, continuous, 
and analytic has for its boundary a place or an aggregate of places (whether 
these are given by values of the variables that are continuous in succession 
or are given by discrete sets of variables) where the function ceases to be 
regular. Such a place is called singular by Weierstrass*. 

Let k, k’ be a singular place for a uniform function f(z, 2’); then in the 
immediate vicinity of k, k’, the function cannot be expanded as a converging 


* See the memoir cited (§ 56) above, p. 156. 
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series of powers of z—k and z—k'. Two alternative possibilities present 
themselves as to the behaviour of functions in the vicinity of such a place. 


Under the first of these alternatives, it can happen that a power-series 
P,(z—k, 2 —k’), representing some function regular at k, k’ and vanishing 
there, exists such that the product 

P,(z—k, 2 —k’) f(z, 2’) 
is regular in the immediate vicinity of k and k’. Denote this product by 
F(z,z'). Then F(z, 2’), being a regular function of z and z’ in the immediate 
vicinity of & and k’, can be expanded in a double series of powers of z—k and 
z —k’ which converges absolutely within non-infinitesimal regions round k 
and k’. Denote this new series by P,(z—k, 2’ —k’); then we have 

. ny Pi(e-k,7-k 

$0)" Feabe ae) 
Following Weierstrass*, we call such a place an uwnessential singularity of 
the function. 


Under the second of the alternatives indicated, it can happen that no 
power-series P, (z—k, 2’ —k’), representing some function of z and 2’ regular 
in the immediate vicinity of &, k’, exists such that the product 


P,(z-k, 2 —k’) f(z, 2’) 
is regular in the immediate vicinity of k, k’. Following Weierstrass*, we 
call such a place k, k’ an essential singularity of the function f(z, 2’). 


It is to be noted, in passing, that, for the occurrence of an unessential 
singularity, it is sufficient to have a single power-series P, such that the 
product P,f is regular in the immediate vicinity of the place. But there is 
no assumption (and it is not universally the fact) that only a single power- 
series exists having this property or that all such power-series, as exist 
having this property, are expressible in terms of P, alone. When two 
different expressions for the uniform function f(z, 2’) are obtained in the 
vicinity of the place k, k’, they must be equivalent; and we should then 
have a relation 

Q(2—k,/#-k’) _ Py (z-k, 2’ -k’) 

Q(¢—-k,7—-kh) Pi(z-k, 7 -k) 
We shall assume that, while P,(0, 0) and P,(0, 0) vanish, the power-series 
P, and P, possess+ no common factor vanishing at k, k’, whether it takes 
the form of a regular power-series or a mere polynomial which is a special 
case of a regular power-series. Similarly, we shall assume that Q; and Q, 
possess no common factor vanishing at k, k’. Now 


togn. Lr (@—k, 2 —#) 7 ee 
Q (2—k, z fate eg aw)? k, 2’ —k’). 

* loe., p. 156. 

+ This matter will be considered later, so as to obtain the conditions necessary and sufficient 
to justify the assumption. 


6~— 2 
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Here Q, is regular in the immediate vicinity of k, k’, while P, and P, have 

no common factor vanishing at k, k’; hence Q, must contain P, as a factor. 

Let F denote the quotient of Q, by P,, so that F is regular at k, kh’; then 

Qo= Pook, Q = PF. 

Again, 
t yn Q(z—k, 2 - =*) ' rf 

PG BS SOG ak, Wien en ae k, 2’ —k’). 

Here P, is regular in the immediate alii of k, k’, while Q, and Q, have 

no common factor vanishing at k, k’; hence P, must contain Q, as a factor. 

But 


1 
Py = Qo. Fi 


and therefore 1/#’ is regular at k, k’. Consequently both F and 1/F are 
regular at k, k’; and therefore F’ does not vanish at k, k’. It is not difficult 
to see that we then may choose a domain round k, k’, which may be small 
but is not infinitesimal, such that F does not vanish in that domain; and 
then the behaviour of Q, in the immediate vicinity of the place k, k’ is 
effectively the same as the behaviour of P, in that immediate vicinity. 


Likewise for P,; and Q, if they vanish at k, k’. When either does not 
vanish, the other will not vanish; they are different from zero at kh, k’ 
together. 


It follows that, in discussing the behaviour of f(z, 2’) in the immediate 
vicinity of k, k’, any representation of f(z, 2) by a quotient P,/P, can ts 
used, if P, and P, have no common factor*. 


58. In the case of functions of a single variable, it is known that there 
are different types of essential singularities, whether these occur at isolated 
points, or along lines, or over continuous areas. Special kinds of essential 
singularities are considered in that theory, and they furnish partial charac- 
teristics of some classes of functions; for example, not a few definite results 
have been achieved when the essential singularities in question can be 
approached as the limits of groups of particular points of a function; but 
the theory is far from easy or complete. A fortiori, it is to be expected that 
even greater difficulties will arise in the consideration of the types of 
essential singularities of uniform functions of a couple of variables. 


But when we deal with unessential singularities of uniform functions, 
there is a real divergence between the theory of functions of a single 
variable, and the theory of functions of two variables or more than two 
variables. In the case of functions of one variable, there is only one type 
of unessential singularities, the only variation in the type being the variety 
of the order; such a point a is said to be an unessential singularity (or a 


* The relation between two such functions as P, and Q, will be considered fully in Chapter rv: 
in particular, see § 64. 
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pole) of a function f(z), and of order n for the function, when there is a 
positive integer n such that 
(z—a)" f(z) 
is finite and not zero at the point. 


In the case of uniform functions of two variables, we arrange the un- 
essential singularities in two distinct types or classes. After the explanatory 
definition we know-that, in the immediate vicinity of hk, k’, the function 
f(z, 2) can be expressed in the form 

ny PL (@-k, 2k’) 
I@ -P Gak, eK)’ 
where P, and P, are converging double series in powers of z—k and z'— kK’, 
of which P, vanishes at k, k’. 


Two different cases then can occur as alternatives, discriminated according 
to the value acquired by P, at hk, k’. 


In the one case, leading to one of the two types of unessential singular- 
ities, it is the fact that P, does not vanish at k,k’. It then follows that, 
no matter how z tends to the value & and 2 to the value k’, the quantity 
| f(z, #)| can, for sufficiently small values of |z—k| and |z’—k’|, be made 
larger than any assigned magnitude, however large: that is to say, this large 
magnitude is assigned at will, and the appropriate small values of |z—k| 
and | 2’ — k’| are determined subsequently to the assignment. We therefore 
can take infinity as the limit for the assignment; and the place &, k’ then 
gives a definite and unique value to f(z, 2’), this value being infinite. 


This type of unessential singularity is one of the two kinds of un- 
essential singularity considered by Weierstrass. It is convenient to use 
for functions of two variables, the same name as is used, for functions of on 
variable, when the place gives a definite and unique infinity of the function. 
Accordingly we shall call this type of unessential singularity the polar type ; 
and a place k, k’, being an unessential singularity of the polar type for the 
uniform function, will be called a pole of the function f(z, 2’). 


In the other case, leading to the other of the two types of unessential 
singularities, it is the fact that P, does vanish at k, k’. The place k, k’ then 
does not give a definite and unique infinite value for the function f(z, 2’). 
Subsequent explanations may so far be anticipated here as to declare that 
particular modes of approach of z to & and of 2‘ to k’ can be selected, so as 
to make f(z, 2’) tend towards any assigned value near k, k’ and acquire that 
assigned value at k, k’; thus the function f(z, 2’) does not acquire a definite 
unique value at the place. 

This type of unessential singularity is the other of the two kinds 
of unessential singularity considered by Weierstrass. We have given a 
definite name to the other type of unessential singularity that can belong 
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to uniform functions of two variables; to the type just indicated, we shall 
give simply the general name unessential singularity and, so far as concerns 
functions of two variables, there need be no confusion in taking this un- 
restricted name*. 
Thus, for the function 
et+2 
z—2’ 
the place z=1, z’=1 is a pole; the place z=0, z’=0 is an unessential singularity, 
For the function 
ate ty 


2-2 : 
the place z=1, 7’ = —1 is a zero; the place z=1, 2’ =1 is a pole; the place z=0, 2’=0 is an 
essential singularity. 
For a function 
P (4 #) 
Q(z 2)’ 


where P (z, z’) and Q(z, 2) are polynomials in z and 2 having no common factor, all places 
satisfying the equation 


Q(z, #)=0 
are poles unless they also satisfy the equation 
P(e 2)=0; 


and all places satisfying the two equations 
entil ia Oe 2)=0, Pig} z)=0; 
are unessential singularities. 

As a summary conclusion, we see that there are four kinds of places 
for a uniform analytic function of two variables, viz. ordinary places, poles, 
unessential singularities, essential singularities. The first set of these 
constitute the region of continuity of the function; the remainder constitute 
the boundary of the region of continuity of the function. 


Extension of Laurent’s Theorem. 


59. As a last theorem for the present, we proceed to an extension of 
Laurent’s theorem on functions of a single variable; in order to make the 
establishment simpler, we shall restate Cauchy’s theorem concerning the 


* Corresponding considerations arise for functions of n variables. Weierstrass arranges their 
unessential singularities in two kinds. One kind includes places that, as in the text, may be 
called poles ; at such a place, the function definitely and uniquely acquires an infinite value. 
The other kind includes all unessential singularities which are not poles. Now it is conceivable 
that an unessential singularity of this second kind for a uniform function of n variables might 


be ranged in one or other of n—1 classes, according as there are m, 01, o%, ..., o"-® ways 
(where m is finite) in which z,, 2, ..., %, could be made to approach the unessential singularity 
a, 42, ..., @, 80 as to make the function 

Pi (a1 — Ay, 22-—Ag, ...) Zn — An) 

Po (21-1, 22-—€Q5 «1) Sy — Ay) 


acquire an assigned value at the place. 
The question manifestly does not arise when there are only two independent variables; hence 
the adoption of the names pole and unessential singularity in the text, 
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expansion of a function in a double series of positive powers. Consider a 
function f(z, 2’) within a region where it is continuous, uniform, and 
analytic. Within that region (assumed to include 0, 0) consider the domain 


defined by 
lzjep<r, |Z |e pir, 


Then we have the result 


oe: ft t) ) 
AY = mip @-ne¢-"™ 


when the double integral is taken round circles in the domain such that 


fa(aitiep=ar, fel<|ti<p <r. 
Moreover, taking 

g\mti 

Sek, ew 2 ey (;) 
uae eia | Pige et 

t 
2g \ntl 

1 L sts an E the (7) 
CET beak wi Ca a Or he 

ae 


we obtain an expression for f(z, 2’) in the form 


He d)= BB y,g2P2' 


The forms for the coefficients c,,, have already been given; the upper values 
of the limits of |c,,,| for all positive integer values of p and q have already 
been given also, when the function f(z, 2’) has the assigned properties; the 
series can be continued to infinity for both sets of indices, and it converges 
absolutely within the z, 2’ domain*. 


Now consider a corresponding extension of Laurent’s theorem, which 
may be enunciated as follows :— 


Let f(z, 2) denote a function, which is uniform, continuous, and analytic, 

within a region in the field of variation defined by relations 
Ry>Re|\e¢-a\er>n, BR, >R' 2\2—a'|2>r >". 

Denote by t and by s current variables (or points) on the circumferences of 
the outer circle of radius R, and the inner circle of radius r, in the z-plane ; 
and similarly for t and for s’ on the circumferences of the outer circle of 
radius R, and the inner circle of radius rin the z'-plane. Then the function 
f(z, #) can be expressed as a series of integral powers of z—a and 2 —a’'; 
the indices of those powers can range from —%© to +0 for each of the 


* The analytical work, needed to establish the result, is so similar to the corresponding 
analysis for functions of a single variable (see my Theory of Functions, § 28) that it need not be 
set out in detail. 
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variables ; and the double series converges absolutely for values of z and z 


given by 
R2\z-alzr, RB >|2-a' |r’, 


By the generalisation of the first part of Cauchy’s theorem, we have 
S(t t) 
AE | bey aninlle= ae — eee 
f(s, t) us Hes If Fit, ne ; 
Es Ne —z)(t'—7Z) ee wPsJ(t—z) (8 — A ii 


+ amp I (s— fee, ) ee 


Now, for our values of a, a’, pee as ie we have 


a = =. ™m a a mM+1 
; Bel oe be (FE) + (EB) 


= l t—a Faz ie Sac 
v-@ _y oe OS ae oy t’ — q! Cee 
t’ ae ar t’ i (7 ak a’ A g t! hil 3 


and so the integral 


AG ee 
aon lle Glave 


is expressible as a double series of terms 
LE Cp, q(Z— a)? (2 — a’)! 
for p=0,1,..., m and g=0, 1, ..., n, where 


f(tt) ? 
alle ise ann (t= aly 


together with a single series of terms 


st fhe DOO ts é ney dtdt 


q (2m J} t—z \t-a t’ 
for g=0,1,...,; and a single ee of terms 
TA ane ; aap (= aN 
ea if t—2’ € -a t gg 


for p=0,1,..., m; and a term 


re t') eZ—av\mt sz’ —q/\nh ; 
(Qari)? © fate sara Gea Cee 
To consider the coefficients in the double series, let IM denote the 
greatest value of | f(z, 2')| within the whole region considered; then, as 
before, 
Pogehif 
SRP Ri® 
though st ee can be declared as to a relation between cy,, and the 


| Cp, q 


+9 ns a 
divivicpinte’ Sona ) at a, a’, for our function is not defined within the 


02024 


domain |z-a|<7, |2-a'|< 19). 
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As regards the second series of terms, say S, we have 


sje § LEON RE a Ry 


fis BB WR A) NEE 
. $ me (z) (GE) 
q=0 y— Rk \R, Ry}? 


as R< R,, indefinite increase of m makes each term in the series on the 
right-hand side as small as we please; and R’< R,’: that is, by taking m 
indefinitely large, we can make S=0, 


Next, as regards the third series of terms, say S’, we have 


ed YOO (Ryn (BY apy 


p=0 Ly — R’ \Ry’ Rh, 
ws m M R’ N+1 R pti AP 
<2 wor(e) (x) Be 


as R’< R,’, indefinite increase of n makes each term in the series on the 
right-hand side as small as we please; and R< R,; that is, by taking n 
indefinitely large, we can make S’=0. 


Lastly, as regards the modulus of the single term, it is 
Z MR, Ry’ (zy (=) 
(R, = RR) (Ry a RR’) R, Lis, : 
which, with the assumptions made concerning m and n, can be made less 


than any assigned quantity, however small; that is, we can make the term 
Zero. 


In these circumstances, the expression for the first of the four integrals 


becomes 
ba m n 


z = Cp.g(4—a)? (2 —a’)% 


p=0 q=0 


M : 
Re Ra? this double 
series converges absolutely when m and n increase indefinitely and inde- 
pendently of one another. Thus the first integral is expressible as an 


absolutely converging series of positive powers of z—a and 2’ —a’, 


As |z-—a|<R<R,, |2—a'|<R’<R,, and as |¢y,q|< 


To obtain an expression for the second integral, which is 


pe f(s, t) / 
A eae NG —z)(t—2’) dadh 
we note that |z—a|>r>r,>|s—a|, while | t’/—2'|<|t’/—a’|; so we take 


z— = —a\" —a /s—a\*t 


PS ee 2—-a dl! | a No & 
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We proceed as in the last case. It is possible to increase w without limit 
and n without limit; and we obtain, as the expression for the integral, 

XZ Cun(z—ay* (2’- a’), 

p=0 q=0 


where 


1 (s, t’) Se, 
2 nay tee a’)at (s—ajr"dsdt’, 


| Cp,q|< Mr? Ry; 


Also 


and the double series converges absolutely for the retained range of values 
for z and 2’. 


Similarly, as the expression for the third of our double integrals, 


which is 
1 F(t, 8’) : 
2 aap —z)(s'-2) eines 


SE epg(e-ayr(e'—a'y-, 
p=0q=0 


we obtain 


where 


= 1 I(t s’) , 4\q—-1 , 
Pie ot (Faaen Untaha aoe, 


| Cp,q |< MRy? 19% ; 


Also 


and this double series converges absolutely for the retained range of values 
for z and 2’, 


Lastly, as the expression for the fourth of our double integrals, which is 


1 F(s, 8’) ‘ 
aa) I CN 


we obtain 
y & Cy¢(2—a) ? (2 — a’), 
p=0q9=0 
where 
1 f / —] / / —] / : 
n1= Gan | [FC s’)(s — a)? (s' — a’)? dsds’. 
Also 


|Cp,q|< Mrero; 
and this double series converges absolutely for the retained range of values 
for z and 2’, 


Gathering these results together, we see that, in the circumstances as 
stated in the extended Laurent’s theorem, the function f(z, 2’) is expressible 
in the form 


JG 2)= > s Cm,n (2—a)™ (2’ —a’)", 


the summation being for all integer values of m and of n between «© and 
— 0; also 
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|Cm,n|< MR," Rf, when m is positive and n is positive, 
PD ig Tg, sai senvcvess positive ......... negative, 
PPh, g vee reve ene ss negative ......... positive, 
De Tee, acs een erases negative ......... negative ; 


and the double series converges absolutely for values of z and 2’ given by 
Ri >R2e\2-a\>r>n, RR, >R>\|2'-a’'|>r'>r. 

It follows as an immediate corollary that when a function (z, 2’) ts 
uniform, continuous, and analytic for all the z, 2 region of variation repre- 
sented by the relations 

|z-al>r>n, |2’-—a|>r >, 
ut is expressible as a double series of negative powers in the form 
h(Z, 2) =X 2 emn(z—a)-™ (2 — a’), 
0 0 


where ee erie 


M being the greatest value of | (z, 2’)| within the foregoing region; and the 
series converges absolutely for the specified range of values for z and z’. 


The result is at once derivable from the extension of Laurent’s theorem 
by making R, and R,' increase without limit; and it can of course be 
established independently in the same manner as the general theorem. 


Ez. 1. The function 
1 


We (<, as 2; 5) 
7) z Zz ; 
Tesh LN ay ET ag ORFS 
where P( z, —, 2, =) is a polynomial in z, 52> y can be expanded in a series 
go g 
ao a 


m,n 
> D> Cm, n® Z"; 
—-o —o 


for finite values of |z| and | z’| such that 
lzjzr>6, |#|2r>€¢, 
where ¢ and ¢’ are positive non-zero quantities. 


Ex. 2. Shew that the coefficient of 7"z" (where m and x are positive) in the Laurent 
expansion of 
1 Vee ay FT 
sa (2-2) +596 ail 


|€| and |n| being finite and independent of z and of 2’, is 


Im (E) Fn (n), 
where J,, and J, are Bessel’s functions of order m and n; and obtain the coefficient of 
zm” in the same expansion (i) when either m or n is negative, (ii) when both m and 7 are 
negative. 


CHA BRLER wavs 
UNnIFrorRM FUNCTIONS IN RESTRICTED DOMAINS 


A theorem due to Weierstrass. 


60. ArrTeR these preliminary results relating to expansions of a uniform 
function, which converge absolutely and are valid over the appropriate 
domains, it is important to take account of the detailed behaviour of the 
function in the immediate vicinity of each of its several kinds of places. 


Accordingly, let. a, a’ be an ordinary place for a uniform, continuous, 
analytic function f(z, 2’); the preceding investigations shew that f(z, 2’), 
regular in some domain of that place, can be represented within the domain 
by a double series of positive powers of z—a and z’—a’ which there con- 
verges absolutely. No generality, for our present purpose, is lost by assuming 
that a=0 and a’=0, for the assumption can be secured by taking z-a=Z, 
z’—a=Z’. Hence we write 


F(z, 2’) =f (2, z’) sai 0) = PDIP IY 4k hie 


where the summation is for positive integer values of m and of n save only 
simultaneous zero values. Also, | (0, 0)| is finite and may be zero, 


The detailed behaviour of the function F(z, 2’) in the immediate vicinity 
of the place 0, 0 is governed by an important theorem, originally due to 
Weierstrass. After the analysis has been given, the principal results will be 
enunciated in a form that differs from Weierstrass’s, because the limitation 


to two variables renders greater detail possible* than when n is the number 
of variables. 


* The theorem is proved by Weierstrass for functions of n variables, Ges. Werke, t. ii, 
pp. 135—142. Another proof, due to Simart, is given by Picard, Traité d’ Analyse, t. ii, 
pp. 243—245. 

The theorem is discussed here for the special case when there are only two variables. For 
this ease, a proof (which follows Weierstrass’s proof for the general case) is given in my Theory 
of Functions, § 297; it is modified in the proof given in the text, because the theorem is not 


regarded from the point of view of establishing the existence of implicit functions of a single 
variable. ; 
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Our function F(z, 2’), which is regular in a domain round 0, 0, can be 
expressed in a form 
F (2, 2') = dy (2) + 2h, (2) + 22 hy (2) + ose. 
Two cases arise according as F' (2, 0) does not vanish, or does vanish, identically 
for all values of z within the domain. 


61. First, suppose that F(z, 0) does not vanish for all values of z. 
Denoting F(z, 0) by Fy (2), which is equal to ¢,(2), and introducing a new 
function F, (z, 2’) defined by the equation 

F(g, 2’) =F, (2) —F, (2, 2’), 

we have a function F, (z, 2’) which, when 2’= 0, vanishes for all values of 2. 
Now F(z) is independent of 2’ and does not vanish for all values of 2; hence 
we can choose places z, 2’ in the vicinity of 0, 0, which lie within the region 
of convergence of F’(z, 2’) and are such that 

| Po] >| F,]. 
It is to be remembered that /, vanishes when z=0; and so there may be 
some lower limit for |z| below which this inequality is not satisfied. As | z| 
increases, a zero of #’, may be attained, and then the inequality would not be 
satisfied. Also as |2’| increases, the value of | F(z, 2’)| may increase ; and so 
there may be some upper limit for |2’| above which the inequality is not 
satisfied. Accordingly, we suppose that, for places satisfying the relations 

po<lel<p, |2’|<pr 

the inequality | %,|> |/,| holds. For all such places we have, on taking 
logarithmic derivatives of the equation 


Fa¥,(1-%), 


the relation 

ee (3 : Fs) 

Foe Fide d@\ya rn FA" 
Now F(z) is a regular function of z in a domain round z= 0, and it vanishes 
when z=0; hence the lowest exponent in its expansion must be a positive 
integer greater than zero, say m. Thus 

F, (2) = 2h (2), 

where h(z) is a regular function of ¢ in the selected domain and has a 
“constant term; consequently 


where G (2) is a converging series of positive powers of ¢ in the selected 
domain. Similarly 


Fs c) . 
Feet arn OOM RS 
0 Ke 
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where (7, ,(2’), the coefficients of the powers of z,are converging series of positive 
integral powers of 2’; and because F’, (2, 2’) vanishes when 2’ = 0 for all values 
of z, each of these coefficients @,,, (2) vanishes when z =0. Take each power 
of z, and collect all the terms which involve that power of z in the expansion 


then we have 


while each of the coefficients G, (2), being a linear combination of the 
coefficients G,,,(2’), vanishes when z’=0. Thus 


LOR yee Ds acs Rr i 
P ria G)-5.1 "5. Gp (2') 2 ie 


and the only term on the right-hand side, which involves the power 2~, is 
m 

the term —. 
z 


Now let &, ..., & denote the zeros of F’(z, &’), regarded as a function of z, 
when we consider a range of values of z such that |z| <p, and when we assign 
to 2’ a parametric value ¢’ such that |£’|<p,. Repeated zeros of F(z, CJ 
are given by repetition in the quantities &, so that s denotes the tale of zeros 
of F (z, ¢’) within the range. hen, as F’(z, €’) is regular for all such values 
of z, the function 


iL, Nao) OS ee 
Ff dz pai z2—& 


is finite for those values; it can therefore be expanded as a converging series 
of positive powers of z, say P(z), so that 


Lge @, €) 6s a eee, 


FAG de)> ere oS 


Choose values of 2, such that |z| is still less than p and is now greater than 
the greatest of the quantities | |, ...,|&|. The fractions on the right-hand 
side of the equation can, for such values of z, be expanded in descending 


powers of z; and the equation, after such expansions, becomes 
ols = P (2) + + 4 Sey 
where 
S,=O'6+...+ 6% 
As this result is valid for all values of &’ within the selected 2’-range, £’ being 
independent of z, we have 


N= % 
S 


BeG@)-7 172 Geel 


N= — 2 


- = +P(2)+ % S,2, 


T=1 


— © 8b 


61] WEIERSTRASS’'S THEOREM 95 


identically for all values of z; and therefore, among other results, we have 
f=, 9,= TG_, (C'), 


for all values of r. 


The first result shews that, for any given value of 2 such that |2' | < p,, 
the function F(z, 2) has m zeros in the range | z| < p, where the number m 
is the index of the lowest exponent in #’(z, 0) when expressed as a regular 
series of positive powers of z. 


The second result then shews that, for all the positive values of 7, the 
quantity 


or + 2,018. 4" Cust 
is expressible as a regular function of ¢’ which vanishes when ¢’ is zero. 
Hence all integral symmetric functions of &, ..., & are regular functions of 


€’ which vanish with ¢’; and as €’ is a parametric value of z’, we may (within 


- our range) substitute z’ for ¢. It therefore follows that, if 


9 (4% Z)=(2 ~ G) + (2@— Sm) 
Se es nash as 
the coefficients 91, ..., 4m are regular functions of z’ within the selected range, 


each of them vanishing when z = 0. 


Further, from the same equation, we have 
P(z)=G(z) -> (n +1) 2"Gn4i (2’), 

where all the functions are regular. Thus, if 
Pie, = | . G (2) de -= 2414, (2), 


where I’ (z, 2’) manifestly is a regular function of z and z’, and vanishes when 
z=0 and z’=0, we have 


P(e)=2 (P (2, 2’) 


Thus 
or 


1 Lig og ge Poe 
ge et H Se : 
0 ; 1 0 oa 
=5, 1 2) + 5G, a) 2 19 79} 
and therefore 
f= Ug(2) 2) %*), 
where U is independent of z. 


As U is the same for all values of z, and as F and g (z, 2’) and ['(z, 2’) are 
regular functions of z and 2 for the range considered, it follows that U (if 
variable) is a regular function of z, When z =0, let the first term in the 
expansion of the regular function /,, which is all of F(z, z’) that then survives, 
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be Cz™; then g (z, 2’) becomes 2”; and I’ (z, z’) is then a regular function of 
z alone. Thus, when z’=0, we have U=(C; and U, at the utmost, is a 
regular function of 2’; hence 
U = C(1 + positive powers of z’) 

eu, 

where wu is a regular function of 2 which vanishes when 7 =0. Let 
Riz, 2)=u+T(, 2), 
where again R(z, 2’) is a regular function of z and z’ which vanishes when 
z=0 and 2’ =0; and we then have 
F (2, 2) Og (ee ye2*), 

with the defined significance of g (z, 2’), R(z, 2’), and C. 

The new expression is valid within the assigned range of z, 2’ in the 
immediate vicinity of 0,0. But it must not be assumed—and usually it is 
not the case in fact—that the new expression is valid over the whole domain 
where f (z, 2’) is initially taken as regular. 

We thus have the result :— 


I. When a function f(z, 2’) is regular in some domain of 0, 0, and is 
such that f(z, 0) —f(0, 0) does not vanish for all values of z in that domain, 


we have 
F(Z, 2)=f(O, 0) + Cg (2, 2/) eB), 


‘9 (z, 2’) =, + ne, + can + 9m; 

the quantities 9,, ..., Jm being functions of z’, each of which is regular in the 
immediate vicinity of 2’ =0 and vanishes when 2’ =0; where Cz” is the lowest 
power in the eapansion of f(z,0)—f(0, 0) in positive powers of z; and where 
R(z, 2’) is a function of z and z', which is regular in the immediate vicinity 
of 0, 0 and vanishes when z=0 and z' =0. 


where 


62. One important corollary can be at once derived from the preceding 
result. 


Suppose that 0, 0 is a non-zero ee for the function f (z, 2’), so that 

(0, 0) is not zero; then we have 

LE 2) _ ; 

ORO PT CoS? al 
Now A(z, 2’) is a regular function of z and 2’, vanishing when z=0 and 
z' =0, so that |e”) | is finite throughout some definite domain round 0, 0, 
Also | C/f(0, 0)| is finite; and g (z, 2’), while polynomial in z and regular in 
z’ in the immediate vicinity of z’ = 0, vanishes at the place 0,0. It therefore 
is possible, owing to the regularity of g (z, 2’) and R(z, 2’), to choose a non- 
infinitesimal domain given by 


lzlar, dz 
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such that, for all the included values of z and z’, 

role @ eye <1, 
where M is a real positive quantity. For all such values of z and z’, we have 


L + saggy ( ) oO = olin, 
where R (z, z’) is a regular function of z and z’, given by the expansion 


C ; Or x pale 
F(0, 0) (2, 2’) eR 2) — 3 (0, 0) go? (z, 2) eRe?) —..., 


that is, R (z, 2’) is a regular function in a domain of z and 2 and vanishes 
when z=0 and z’=0. This domain does not include any place that is a zero 
of f(z, 2’), because at a zero-place z, 2’ of f(z, z’) we should have 
C : ; 
FOI Oe err =H, 
and therefore 
C , 
Foo |g (2, 2) | |e®™) |= 1, 
a possibility which is excluded. Hence we must have 
ACZ @) ae ez,’ 


F(0, 0) 
f (2, 2) =f (0, 0) eRe, 


Our corollary can therefore be stated as follows :— 

When f(z, 2’) ts regular within a finite domain round 0,0, and f (0, 0) does 
not vanish, then there is a domain round 0, 0O—usually more limited than the 
former domain within which f(z, 2’) is regular—such that f(z, 2’) can be 
expressed in the form rs 

SF (4, 2) =F (0, 0) e®&%), 


where R (z, z') is a function of z and 2’, which vanishes when z =0 and 2’ = 0 
and is regular within the second domain. 


and therefore 


In particular, this expression is valid in the immediate vicinity of 0, 0, on 
the supposition adopted. 


63. In precisely the same manner and with exactly similar analysis, we 
can establish the following result which therefore needs only to be stated :— 


Il. When a function f(z, 2’) is regular in some domain of 0,0, and is 
such that f(0, 2’) —f (0, 0) does not vanish for all values of z' in that domain, 
we have | 
F(@, 2) =f (0, 0) + Kh (gz, 2') 8%), 
where 

h(a; ¢ ye e* +t hie? + wen Hh; 
the quantities h,, ..., hn being functions of z, each of which is regular in the 
immediate vicinity of z=0 and vanishes when z=0; where Kz” is the lowest 


F. 7 
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power in the expansion of f (0, 2’) —f(0,0) in positive powers of z ; and where 
S (z, 2’) is a function of 2 and 2’, which is regular in the immediate vicinity of 
0, 0 and vanishes when z= 0 and 2 = 0. 

The postulated circumstances are not the same in these two theorems. 
If it should be the case that f(z, 0)—/(0, 0) does not vanish for all values of 
z within the range, and also the case that (0, z')—/(0, 0) does not vanish 
for all values of z’ within the range, then both theorems hold. In that event, 
we have two different expressions for f(z, 2’) — f(0, 0) which must be equivalent 
to one another... This equivalence will be illustrated by an example, that will 
be given after we have discussed the alternative to the initial hypothesis. 


64. Secondly, suppose that the function F’(z, 0), where 
F(z, Zz) =f (z, Z) =F (0, 0), 


vanishes identically for all values of z.. Now F(z, 2’) is a regular function of 
z and 2, within the range considered; as before, it can be expressed, by 
summation of the uniformly converging series which represents it, in the form 


F(z, 2) =p (2)+ 27h. (2) + 2? Gilz)+..., 
which itself is a converging series within the range. (As already stated, 
$)(z) is the F(z) of the preceding investigation). If then F(z, 0) vanishes 
identically for all values of z, then ¢)(z) vanishes identically. It may 
happen that other coefficients ¢, (z), ¢.(z), ..., vanish identically; let ¢;(2) 
be the first that does not thus vanish, ¢ being a finite integer because F(z, 2’) 
is presumably not a constant zero. Consequently 


F(z, 2)=2' {br (2) + 2 bear (2) + «--}, 
bt (2) + 2 eu (2) + -- 


is a regular function of z and 2’; that is, in the suggested circumstance when 
the function #’(z, 0) vanishes identically for all values of z, our function 
F(z, 2’) has some power of z’ as a factor. Let this factor be 2‘; then ¢ is a 
positive integer greater than zero, and it is assumed to be the jar ger positive 
integer which allows F(z, 2’) 2 to be a regular function of z and z’ in the 
vicinity of the place 0, 0. 


and the series 


The first of the two preceding theorems does not hold as an expression 
for f(z, 2’). But if the function F'(0, 2’) does not vanish identically for all 
values of z’, the second of the preceding theorems does hold as an expression 
for f(z, 2’). There are, however, limitations upon the forms of the quantities 
lin, Raina}, Ue particniar, 

hn=0, Aner 0; 65 pea = 0. 
But the momentarily important result is that 
SI, 2) —fO, 0) = 2G (, 2’), 
where G@(z, 2’) is regular in the vicinity of 0, 0, and G (z, Nie does: not + vane 
identically for all values of z. 


64] THIRD THEOREM 99 


Next, suppose that the function F'(0, 2’): where (as before) 
F(z, 2)=f(z, 2)—f(0, 0), 


vanishes identically for all values of 2’. Then an argument precisely similar 
to the preceding argument shews that the function F'(z, 2’) has some power 
of z as a factor. Let this factor be z*; then s is a positive integer greater 
than zero, and it is assumed to be the largest positive integer which allows 
F (z, 2’) z~* to be a regular function of z and z’ in the vicinity of 0, 0. 


The second of the two preceding theorems does not now hold as an 
expression for f(z, 2’). Butif the function F (z, 0) does not vanish identically 
for all values of z,-the first of the preceding theorems does hold as an 
expression for f(z, 2’). As before, there are limitations upon the forms of 
the quantities 9m, Jm—, »-.3 10 particular, 


In = 0, Ima = 0, tee) Imo = 0. 
But the momentarily important result is that 
: F(z, 2) —f (0, 0) = 2H (z, 2’), 

where # (z, z’) is regular in the vicinity of 0, 0, and H (0, 2’) does not vanish 
identically for all values of 2’. 

Next, again taking 

F(z, 2)=f(z, 2)—f(O, 0), 

suppose that the function F (z, 0) vanishes identically for all values of z and 
that the function F (0, 2’) vanishes identically for all values of z’. As in the 
preceding cases, #’(z, 2’) has a factor which is now of the form z*z, where s 
and ¢ are positive integers each greater than zero; and it is assumed that 
each of them, independently of one another, is the largest positive integer 
which allows F(z, 2’) 2-*z’— to be a regular function of z and z’ in the vicinity 
of 0, 0. ; : 

Neither of the two theorems already proved now holds as an expression 
for f(z, 2’). The momentarily important result is that 


Fe, 2) —FO, 0) = 22" I (z, z), 
where J (z, 2’) is regular in the vicinity of 0, 0, while J (z, 0) does not vanish 


identically for all values of z and J (0, £2 does not vanish onal for all 
values of 2’. 


Thus in each of the cases contemplated, we have 


T@, 2) —F (0, 0) = 22" U (2, Z)y 
where s and ¢ are positive integers that are not simultaneous zeros, and. 
U (2, 2’) is regular in the vicinity of 0, 0, while neither U(z, 0) nor U(0, #) 
vanishes identically for all values. of z or of 2’ respectively. The alternatives 


are as follows. 
IT 


231451 
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(a) When U (0, 0) is not zero, then, within the sufficiently small domain 
round 0, 0, we have 
SU (2,2) =U (0, 0) eteri, 


where 7'(z, 2’) is a regular function of z and 2’, vanishing at 0, 0. 


Then we have 
F(z, z') =f (0, 0) aie O28 z'teT 22) 


where the constant C is the non-zero value of U(0, 0). 


(8) When U(0, 0) is zero, the conditions attaching to U (z, 2’) require 
that U (z, 0) does not vanish identically for all values of z and that U (0, 2’) 
does not vanish identically for all values of 2’. 


As U(z, 0) does not vanish identically for all values of z and as U (2, 2’) 
is a regular function, the first of our two earlier theorems applies to U (z, 2’); 
we have an expression of the form 


U (2,2) = Ag (2, 2) e&), 
where A is a constant; g(z, 2’) is a polynomial in z having, as its coefficients, 


regular functions of 2’ which vanish with 2’; and where R (z, 2’) is a regular 
function of z and 2’ which vanishes when z=0 and z’=0. Then 


f (2, 2) =f (0, 0) + Az8z’tg (z, 2’) eR?), 
Also U (0, 2’) does not vanish identically for all values of 2’, and U(z, 2’) 


is a regular function; hence the second of our two earlier theorems applies 
to U(z,z’), We have an expression of the form 


U (2, 2') = Bhie, 2) &*), 
where B is a constant; h(z, 2’) is a polynomial in 2’ having, as its coefficients, 


regular functions of z which vanish with z; and where S(z, 2’) is a regular 
function of z and 2’ which vanishes when z= 0 and z2’=0. Then 


F(4, 2)=fO, 0) + Batz'th (z, 2’) 8%), 
Summarising these results, we have the theorem :— 


III. When a function f(z, 2’) 1s regular in some domain of 0, 0, and 
is such that either (i) f(z,0)—f(0, 0) vanishes identically for all values 
of z while f(0, 2’) —f(0, 0) does not vanish identically for all values of 2’, 
or (ii) f(0, 2’)—f(0, 0) vanishes identically for all values of 2 while 
F(z 0)—f(0, 9) does not vanish identically for all values of z, or (iii) 
f (2,0) —f(0,0) vanishes identically for all values of z and f (0, 2’)—f(0,0) 
vanishes identically for all values of 2’, then expressions for f(z, 2’) in the 
immediate vicinity of the place 0, 0 are 


St (2 2) =f, 0) + Aztz’tg (z, 2’) eR), 
Se, 2) =f (0, 0) + Bztz'th (z, 2’) eS), 
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where s and t are positive integers such that s= 0, t >0 for the first hypothesis ; 
s>0,t=0 for the second hypothesis ; and s>0,t> 0 for the third hypothesis. 
The quantities A and B are constants ; the functions R (z, 2’) and S(z, 2’) are 
Junctions of z and 2’, each of which is regular in the immediate vicinity of 0, 0 
and vanishes when z=0 and 2’ =0; the function g (z, 2’) is a polynomial in z 
of the form 

Be hy 2 ss Os 
where the coefficients g,, ..., Jm are functions of 2 which are regular in the 
immediate vicinity of 2’ =0 and vanish with 2’ ; and the function h (z, 2’) is a 
polynomial in 2’ of the form 

Zh +hzrt4+ thn, 
where the coefficients h,, ..., hn are functions of z which are regular in the 
immediate vicinity of z and vanish with z. There is a limiting case when both 
m and n are zero; the expression for f (z, 2’) in the immediate vicinity of 0,0 is 

FE, 2) =f (0, 0) + Oztz'teTe,27, 

where C is a constant, while T(z, 2’) is a function of z and z' which is regular 
in the immediate vicinity of 0, 0 and vanishes when z =0 and 2’ =0*. 


Note. We saw before that, in certain circumstances, both Theorem I and 
Theorem II are valid, thus providing for the regular function f(z, 2’) two 
expressions, which are formally distinct from one another, and must be 


equivalent to one another. 

In Theorem III it follows that, in certain circumstances, the Seaihe 
function f(z, 2’) can have. two expressions, which are formally distinct from 
one another and must be equivalent to one another. 

In the former case, the two expressions for f(z, 2’) —f(0, 0) are 

Og (@, 2)e®@*), Kh (2, 2’) &%*), 
where g(z, 2’) is polynomial in z with coefficients that are regular functions 
of 2’ vanishing with z’, while /(z, 2’) is polynomial in z’ with coefficients that 
are regular functions of z vanishing with z. Thus 

g' (2, 2) 2’) _*~ o9,2)-Rie,2) = = LeV&?), 

h(z7z) C 
where Z is a constant and V (z, z’) is a regular function of z and 2’ which 
vanishes when z= 0 and 2’ = 0; hence 


g (2, 2) = Le’ *) hz, 2), 
h(z, 2/)= eve 7) 9 (2, \2' )e 
Similar relations hold in the latter case. ; 


* This theorem is quite distinct from Weierstrass’s second preliminary theorem (p. 141 of his 
memoir already quoted) for the case n=2; the latter will come hereafter (§ 65). 
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It follows that, for a regular function f(z, 2’), when it is not expressed as 
a power-series valid over a domain round 0, 0, but is expressed for con- 
sideration in the immediate vicinity of 0, 0, we usually can obtain two 
different expressions according as z or z’ is taken as the variable for simplifying 
the representation, Each of the expressions is unique in its form; the two 
expressions are equivalent to one another. 


Ex. Consider an ordinary place of a regular function f(z, 2’), and let it be 0, 0; and 
take the general power-series for f, in that domain, in the form 


F(z, 2) -f (0, 9) 
= (a2 +4012’) + (Ging 2? + 1 22/ + A227”) 
+ (aig928 +a ge2! + A922"? + 432°) Se Oe 


First, assume that neither ao nor a, vanishes. It is not difficult to establish the 
following results* :— 


FT (% 2) —f (0, 0) = (aio + bor 2 + Dogz’? + bo32’3 +...) ebtio? + kore! + kog2? + kyr 22’ + kog2’? +... 


where 
boi = o1, 


1 : ; 
boo = fag? (Aog.@ 19” — 41 449 Ao1 + 29 01"), 
1 
Bares 1 3 2 2 3 
m= aio! (03 219° — 42.4497 M01 + Ga 449 Aoi? — 439 A019) 


1 
= —] (924407 — M1 F441 + G9 M017) (Letg9 Moy — 41210); 


4 
A 
a 
kyo = ’ 
a9 
ko = 2 (411 40 — 201), 
“0 
i = 30 1 Ang” 
0 =a ao) ) 
Ayo 2 Ayo” 
1 A 
ky= any (421 410 — 439 1) — Pik (211219 — 29 401),. 
0 ~ Ayo 


1 
kon= ain? (@y2@107 — 21 419 %01 + 430 Aor”) 


ce 


0 2 1 
~ anol (924107 — @11 419401 + Aa A01”) — = —G 


Z (411% — A29%1)", 


bole 
8 


which is the expression for f(z, z’) under Theorem I. 


Similarly, as the expression for f(z, 2’) under Theorem II, we have 


Ff (% 2) —F (0, 0) = (aon 2 + 192 + m2? + 05928...) elt02 t+ lo 2+ loge? + Uy 22" + loy2’? +... 


’ 


* The expressions suggest that the theory of invariantive forms can be applied to the 
expansions, in all the cases stated. 
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where 
C0 = 05 


; nt 
C20 = oe (Gqg@yo — Hy1 By Lo + 29 M1"), 
ae 3 2 2 3 
= o8 (439 Hoy? — Ag] Aq,” 49 + A291 40” — Mog 0°) 


1 
ae: (oz 10” — 211 449 Ho + aq Aor”) (Zon 410 — 11,401) 


1 
ho= ao? (11 1 — 492410), 


aed 1 ig 2 
0 oo (gq &o1? — 12.41 410 + og %0") 


oe 2 2 1 2 2 
— J (2 @10" — 41 19 Ap + AM?) — 5 (11% — M2410), 
ao" 2 ao? 


1 Ay 
ii= (42.491 — og 419) — —% (41 401 — A210) 
1201 — %03 %0 11 %1 — 40210), 
_ Ay” ay9 


And it is easy to verify that 


yy 2+ Anz + 22"? + bog 73 + eee =elto - kyo) 2+ (lo - ko) 2’ +... 
02 + A, 2 + Coq 2" + C392? + aes 


Secondly, when a, vanishes but not ao, the first expression is effective for 


I (% z) —f (0, 0), 


but the second is ineffective. When ao vanishes but not a, the second expression is 
effective but the first is ineffective. 


Thirdly, when ao and a, both vanish, neither of the expressions is effective. Then 
F (& 2)—F (0, 0) = Ay9 2 + yy 22! + Aigg2’? + gg 23 + gy 272’ + yg 222 + Ag Z3 +... ; 
and we find | 
I (% “)—-F (0, 9) 


= {an 2+z (ayy2 + byo 2? + we) +2? (Qo2+ 0932’ + a, e102 + hor 2’ + rXs 
where 


1 é 

b= Gant {G2 gq” — 1 yy Mao + Ago (A117 — Aq2420)}5 
u 2 

bos = : {a0g 20” — a1 Mog a9 + 3911 Moa}, 


00% 


kou= Gag? (ag a9 — gq 11), 
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We also find 
F(% 2)-F(O, 9) 


, 
= fag 7? +2) (yr ztey e+...) +2 (day +cg02+...)} eloz t lore’ +... 
where 


2 
C21 Tile 22 {G21 Uqg” — A241 %o2 + Ag (A117 — A2420)}; 
¥ 


C39 = Goat {ag Hog” — 12.402 499 + A311 A29}, 


The first expression is effective when a) does not vanish; but it is ineffective when do 


does vanish. The second expression is effective when ag does not vanish; but it is 
ineffective when dz does vanish. 


When both dz and ap vanish and when a; then does not vanish, another expression 
must be obtained. In that case, we have 


SF (@ 2) —f (0, 0) = ayy 22! + g929 + a1 272’ + y922? + A323-+..., 
and then we find that 
Sa z’) =f KO, 0) 


= {13928 +2? (bo 2’ + bog a/?2-+ aad) +2 (b412' + by? + aes) + bo3 23+ bog 24+ xa e102 ce koi 2 a 8 
where 


1 
‘01 = Ao? (Ag1 A397 — G21 Uqq X39 — 11 A390 A50 + 11 M40”), 


i 
kon = —s (139 50 — $ A402), 
= 73 (Aa0%00~ 40?) 


i 
kyo oe (a3 9 — 3940 X50 +4 40°), 
30 
1 
ky =kyko Lr {da — A31 hyp — Mag ko, — M21 (K-20 — $k") = %H1 (k30 — kop kyo + $h10°)}; 


bn =a, 
bo, =A, — M1 ky9, 
by2=A2- Ayko, 
bo3 = a3 


bo9 = a9 — Aah — Ayko, — Oy (hun — koko), 


There is a corresponding expression for f(z, 2’) —(0, 0), in which ¢ is made the dominating 
variable ; it has the form 


f(z, #) -F(0, 0) 


= {a323 +2’ (Co 2+ Coz? +...) +2 (Cy ste +...) +3022 + Cyn Zt +...} elto® + loz’ + Bei 
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where 


il 
Z, = — Anz. — a 2 > 
02 Gos? (03 405 — $ 04”) 

1 2 3 
log = a (4o3” Gog — 203 404405 +4 Ao4*), 


1 4 
by =Lola+ a {@14— 13001 — Ao4lso — 12 (C02 — $11”) — a1 (Los — Loolor +F201°)}; 


Cy = M1, 
C39 = 230 
C91 = Ag — Ay Lo, 
C12= a2 — Alo, 


C99 = oq = a1 lo — A201 — 11 (L141 — Lilo), 


The first of these is effective when a3) does not vanish. The second is effective when a3 
does not vanish. 


The general form of expression for f(z, z)—f (0,0), when both /(0, 2’)-—/(0, 0) and 
F(z 9)—7 (0, 0) vanish identically, has been indicated. It then is possible to isolate a 


factor zz’, where i 
I z’) -f (0, O)=at2'* f (2, Z), 


such that both f(z, 0) and f(0, 2’) do not vanish identically; and expressions, similar to 
those which precede, can be obtained for f(z, 2’). 


65. When the function F(z, 0), =f(z,0)—/f(0, 0), vanishes for all 
values of z, another method of proceeding was given by Weierstrass*. It 
was devised for functions of n variables (when n>2) and some method is 
needed for them other than the method for functions of two variables, because 
with n variables it is not generally possible to extract an aggregate factor 
such as z°z’' from the function corresponding to f(z, 2’)—/f(0, 0). Applied 
to functions of two variables, the Weierstrass method is as follows. 


In the double-series expansion of f(z, 2’)—/(0, 0), valid in a domain 
round 0, 0, let the terms be gathered together into groups, each group con- 
taining all the terms of the same order in z and z’ combined; and suppose 
that the group of lowest order is of order yw, so that we have 


S (2, 2) —f(0, 0) = (2, 2 ut (2 2 uta + oe 
Change the variables from z and 2’ to w and w’ by relations of the form 
z=aut+Bu, 2=qutdu’, 


where a, 8, y, 6 are constants such that ad — By is not zero, so that wu and w’ 
are new independent variables. Then f(z, 2’)—/(0,0) becomes a regular 


* See p. 140 of his memoir already quoted. 
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function of wand w', say @(u, w’), the lowest terms in which are of order m; 
and 

G (u, 0) = (a, y)p uh + (a, Y)wor UMTIE + ..., 
so that, choosing (4, y), to be different from zero, G(u, 0) does not vanish 
for all values of uw. 


The first of the preceding theorems can therefore be applied to G(u, w’); 

the result is of the form 
Gi (u, w!) = (a, yu fu + wg, (uw) +... + gy (u'y} ef MW), 

where (a, y), is the non-vanishing coefficient, g,,..., g. are regular functions 
of w’ which vanish with w’, and I(u, wu’) is a regular function of w and w’ 
which vanishes when w=0 and u’=0; moreover, as the lowest terms in 
((u, u’) are of dimensions », the regular series for g,(u’) begins with a term 
in uw’, forr=1,..., @ 

When retransformation to the original variables z and 2’ is effected, 
we have 

(4; 2’) mm £0; ()) 
= G(u, u’) 
=[[2, aut tt, Zur t-] eM , 
where J(z, 2’) is a regular function of z and 2’ which vanishes when z=0 
and 2’=0; and by expanding e”  *) so as to have the complete series for 
the new expression, we have 
{2, ap = (Z, 2 us 
so that, as is to be expected, the first term in g (z, 2’), where 
(2, 2) —f(0, 0) =g (2, 2’) 7 7), 

is the aggregate (z, 2’), in the original double series for f(z, 2’) —/(0, 0). 


Note 1. It may be pointed out that the preceding method is effective, 
even if f(z, 0)—/(0, 0) does not vanish. Thus for a function it might 
happen that, in the regular function f(z, 0) —/(0,0) when it does not vanish 
for all values of z identically, the term of lowest order is Az”, while, in 
/(4, 2)-f(0, 0), the terms of lowest order are of dimensions less than 
(As a matter of fact, each of these terms of lowest order will then contain 
some positive power of 2 as a factor). The application of the method will 
then lead to an expression of the preceding form, 


Note 2. In the method, the limitations upon a, 8, y,6 are merely ex- 
clusive; they are 
ad — By +0, (4, yu 0. 
Thus a certain amount of arbitrary element will appear in the result; by 


varying these constants a, 8, y, 6, different expressions will be obtained which 
are equivalent to one another, 
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Ex, 1. Consider the function * 
fae +h (23 +2’) +4 (a +a't) + satay 
the unexpressed terms being of order higher than 4. We take 
seu, s=U+-w, 
so that 
f= + uw +h (Qu + du + 8a? +) 
gly (Qut + dude! + 6u? w? + dues + u's) +... 
This must be equal to 
ayu+ byw’ + agu® + bow’ + cou’? + ,,. 


(uw? +91 u+ 9s) € ) 
where 


n= ky u +f kyu? + kg! +.. 9 
Gage lgu’? + lgw’s + lyud+.... 
Expanding, and equating coefficients, we find 
ky=1, ko=3, kg= — gy, cee 
a at Se ee 
4=3, =F; 
ag=5, bg=0, Cg= ay H 
I (u, w’) 


and thus the expression for our function becomes g (wu, w’) é , where 


9g (uy, w)=w+u(ui thu? —gruB+..)+du Strutt... 


T(u, wv) = hu dul + phy (du? +5u!?) +0... 
When we retransform to the variables < and 2’ by the relations 


and 


U=z, U=z'—2, 
the terms of the lowest order in g (w, wv’) become zz’, as is to be expected. 
But the completely retransformed new expression for f is less effective than the 


original expression ; and the discussion of f in the vicinity of 0, 0 is more effectively 
made in connection with the expression in terms of z and ¢. 


£x. 2, Obtain an expression for the function in the preceding example, when the 
transformed variables are given by the relations 
g=u+aw', 2 =uw+Bu', 


where the constants a and 8 are unequal; and prove that, when retransformation takes 
place, the terms of the first order in Z(w, w’) become z+<2’. 


This last method of Weierstrass has been outlined, because of its 
importance when the number of variables is greater than two. When the 
number of variables is equal to two, the general case for which it was devised 
falls more simply under the comprehensive results of Theorem III. 


We may therefore summarise the results of the whole investigation 
briefly as follows. Whatever be the detailed form of any function /(z, 2’), 
regular in a domain round 0, 0, its general characteristic expression in the 
immediate vicinity of 0, 0 is 


F(e, 2) -f(0, 0) = atz't P(e, Z)el *, 


* The expansions under Theorem I and Theorem II arise as special cases of the result given 
above, p. 104. 4) 
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where I(z, 2’) is a function of z and 2’ which is regular in the immediate 
vicinity of 0, 0 and vanishes when z=0 and z2’=0. The quantities s and t 
are positive integers, which may be zero separately or together. When 
either of these integers is zero, or when both of them are zero, P (0, 0) can 
be different from zero for special functions; for all other functions, P (4, 2’) 
is polynomial in one of its variables, the coefficients of the powers of which 
are regular functions of the other variable within a limited domain, each such 
coefficient vanishing when that other variable vanishes. 


Level values of a regular function. 


66. One immediate deduction of substantial importance can be made 

from the expression for f(z, 2) which has just been obtained, viz. 

F(z, /)=f(z, 2)—f(0, 0)= 282 A (2, 2) oP zy 
as to the places where f(z, 2’) acquires the same value as at 0,0. When 
(0, 0) vanishes, we shall call the place a zero for f(z, 2’). When /(0, 0) 
does not vanish, we shall call the value f(0, 0) a level value for all the 
places z, 2’ such that f(z, z’)=f(0, 0); all these places are therefore zeros 
of F(z, 2). 

As B(z, 2) is a regular function of z, 2’ within a limited domain of 0, 0, the 
quantity e? % #') cannot vanish at any place in the domain. Consequently 
the zero-places of F(z, 2’) within the domain are given by three possible sets. 

When the positive integer s does not vanish, zero-places of F’(z, 2’) arise 
when 

z=(0, 2 =any value within the domain. 

When the positive integer ¢ does not vanish, zero-places of F'(z, 2’) arise 

when 
z=any value within the domain, 2’=0. 

When A (z, z’) is not merely the constant A (0, 0), all the places in the 

domain such that 
ANG =O 
are zero-places for F’(z, 2’). 

As regards the first set, we obtain an unlimited number of zero-places 
of F(z, 2’) within the domain of 0, 0; they constitute a continuous two- 
dimensional aggregate, the continuity being associated with the plane of 2 
alone. 

As regards the second set, we obtain also an unlimited number of zero- 
places of F(z, 2’) within the domain of 0, 0; they too constitute a continuous 
two-dimensional aggregate, the continuity now being associated with the 
plane of z alone. 

For the third set, there is no additional zero-place for F(z, 2’), if A (0, 0) 
is a non-vanishing constant; in that event, either s, or t, or both s and 4, 
must be different from zero. When A (0, 0) does vanish, the function 
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A (z, 2’) either is polynomial in z and (usually) transcendental in 2’, or is 
polynomial in 2’ and (usually) transcendental in z; and these alternatives 
are not mutually exclusive. In the former case, for any assumed value of 2’ 
within the domain, there is a limited number (equal to the polynomial 
degree of A) of values of z, which vanish with 2’ and usually are trans- 
cendental functions of z’; hence, taking a succession of continuous values of 2 
in the domain, we have, with each value of 2’, a limited number of associated 
values of z. All these places taken together constitute a continuous two- 
dimensional aggregate; the continuity now is associated with both planes, 
each value of z’ having a definite value of z or a limited number of definite 
values of z associated with it, all within the assigned domain of 0, 0. 
Similarly, in the latter case, as regards A (z, 2’); the same result holds when 
the appropriate interchange of z and 2’ is made in the statement; and the 
two-dimensional aggregate is unaltered. 

Ex. 1. Among the simplest examples that occur, are those when 4 (2, e’) can be 


expressed in a form 
az+P (z'), 


where a is a constant and P(z’) is a regular function of 2’ given by 

P (2) =b2' +c2'2+..., 
b not being zero, Then A (2, 2’), with an appropriate change in B(z, 2’) which is the 
function in the exponential, can also be expressed in the form 

bz' + R (2), 

where the regular function # (z) is givén by 

R (z)=az+ C2?+..., 
with suitable values of the constants C,..... The zero-values are given by the two- 
dimensional aggregate VP Lek Ws 

The result is the generalisation of the known property whereby, in the vicinity of 

a real non-singular point &, 7 on an analytical curve f(«, y)=0, we have 


a—-E=P(y-y), y-n=R(x-§); 
the linear term in P(y—n) combined with w— &, and the linear term in 2 (#—£) combined 
with y—», give the tangent to the curve at the real ordinary point é, n on the curve, 


Ex. 2. In both cases that arise out of the alternative forms of A, the actual determi- 
nation of the set of values of z in terms of 2’ (or of the set of values of 2 in terms of 2) can 
be made as in Puiseux’s theory of the algebraical equation /(w, z)=0, the governing terms 
being selected by the use of Newton’s parallelogram, For example, in the case of the 
zeros of the function 

SF (& 2) —f (0, 0) = 41 22" + agg 23 + cg, 22’ + AyQ2z" + aog2’ +... 


within a small domain round 0, 0, we find three values for z¢ in terms of 2’, viz. 


\ 


ory ys BR aang Nl ‘i ; 
; ( aa) ‘ + daa! (40 11 = 21 30) 2 +. 


ebay area Sor Se ie 7 e \ 
a ( | . + 57,3 (@40@n gy Ago) 2 awe D5 


1 ; 
f= — — ot + yg (12408 — Mts oa) e834... 
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and there are three corresponding values for z in terms of z, viz. 


1 | 
7g! == (- : ull, i +5 3 (Moan = 0493) 2+... 
og? 


My 


oy, 


ay1\4 1 
f= — ( = ah + 57 9 (Aart — A293) 2+ +s 
Zdyy 


30 4 
ean — 2 28 


a g (421 Mog — 11449) B+... 
m1 WN) 


If ag is zero, the first two series in the earlier pair are not valid 5 if agg is.zero, the first 
two series in the later pair are not valid. If all the coefficients a9 vanish so that 
J (2, 0)=/ (0, 0) vanishes for all values of z, only the third expression in the earlier pair 
survives. If the first coefficient ay, which does not vanish, is a9, there is a set of 
7—1 expansions in a cycle corresponding to the above two which exist when agp does 
not vanish, And so on, for the respective cases, 


Lx, 3. Quite generally, it may be stated that the detailed determination of the 
behaviour of /’(z, 7) in the vicinity of 0,0, so as to obtain the nature of its zeros as 
well as the actual positions of its zero-places, has a close resemblance to the method 
of proceeding in the consideration of an equation /(w, z)=0, which is algebraical both 
in wand in z and in the determination of the associated Riemann surface*. 


67. All the results relating to the zeros of F(z, 2’) can apply, in 
descriptive range, to a determinate finite level value (say a) of a uniform 
function f(z, 2) in a domain where it is regular. Let a, a’ be a place 
where / acquires the value a; so that 

f(a, v) =a, 
For places a+ Z, w + Z' near a, a’ within the domain of a, a’, we have 
(4 “)=f(a+Z,04+Z') 


=f (a, aw’) + ZZ Can" Z™, 
that 1s, 


F(a; 2) 6 BE Onn ZO Z™, 


Thus the places within the domain of a, a where f acquires the level value a 


are given by the zeros of the double series which itself vanishes when Z=0, 
Z'=\(), 


Hence the level places which give a determinate finite value a to a 
function f(z, 2’) form a continuous aggregate within the domain of any one 
such level place, 


Manifestly, as we are dealing with properties of a uniform function of f, 
which is regular within the domain of an ordinary place, the values of f must 
be finite (for poles do not oceur within such a domain) and they must be 
determinate (for singularities, whether unessential or essential, do not occur 
within such a domain), The behaviour of a function in the vicinity of a pole 
and in the vicinity of an unessential singularity will be discussed separately. 


" Vor this subject, see Chapter vir of my Theory of Functions for the discussion of the 
algebraical equation and Chapter xv for the construction of the associated Riemann surface, 
Reference should also be made to the early chapters of Baker’s Abelian Functions. 
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68. Not because of any immediate importance for a single function of 
two variables but mainly because of the need of estimating the multiplicity 
of a common zero-place or a common level-place of two functions of two 
variables, it is worth while assigning integers that shall represent the orders, 
in z and 2 respectively, of the zero of f(z, 2’)—f(a, a’) at the place (a, a’). 
By the preceding proposition, for a place z=a+u, 2’ =a’ +w' in the im- 
mediate vicinity of a, a’, we have 

t (2, 2) —f(a, wv) = usu E(u, wv’), 
where @ is regular in the domain, and the integers s and ¢ can be chosen so 
that G@(u, 0) does not vanish for all values of uw and G(0, wu’) does not 


vanish for all values of wu’. The positive integers s and ¢ can be zero, either 
separately or together. 


As G(u, 0) does not vanish for all values of w, there exists a series 
Q (u, w’) =u™ + u™ gy (Ww) +. +m (w’), 
where qi (w), .-.; dm(w’) are regular functions of wu’ vanishing with wu’, such 
that ? 
G(u, u’) = KQ(u, w’) e@ ©), 

where X is a constant and Q(u, w) is a regular function of wu and w’ vanishing 
with wand wv’. Thus for any small value of w’, there are m small values of w, 
making G (u, wv’) zero. 

As G@(0, w’) does not vanish for all values of w’, there exists a series 

Ru, w)=u™ + u™ ry (uw) +... +7 n (w), 
where 7,(w), ..., 7(u) are regular functions of w vanishing with wu, such 
that - 
G(u, w’)= LR (u, w) e& % ¥), 
where LZ is a constant and R (wu, w’) is a regular function of w and w’ vanishing 
with w and wv’. Thus for any small value of wu, there are n small values of w’, 
making G (wu, w’) zero. 

In both of these cases, G(u, uw’) vanishes when w=0, u’=0; and then 
neither of the integers m and, n is zero. There remains a third case, when 
G (0, 0) is not zero; then | 

G (wu, uw’) = G(0, 0) ef “), 
where J(u, wu’) is a regular function of w and wu’ vanishing when w=0 and 


u’=0. Thus no small values of uw and uw’ make G (wu, wv’) vanish; and then 
both of the integers m and n are zero. 


With these explanations, we define the orders of the zero of the function 
a f@2)-f(@ @) 
at a, a as s+m for the variable z and as t+ n for the variable z. But it 
must be pointed out that the zero of the function at a, a’ is not an isolated 
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zero, for it is only a place in a continuous aggregate of zeros; still, a 
settlement of an order in each variable at a place a, a’ is convenient as a 
preliminary to the settlement of the multiple order (Chap. vit) of such a place 
when it is a simultaneous and isolated zero of two functions considered 
together. 


Relative divisibility of two regular functions near a common zero. 


69. Before proceeding to obtain the expression of any uniform analytic 
function in the vicinity of a singularity, it is important to consider the 
behaviour of two uniform functions f(z, 2’) and g (z, 2’) simultaneously, both 
being regular within a common domain which will be taken round 0, 0. 


First, suppose that g (0, 0) is not zero; then we have seen that a uniform 
function S(z, 2’) exists, which vanishes when z=0 and 2’ =0 and is regular 
in a domain in the immediate vicinity of 0, 0, and is such that 


9 (2, 2) =9 (0, 0) eS *#) 
for that domain. Also, we know that we can take 
Ho z') =f (0, 0) + Ad(z, 2’) aa'te® (% 7), 


where s and ¢ are non-negative integers, $(z, z’) is polynomial in z and 
regular in z, and F(z, z’) is a uniform function of z and z’ which vanishes 
when z= and z’=0 and is regular in a domain in the immediate vicinity 
of 0,0. Consequently 


He ia g 10,0) (0, 0) + AGG, A) atte) g- Sle) 
(0, 0) eS z') A 
> ig (080)e 9 (0, 0) 


The right-hand side, whether f(0, 0) vanishes or not, can be expressed as 
a regular double series U (z, 2’); that is, 


(a, 2) atetell >) -Sle2), 


L( 2) _ 

—~= U (4, z 
927° 
When a uniform function f(z, z’) is expressed as a double series P (z, 2’), and 
another uniform function g (z, 2’) is expressed also as a double series Q(z, 2’), 
and when a third uniform function U (z, 2’) exists such that 


P(e, 2) 

Q (2, 2) 
all the functions being regular in a domain round 0, 0, we say, following 
Weierstrass*, that the series P (z, 2’) is divisible by the series Q(z, 2’). 


=U(z, 2), 


* Ges. Werke, t. ii, p. 142, 
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It therefore follows that, when g(0, 0) is not zero, the regular function 


J (2, =) is divisible by the regular function g (z, 2’), the regularity of both 


functions extending over a domain round 0, 0; and the result is true whether 


F (0, 0) is zero or is not zero. 


70. Next, suppose that g(0,0) is zero; then we know that we can 
take 
g (2, 2’) = Berz'te *% *) » (z, 2’), 
where B is a constant; o and r are non-negative integers; 7'(z, 2’) is a 
function of ¢ and 2’, regular in the immediate vicinity of 0, 0 and vanishing 
when z=0 and 2 =0; and y(¢, 2’) is a function which is a polynomial in z 
having functions of z’ for its coefficients, these coefficients being regular in the 
immediate vicinity of 2’=0 and vanishing when z’=0. The form of f(z, z’) 
is the same as before. It at once follows that, when /(0, 0) is not zero, we 
cannot express 
f(c,2) 
9% @) 
in the form of a regular function; in that case, the function f(z, 2’) is not 
divisible by g (¢, 2’). 
But when / (0, 0) is zero, as also is g (0, 0) under the present hypothesis, 


then we have 

f(2,2')_ Aza’ $ (2, 2’)e® (2, 2’) 

g (2, 2’) ~ Berd x (z, z’yet si 

as A aad (2, 2’) ek (2, 2’) - T(z, 2’) 
B 2%2'" y (2, 2’) i 

Now R (z, 2’)—7'(z, 2’) is regular in the immediate vicinity of 0, 0 and 
vanishes when z=0 and z2’=0; hence the exponential factor in the last 
expression admits the divisibility of f(z, 2’) by g (z, 2’). Also this divisibility 
is admitted, so far as powers of z are concerned, if s > o and, so far as powers 
of 2’ are concerned, if ¢>7. There remains therefore the divisibility of 
$ (z, 2’) by x(z, 2’), where (for the present purpose) we shall assume that 
both ¢ (z, 2’) and x (z, 2’) are polynomials in z the coefticients in which are 
regular functions of 2’ in the immediate vicinity of 2’=0 and vanish when 
2’=0. Manifestly the degree of ¢(z, 2’) in z cannot be less than that of 
y (z, 2’), if divisibility is to be possible ; accordingly, we suppose that 

d (2, 2) = 2™ + 271 gy + oe + Im, 

x (2, 2’) = 2" +2™Th, +... thn, 
where m>n, and all the coefficients 4, ..-, Gm, Mi, +», 4, are regular 
functions of 2’ in the immediate vicinity of 2 = 0 and vanish when z’ = 0. 


When ¢(2, 2’) is divisible by y(z, 2’), the quotient is manifestly of the 


form 


ginny gn hy Lee ae eee 
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where the coefficients k,,..., km n» are functions of 2’. Also 
Or hy + ky, 
I= hs ae hk, + kg, 


ey 


Im = hnkiman: 
From the first, it follows that the function &, is regular and vanishes when 
z'=0; from the second, that the function k, is regular and vanishes when 
z’=0; and so on, in succession from the first m—n of these relations. 
Also all the relations are to be satisfied, by appropriate values of kh, ..., 
km—n, for all values of 2’ in the immediate vicinity of 7 =0. The conditions, 
necessary and sufficient to satisfy the last requirement, are that, when we form 
the n independent determinants each of m —n rows and columns from the array 


Os h, G2 — he, 93 — hs, teeny In — ln, QGnti» +++» YJGm-1, Ym |, 
Lo ye as hight {ot Ole: OS oO, 
0 , 1 ? h, , ? 0 ? 0 > > 0 ’ 0 
Oa Qi QO. .7~, a) VORA MSS Pee es ' ; h, ORS 
(Oe 0 , OP ery > meron ticasnsos aera 1 eaioe )~ 


each of these n determinants must vanish identically for all such values of 2’. 


Thus there are n conditions. The form of the conditions should, however, 
be noted. As all the functions g and A are regular functions of z’ in the 
immediate vicinity of 2’=0 and vanish when z’=0, each of the n deter- 
minants is also a regular function of 2 in the immediate vicinity of 2’=0 
and vanishes when z’=0. Each determinant is to vanish identically for 
all values of 2 in the range round 2’ = 0; and therefore every coefficient, in 
the power-series which is the expression of the determinant, must vanish. 
Thus in practice, when the power-series are infinite, the number of relations 
among the constants would be infinite for each of the conditions; the 
arithmetic process could not be carried out in general*. But the n 
analytical conditions among the functions would still remain, in the form of 
determinants that are to vanish identically. 

Thus, in particular, the conditions, that the function 


B+ 221 +2go+ 93 
should be divisible by the function 
H+zhyths, 


are that the two independent determinants from the array 
91-1, ge-he, gs || 
1 ’ hy ? hg | 


“ In particular cases, it might be feasible, e.g. when there are known scales of relation 
governing all the coefficients, 
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shall vanish identically. When the two conditions are satisfied, the quotient is 


Ys 


hy” 


The general argument shews that the function gs/hg is to be regular and to vanish with 2’; 
a limit upon the orders of the lowest powers of ¢’ in Ay and gy is thereby imposed. 


s+ 


Relative reducibility of functions. 


71. Further, it is important to discover whether, even in the case 
when a function $ (2, 2’) is not actually divisible by a function y (2, 2’), 
both being of the foregoing type, each of them is actually divisible by a 
function y(z, 2’) also of the same type: that is to say, if y(e, 2’) exists, 
it is to be a polynomial in ¢ the coefficients of which are regular functions 
of 2’ in the immediate vicinity of 2’ = 0 and vanish when 2’ = 0. 


A method of determining the fact is as follows. Both ¢ (2, 2’) and y (2, 2’) 
must vanish for all the places where y (2, 2’) vanishes, if Ww exists. We 
therefore regard 


d (2, 2’)=0, x(a, 2’) =0, 
as two simultaneous algebraical equations in 2. We eliminate z between 
these two equations, adopting Sylvester's dialytic process. The resultant is 
a determinant of m+n rows and columns, every constituent in the deter- 
minant (other than the zero constituents) being divisible by e’; and therefore 
this resultant is of the form 

Q(z’), 
where yw is a positive integer not less than the smaller of the two integers 
m and n, and where @(2’) is a regular function of 2 in the immediate 
vicinity of 2’=0, when it is not an evanescent function. 


When @(2’) does not become evanescent, the values of 2’ different from 
2’ =0 which make the resultant vanish are given by the equation 


@ (2‘)=0; 


and these values of 2’ form a discrete and not a continuous succession. In 
that event, for each such value of 2 and for the specially associated values 
of z, both @ and y vanish. But their simultaneous zero values are limited 
to these isolated places; there is no function y (ez, 2’) possessing a continuous 
aggregate of zero-places in the vicinity of 0, 0. 


When @(z’) is evanescent, the functions (2, 2°) and x(z, 2°) become 
zero together, not merely at the place 0, 0, but at all the continuous 
aggregate of places where some function (2, 2’), as yet unknown, vanishes ; 
for there is no equation @(2')=0 limiting the values of 2’ and requiring 
associated values of 2. 


a 
be 
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In the latter case, p(z, 2’) and y(z, 2’) possess a common factor wp (z, 2’), 
which necessarily will be a polynomial in z of degree less than n; and the 
polynomial will have functions of z for its coefficients, all of which are 
regular in the immediate vicinity of 2=0 and vanish when 2 =0. Let 

vr (Z, 2’) = 2P + PO, +... + hy; 
as W is a factor of @ by hypothesis, and also a factor of x by hypothesis, 
our carlier analysis shews that (as already stated) h,,..., kh, are regular 
functions of z’ in the immediate vicinity of z’=0 and vanish when 7 =0, 

Accordingly, let 

p (4, 2’) 

1 (2, 2) 

x (4, 2’) 

vr (2, 2°) 
where all the coefficients G,, ..., Gm—p, Ih, ..., Hn» are regular functions 
of 2 in the immediate vicinity of 2 = 0 and vanish when z’=0. Consequently 
the relation 

(2 +21 Ob oo. Im) (29? + oP? A +... + Hyp) 
= (2% 2" yt thy) (er? + 2 P41 G+... + Ap) 


ee —p—1 (Y 
= gn P 1. gM—p 1Gi+ arate Fimo, 


= gl? 4 gpl ben +. + 1s POE 


must be satisfied identically for all values of z and z within the im- 
mediate vicinity of 0,0, the common value of the equal expressions being 
be, 2)x (4, &) (sz, 2). Equating the coefficients of the same powers of z 
in the expressions, we have m+n — p relations, linear in the (n— p)+(m—p) 
unknown functions Hy, ..., HLn—p, Gh, «.-, Gm-p. When these are eliminated 
determinantally, we have m+n—p—(n—p)—(m—p), that is, we have p, 
equations in 2 which, being satisfied for all values of 2’, must become 
evanescent, The conditions for this evanescence, which are thence derived 
as existing between the coefficients of @ and yx, are the conditions necessary 
and sufficient for the existence of w (z, 2’). 

When these conditions are satisfied, the actual expression of y(z, 2’) can 
be obtained by constructing the algebraical greatest common measure of 
(2, #) and y (2, 2’), regarded as polynomials in z. 


We thus have analytical tests determining whether two functions ¢ (z, 2) 
and y(¢, 2’), each polynomial in zg and having for the coefficients of powers 
of ¢ regular functions of 2° which vanish when 2’ = 0, are or are not divisible 
by a common factor of the same type as themselves. To these tests, the 
same remark applies as in§ 70; each condition usually would, in practice with 
infinite power-series, require an infinite number of arithmetical relations 
among the constants. Still, the analytical tests remain in the form indicated, 


When the tests are satisfied, the two functions are said to be relatively 
reducible; each of them is said to be reducible by itself. 
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Note 1. The processes connected with finding the conditions are those 
connected with constructing eliminants in algebra. Thus, in order that the 
functions 

S+AS+E H+ H+ H, Pthe+h, 


should have a common factor linear in ¢, all the coefticients of powers of 2’ 
in the final expansion of the determinant 


gH — My, Ls ly, OA 0 ! 
Goh, Qi: fy, 1, 0 


| Ys ’ Dos hy, hy, 1 
/ % . Is» Uae h, 
Se a a ea eae 


must vanish identically, 


Note 2. In the preceding investigations, we are concerned with the 
possession by (4, 2’) and y (2, 2’) of a common factor of the same type as 
themselves; that is to say, (2, 2’), y(2, 2’), and the common factor (if it 
exists) are polynomial in « We are not concerned with the comparison of 
expressions 

p(z, 2’) and (z, 2’)e®*), 
where #(e, 2’) is regular in the immediate vicinity of 0, 0 and vanishes when 
2=0Oand 2 =0; the latter expression, when expressed in a double series, is 
no longer polynomial in s. The case, when A(z, 2’) can be such as to make 


U 


the second expression polynomial in ¢’ alone, has already been discussed 
(§ 68). 


Ex, When two functions 
(a, a, ay Xe, 2’)? + (do, by, by, bs Xe, 2')8 4. eeey 
(ai’, ey’, Og! Ye, 2’)® + (do’, by’, bg’, by’ Ye, 2’)? +...; 


possess & common factor of the type 
s+R(2), 


where 7 (2’) is regular in the immediate vicinity of 2 and vanishes when ¢=0, we can 
approximate to its expression as follows, (The algebra will illustrate the distinction 
between the finite number of analytical tests and the infinite number of arithmetical 
relations between the constants; the latter, of course, cannot be set out explicitly.) 


The first function is expressed (§ 64) in the form 


{aga +s (cy 8’ + aga’? +...) + aga’? ++ Bya +...) got te’ + vik 
by 


1 
—¥ Ar aa (001 = a1 Oo), sik 


whore 
No al 


1 ay 
(tg = — (ty bg — ty bp) - ty by = ay b 
) a 1 bg = ety bo) mm 0% 1O0)s 


By = by — at (ety by = do), 
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and #0 on; and the second function is expressed in the similar form 


4 4 4 No Z +Ay'2/ +... 
fag! 2? 4-2 (ay'd + ag? +...) + ay'Z2 + Bs'Z3 +...) 6° idl dh 
where 
by! 1 
Nil anim > ue padi ano =atbo) 7 
0 Gy’ 1 a? | 1 dh | 1%0 /5 ’ 


i ye) ay! / 

ty! = (ato bo! ek 2) bo ) mney, (aby! = 14 by’), 
NW MW 

Ay, 


/ / / y 
Oa? (at'by' — ay'by’), 
() 


Bs! = bg’ — 
and soon. We then must have the condition or conditions that 
Aye +2 (ay 4! +92? +...) + 922+ Bg2?+... 
and 
thy" +2 (cy'd + ag! d/2 +...) + tg’? + Bez +... 
should possess a common factor of the type 


2+R(?), 
aye + yz? +... 


AY 


Lot these two expressions, which are quadratic in z, be denoted by 
aye + aby + &o, a2? +2m +2. 


They both will vanish, if they possess a common factor linear in z and if that factor 
vanishes, When they vanish, we have 
Ay? +akr+bg=0, ao 2*+em+m=0, 
simultaneously ; and therefore the relations 
zt eee Se 

Eina-Exm — &20 — 92% = md Era 
will be satisfied for the value of z, in terms of 2’, which makes the common factor vanish. 
Thus we must have 


(E1mg— 201) (m4. 40 = £1.00) = (§ a0 — 2%)”, 


awtinfied identically for all values of 2; and the value of z, which would make the common 
factor vanish, is given by 
§xdto’ — eo 


mines ee mo = Erato” 
Exna = Egy =a’? {(cy tg! = cyt) + (41 Bs’ = y'Bg + gq! — ag ty) 2 +404}, 
by dig’ = ng dy = 2" {( ao’ dg — g/t) + (t9'B3 — A By’) 2 +..-} 
1% — 19 =2' {agay’ = Ay Mo! + (pag — do'ag) 2’ -+...} 5 

and therefore, disregarding the factor 24, the expression 

{ cg! dy = hy! y+ (9 B3 = Gp By’) 2 +-...}? 
= {(aby ty! = ayy) + (ty By! — 4y'Bg + ay Chg! — arg'Qtg) 2 +...} {(@ aa’ — A ig’) + (Aqag’ — Ap'ag) 2 +...} 
must vanish identically, for all values of 2’. Let the expression be denoted by 


y+ Cya’+...5 
then we must have 
Cy=0, C,=0, sees 


as the arithmetical relations between the constants. 


a 
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Also the value of 2, which makes the common factor vanish, is 
ae &yaq’ = nya 
m AH = E1ao' 
- Ay ay ~ ay‘ + (@y'By = By’) 2? He ., 
yay! =@) ty 4 (@yay! - ay @y) 4 ees } 


Consequently, when all the relations between the constants ave satisfied, the common 


factor is 
Bye bye? +..., 
where 
Ay Ay = Ay ety’ 
ee ) 
My Ay — Ayay 
— (aiq'@g — Ag’) (Aq ery’ — Cg'ay) — (Aye! — C4 AR’) (4Q'Bg — AQ BQ’) 
th -.a17 > 7 7 “a ' . 
(ao ay _ act’? 
and so on. 


It is clear that, in the absence of general laws giving relations between the coetticionts 
in each of the two functions, we cannot set out the aggregate of relations G0 and the 
aggregate of constants +. 


Kepressions of functions near a pole or an acoidental singularity. 


72. The non-ordinary places of a uniform function have been sorted into 
three classes, the poles (or accidental singularities of the first kind), the 
unessential singularities (or accidental singularities of the second kind), 
and the essential singularities, 

The simplest of these, in their analytical character and in their effect 
upon the function, are the poles. Let p, p’ be a pole of a uniform function 
J (2,2); then, after the definition, some series of positive powers of = p, 
2 =p’ exists, say /’(2—p, 2 —p’), which is regular in the immediate vicinity 
of p, p’ and vanishes when s=p and 2’ =p’, and is such that the product 

f(a 2) Pe=p.e=p) 
is regular in the vicinity of p, p’ and does not vanish when ¢@ p, 2 = p’. 
Thus the function /(2, 2’) acquires a unique infinite value at a pole; 
that is, the infinite value is acquired no matter by what laws of variation 
the variables ¢ and 2 tend towards, and ultimately reach, the place p, p’. 
Further, the pole-annulling factor /’ (2 — p, 2 = p’) is not unique; a factor 
F(e —», 2' -»’) ek (e=p,. 8’ - P). 

where R(2—>p, 2’ —p’) is any regular function of ¢ =p and 2 =p’, would have 
the same effect. All such factors we shall (for the present purpose) regard 
as equivalent to one another; they can be represented by /'(2 = p, #° = p’). 
Moreover, there cannot be more than one such representative factor for 
F (@, 2’) at a pole; if there were two, say #(e—p, 2 = p’) and G(e—p, =p’), 
we should have 

T(e, 2) F (2—p, 2 —p’)=regular function, not vanishing when ¢=p and gop’, 
FCB, BAC e—p, 2’) rrrcrccrcarenreceesenecewienteececeabaeeneneveraveneeneenen 9 


vo 
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and therefore p, p’ would be an ordinary non-zero place for the quotient 
F (z—p, 2 —p) 
G(z—p, 2’—p')’ 
which is impossible unless F' is divisible by (, and it would be an ordinary 
non-zero place for the reciprocal of this function, which is impossible unless 
G is divisible by F. 
Hence, denoting the representative factor by Ff’, we have 
Sz, 2) F(e@—p, 2 — p’) = keg + key (2 — p) than (4 —p')+..., 
the series on the right-hand side being a regular function in a domain of 


p, p'; and therefore 
| F(z—p,7—y’) 


FG, 2) ley + ky (2— p) + hae —p') + 
=a regular function (§ 69) of z and 2’ in a domain of p, p’, 


/ 


vanishing when z=p, 2 =p’. 


It therefore follows that a pole of f(z, 2’) is a zero of Fay so that the 
place p, p’ is an ordinary place for the function a5 Hence, in the 


vicinity of a pole of f(z, 2’), it is convenient to consider the reciprocal 
function, say 


Melina! 
te santa 


and then the behaviour of f(z, 2’) in the vicinity of the pole p, p’ can be 
described by the behaviour of ¢$(z, 2’) which is regular in the vicinity of 
its zero there. Moreover, any zero of f(z, 2’) in a domain of p, p’ is a 
pole of #(z, 2’); hence the domain of p, p’, within which ¢(z, 2’) is regular, 
does not extend so far as to include any zero of f(z, 2’). 


As ¢(z, 2’) is regular in this domain of p, p’, and as it vanishes at p, p’, 

it has an unlimited number of zero-values in the immediate vicinity of 

p, p’, and these occur at places forming a continuous two-dimensional 

~ aggregate that includes p, p’. Hence in the immediate vicinity of any pole 

of a uniform analytic function, there is an unlimited number of poles forming 
a continuous two-dimensional aggregate that includes the given pole. 


Further, we have definite integers as the orders of the zero of #(z, 2) 
in the two variables at p, p’, the integer being derived from the equivalent 
expressions of ¢(z, 2’) in the immediate vicinity of p, p’; these integers will 
be taken as the orders of the pole of f(z, 2’) in the two variables at p, p’. 


Cor. Manifestly, a pole of f(z, 2’) of any order is a pole of f(z, e)—a 
of the same order, where | a@| is finite. 
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73. An unessential singularity (an accidental singularity of the second 
kind, to use Weierstrass’s fuller phrase) of a uniform function f(z, 2) at a 
place s, s’ is defined by the property that there exists a power-series 
F(z—s, 2 —s’), which is a regular function of z and 2’ in the immediate 
vicinity of s, s’ and vanishes at s, s’, and is such that the product 


F(Z, 2) F (es, 2-8’) 


is a regular function in the immediate vicinity of s, s’, and vanishes at 
s,s. Let this latter regular function be denoted by H(z—s, 2’ —s’). No 
generality is lost by assuming that the functions # and H have no common 
factor vanishing when z=s, z =s'. We then have a fractional expression 
for f, viz. 
, A(e—-s,27—-s') 
I En elas Z—s') 


_ As in the case of a pole of f(z, 2’) at p, p’, the function F(z—p, 2’—p’) 
was representative and unique, so here each of the functions H (z—s, 2’ —s’) 
and F' (z—s, z’—s’) is representative and unique, when H and F have no 
common factor vanishing when z=s, 2’ =s'. The functions H and F' can 
of course have any number of exponential factors, each exponent being a 
regular function of z—s, 2’—s’; but no factor of that type affects the 
characteristic variations of f in the immediate vicinity of that place. Thus, 
in our expression for f(z, 2’), we can regard the representative functions H 
and Fas unique. 


To consider the behaviour of f at, and near, the accidental singularity, 
write 
@—s8=0, z2-—s'=0'; 


then we have expressions of the form 
H(z-s, 2 —8')=Eo™o'™ {ot + oh, (o') +... +i(o’)} oH), 
F (2-3, / —s')= Doo {ot + of, (0!) +... + fu(o’)} of”, 


where /# and D are constants: m, m’, n,n’ are positive integers, each zero 
in the simplest cases: / and & are positive integers, each greater than zero 
in the simplest cases; ),, ..., di, fi, .--, f; are regular functions of o’ in the 
immediate vicinity of c’=0 and vanish with o’; and H, F are regular 
functions of o and o’ in the immediate vicinity of o=0, o’ = 0 and vanish 
with o and o’,so that neither H nor F' can acquire a zero value or an infinite 
value from the factors e” and e”. Moreover, H and F are devoid of any 
common factor: so that either m or n (or both) must be zero, and m’ or n’ 
(or both) must be zero. Also 


+a th (o’)+...+¢h(o), cto f(o')+...4+fi(o) 
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have no common zero in the immediate vicinity (defined as a region round 
o’ of radius less than the modulus of the smallest root of the resultant of 
these two polynomials) of «=0, o/=0 save actually at 0, 0; for their 
eliminant is a function o# @(o’) which does not vanish for small values of o° 
other than o’ = 0. 


Manifestly, the value of f(z, 2’) at s, s’ is not definite; it can be made to 
acquire any value by assigning appropriate laws for the approach of 2 to s 
and of 2’ to s’.. In the immediate vicinity of s, s’, /(z, 2’) possesses 


(i) an unlimited number of zeros, given by zero-values, other than at 
0, 0, of of + ah, (0’) +... thi (o’); 


(ii) an unlimited number of poles, given by zero-values, other than at 0, 0, 
of oF + otf, (o') +... +f (o'); 

(iii) an unlimited number of places at which it assumes a level value of 
finite modulus ; 


but o=0 and o’=0 is the only place in the immediate vicinity of 0, 0, 
where the value of f(z, 2’) is not unique and definite. Hence we have the 


result — 


The unessential singularities of a uniform function f(z, 2) are isolated 
places in the domain of eaistence of f(z, 2’); the value of f at an wnessential 
singularity is not definite; and, in the immediate vicinity of any unessential 
singularity, there is an unlimited number of places where f can assume any 
assigned definite value, zero, finite, or infinite. 


Further, let the unessential singularities (each of them being an isolated 
place) of a uniform analytic function be represented by ap, @m, where 
m=1,2,.... They may be finite in number or infinite in number. When 
they are infinite in number, the places @,, a, must have one or more limit- 
places; let such a limit-place be 6, 6% As regards the function in a small 
domain round 0, 6’, it cannot be represented by any of the different foregoing 
expressions, suitable to the respective vicinities of an ordinary place, a pole, 
and an isolated unessential singularity. The limit-place must therefore be 
an essential singularity of the function. 


Hupression near an essential singularity. 


74. The definition of an essential singularity of a uniform function, that 
has been adopted after Weierstrass, is mainly of an uwninforming character— 
to the effect that, in the immediate vicinity of such a place, no power-series 
U (z, 2’) representing a regular function and vanishing at the place can be 
obtained such that the product 


‘ JF (4, 8) 7 (@, 8’) 
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is a regular function of z and 2’. But, as is known to be the fact with 
uniform functions of a single variable, essential singularities cannot effectively 
be sorted together in one class: there can be points, or lines, or spaces, of 
essential singularity for a uniform function of a single variable. The con- 
ception of added complications, when we deal with uniform analytic functions 
of more than one variable, needs no argument for postulation, though it 
gives no substantial assistance towards analytical formulation. 


It may however be added that one large question dealing with the 
essential singularities of a uniform analytical function has occupied a 
number of memoirs published in recent years. 


We have seen that the zeros of an analytical function of two variables 
constitute a two-dimensional aggregate, and likewise that its poles con- 
stitute a two-dimensional aggregate. We have also seen that its unessential 
singularities are isolated places. 


The question just mentioned relates to the aggregate constituted by 
the essential singularities of a uniform analytical function; for its dis- 
cussion, as well as for other matters, we shall refer to the memoirs indicated *. 


* The chief memoirs are those by Hartogs, viz. Math. Ann., t. xii (1906), pp. 1—88 ; Miinch. 
Sitewngsb., t. xxxvi (1906), pp. 223—242; Jahresb. d. Deutscher Math. Vereinigung, t. xvi (1907), 
pp. 228—240; Acta Math., t. xxxii (1909), pp. 57—79; Math. Ann., t. lxx (1911), pp. 207—222. 

See also a memoir by E. E. Levi, Annali di Mat., Ser. iii, t. xvii (1910), pp. 61—87. 


CHAPTER V 


Two THEOREMS ON THE EXPRESSION OF A FUNCTION WITHOUT ESSENTIAL 
SINGULARITIES IN THE FINITE PART OF THE FIELD 


75. WE now come to the consideration of a couple of theorems relating 
to the expression of a uniform analytic function of two variables. In the 
first of them, we have to deal with a function that has no essential 
singularities within the whole range of the field of variation of z and 2’; the 
function then has the form of a rational function of the variables. In the 
second of them, we have to deal with a function that has no essential 
singularities within the range of the field of variation of z and 2’ such 
that |z|<R, | 2’| < R’, where R and R’ can be taken as large as we please; 
the function then has the form of the quotient of two functions, each of which 
is a regular function of z and z’ for the values of z considered *. 


76. First of all, consider a polynomial in z and 2’, say 
pZ, 2) = ham + Gar t+ ... + Cn, 


where &, &, ..., & are themselves polynomials in z’. Then we at once,have 
the results :— 


(i) every finite place is ordinary for p(z, 2’); 
(11) with every finite value z’, that is not a zero of &, can be associated 
n finite values of z, such that each of the n places thus constituted 


is a zero for p(z, 2’), repetition of values of z causing multiplicity 
of zero-places for p (z, 2’); 


(111) with every finite value 2’, that is a zero of ¢ and is such that 
£,(r>0) is the first coefficient of powers of z in p(z, 2’) which 
does not vanish, can be associated »—~r finite values of z, such 
that each of then —r places thus constituted is a zero for p (z, 2’); 

(iv) the poles of p(z, 2’) are given by infinite values of |z| and finite 
values of 2’ other than the roots of ¢, and by infinite values 
of | z’| and finite values of z other than the roots of the coefficient 


* Both theorems were enunciated by Weierstrass for n variables, but without proof; references 
will be given later. 
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of the highest power of 2’ in p (2, 2’) arranged in powers of 2’, and 
by infinite values of | 2| and of | 2’ |; 

(v) the unessential singularities of p (¢z, 2’), if any, are given by infinite 
values of |z| and by the roots of &, but each such place is an 
unessential singularity only if other conditions are satisfied; and 
similarly for infinite values of |2’| and by the finite values of z¢ 
excepted in (iv), but each such place is an unessential singularity 
only if other conditions are satisfied: so that, in general, p (z, 2’) 
has no unessential singularities ; and 

(vi) there are no essential singularities of p (2, 2’). 


77. In the next place, consider an irreducible rational function of z 
and 2’, say 
R(s, #)=2%*) 
> q (2, 2’) 5) 


where p (2, 2’) and q (2, 2’) are polynomials in ¢ and 2’, 


Pp (2, 2) = 2" ae Es +t i 
q (2, 8°) = m2” + me" +... + Im) 


While &, ..., Sa. %o. «++» %m are polynomials in 2’ alone. Then it is easy to 
infer the following results ;— 


(i) every finite place, that is not a zero of q(z, 2’), is ordinary for 


Rie, 2); 

(ii) every zero of p(ez, 2’), that is not a zero of q (z, 2’), is a zero of 
R(s, 2’); 

(iii) every zero of q(z, 2’), that is not a zero of p(z, 2’), is a pole of 
R (sz, 2'); 


(iv) every place, that is a simultaneous zero of p (z, 2’) and of q (gz, 2’) 
which have no common factor because our rational function is 
irreducible, is an unessential singularity of R (z, 2’); 

(v) the behaviour of R (2, 2’) for infinite values of |z| or of | 2’| or of 
both | 2! and | 2’ |, depends upon the degrees of p (z, 2’) and q(z, 2’) 
in ¢ and in 2’, while every such place is either a zero, or ordinary, 
or a pole, or an unessential singularity ; and 


(vi) the rational function £ (z, 2’) has no essential singularities. 


Functions entirely devoid of essential singularities. 


78. Now we know that not a few of the important properties of uniform 
analytic functions of a single variable are deduced from those expressions of 
the function which arise when special regard is paid to its singularities ; and 
occasionally some classification of functions can be secured according to the 


¥ 4 
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number and nature of these points*. In particular, we know that a uniform 
function, devoid of essential singularities throughout the whole field of 
variation of the variable z, is a rational function of z. Of this result, there is 
the generalisation, given by the theorem + :— 

A uniform analytic function of two complex variables z and 7, having no 
essential singularity in the whole field of their variation, is a rational function 
of z and 2’. 

To establish this theorem, we proceed as follows. 

Let f(z, 2’) be a uniform function of z and.z’, entirely devoid of essential 
singularities; and let any ordinary place (say 0, 0) be chosen which is a 
non-zero place of the function. In the vicinity of 0, 0, let the expansion of 
ST (2, #) be 

f@Z)= SJ 5S Cin Fees 
m=() n=0 
and suppose that this series converges absolutely within a domain |z|<7, 
z’\<r’. Manifestly, after the supposition as to f(0, 0), the quantity cp» is 
not zero. 


Within the domain, we have 


oe) Ca) 
Sf (4,2 => ( >) oof gm 
0 


m=) \n= 


because the double series converges absolutely; so, writing 
wo 
/ ~y / 
Im (Z) =X Cm, n2™, 
n=0 
we have 
i) 
y, ~ U 
S (4 2) = & 2" 9m (2’). 
m=() 


Consequently, for all values 0, 1, ... of m, and for all values of z’ within the 


domain, we have 
L (O™ F(a.2 , 
ee {Pl i = in (2’). 


m} oz 


Now f (2, 2’) is everywhere a uniform analytic function without essential 
singularities ; consequently every derivative of f(z, 2’), at every place in the 


* Of course, there are other classifications, such as those connected with the kinds of aggregate 
of the zeros of a uniform analytic function of a single variable, leading to the class (genre) 
question that has been the subject of many investigations in recent years, initiated by Laguerre, 
Poincaré, Hadamard, Borel, and others. 

+ It is the first of the two theorems which, as already stated, were enunciated by Weierstrass 
without proof. His enunciation, given for n variables instead of two only, is to be found Ges. 
Werke, t. ii, p. 129. 

A proof is given by Hurwitz, Crelle, t. xev (1883), pp, 201—206, for n variables; and this 
proof is followed by Dautheville, Etude sur les séries entitres par rapport @ plusieurs variables 
imaginaires indépendantes (Thése, Paris, 1885). Hurwitz’s proof, modified for the case of two 
variables, and amplified, is substantially adopted in my text. 
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field, also is a uniform analytic function without essential singularities. At 
the places 0, 2 within the domain, the converging series denoted by gm (2’) 
represents a derivative of f(z, 2’); it is therefore an element of a function of 
a single variable 2’, which is uniform, analytic, and devoid of essential 
singularities. But we know* that such a function of a single variable is a 
rational function of the variable; and therefore g,,(2’) is an element of a 
rational function of 2’. Denoting this rational function by A, (2’), or by An, 
for all values of m, we have 


Im (2’) + An (2’), 
for all values of 2 within the domain; and so, within that domain, we have 
I (4, #) =A + Ae + Age?+..., 
where now Aj, A,, Ay, ... are rational functions of 2 which have no pole 
anywhere within our domain. 

Moreover, when z= 0, 2’ =0, the quantity co) is not zero, so that A,(0) is 
different from zero. Hence we can choose a more restricted domain given 
by |2|<6 and |2’|< 68’, where 6 and & are not infinitesimal, such that the 
uniform analytic function f(z, 2’) is everywhere regular and different from 
zero, 

Assign an arbitrary value a’ to z’ in this restricted domain, that is, such 
that |a’|<8’. Then f(z, a) is a function of a single variable only; it is 
uniform; and it possesses no essential singularity; it is therefore a rational 
function of z, so that we may write 


: nv Bot Bye +... + Bp 
Oth Oe Oat Latta Hl-*, 

As a rational function of z has a limited number of zeros and of poles, the 
highest index of z in the numerator and the denominator combined is finite : 
that is, 7 is a finite integer. No generality is lost by assuming that B, and 
0, are not zero together. If B, were zero, then z= 0 and 2’ =a’ would be 
a zero of f(z, 2’), contrary to the supposition that f does not vanish within 
the selected domain; if O, were zero, then z=0 and 2’ =a’ would be a pole 
of f(z, 2’), contrary to the supposition that f is regular within the selected 
domain; hence neither 2, nor QO, is zero. 

Let K,, K,, Ky, ... respectively denote the values of the rational functions 
A), A;, As, «.. when 2’=a@. Thena converging series for f(z, a’) is given by 


f(z, aw’) = Ky + Kye + Kye? +..., 
so that, from the two expressions of f(z, a’), we have 
(Kot Kye + Kgz*+ ...)(Qo+ Chat... + C2") = Byt+ Biz t+... + Bye", 


holding for all values of z such that |z|<6. The two coefficients of each 
power of z on the two sides must be equal to one another; and therefore, as 


* See my Vheory of Functions, § 48. 
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2" (for x >1) does not occur on the right-hand side, we have the coefficient 
of 2" on the left-hand side equal to zero. Thus all the determinants 


Wig eRe. Me bd 2" | 
r r : 
Pee Ape A eae | 
r r r 
be Yom Y eRe sees 


must vanish. 


With each value of a’, some finite sinteger 7 must be associated because 
7 (2, @) is rational in 2. But with at least one value (and, it may be, with 
more than one value) of », an infinite number of values of a’ must be 
associated ; for otherwise, if with each value of r only a finite number of 
values of a’ could be associated and as every admissible integer r is finite, 
there would in all be only a finite number of values of a’, contrary to the 
fact that @’ is any place in the domain | 2’ |<&. 


Consequently, taking r to be the greatest integer for any value of a’ in 
the domain determined by &, all the preceding determinants vanish for the 
infinite number of values of a’ in the domain. Hence there must exist 
functions of 2° (to be denoted by Fi, ¥, ..., F,), such that the equations 


FA, “Wy FiuAs tee t FuAria a 0, 
FA, + Frp4As+ weet FyAyys =0, 


are satisfied for an infinite number of values of 2’; and not all the functions 
F can vanish. Moreover, the functions A are rational and, at most, only 
some of them (limited in number) are evanescent; hence, as the functions 
F,, F,, ..., F, can be taken as equal to determinants the constituents of which 
are rational functions of 2’, they are themselves rational functions of 2’. 


Consider the function 


(Fy +2F, +... +2°F,) f(z, 2) — (Go + 2G, + ... + 2°G,), 
where 


G= A, y G, =A, Fy + Ack, ...5 G.=AF, +A, Fiii+...+A,-Fy3 


a> 


and denote it by ® (¢, 2’), which may or may not vanish identically. The 
quantities @,...,@,, being lineo-linear in the rational functions A and F, are 
themselves rational functions of 2’; and not all the functions G can vanish. 
Then the function ® (z, 2’) is a regular function of z and 2 within the 
domain 2 <8 and 2 <&, because all its components are regular within 
that domain. The foregoing analysis shews that, for all values of z in the 
range |z|<68, there is an infinite number of values of 2’ in the range | 2’ |<& 
for which ® (2, 2’) vanishes. If ©® (2, 2’) does not vanish identically, we take 
any special value of ¢ within the range |z|<6, say z=c; then © (c, 2’) is 
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a regular function of 2 within the range | 2’ |< 8’, and (after what precedes) 
there is an infinite number of values of 2 within that range where ® (c, z’) 
vanishes. It is a known property* of regular functions of one variable 
that the number of its zeros, within any finite region where the function is 
regular, is necessarily finite; and the preceding result, based immediately 
upon the hypothesis that ® (z, 2’) does not vanish identically, does not 
accord with this requirement. Accordingly, the hypothesis must be 
abandoned; the function ® (z, 2) vanishes identically; and therefore, for 
all values of z and 2 within the selected domain, we have 


; (F\+2F,+...+2°F,) f(z, 7/)=G.+ 2G, +...+2°G,, 
where F,, F,, ..., F,, G, G, ..., G are rational functions of 2’. 


The function F, and the function G, do not vanish under our initial 
hypothesis that the ordinary place 0, 0 is not a zero of f(z, 2’); some (but 
not all) of the other functions F,, ..., F., Gy, ..., @, may vanish. 

We thus have dain 4 
;; ot 2G,+...+ 2G; 

fs Ye je) eel ee 
that is, f(z, 2’) is a rational function of z and 2’. The proposition is thus 
established. 


79. One provisional remark will be made at this stage. Let f(z, 2’) be 
a uniform function which, within some limited region of its existence, has no 
essential singularities and, within that region, does possess zeros, and poles, 
and unessential singularities. 


Suppose that a uniform function exists, which has those zeros, those poles, 
and those unessential singularities, all in precisely the same fashion as f(z, 2’), 
and which possesses no others within the region; and suppose that this 
function has no essential singularity anywhere in the whole field of variation 
of z and 2. The preceding proposition shews that it must be a rational 
function of z and z’. (Examples can easily be constructed, in the case of 
definite simple assignments of such places). We shall, for the moment, 
assume the possible existence of such a rational function; and then, denoting 
it by r (z, 2’), we write 

£2) 
g(4,2)= r(z,2)° 
Within the region, the function g(z, 2’) has no zeros and it has no 
singularities of any kind; hence, within the domain of every place in that 
region, the two functions g, and g,, where 


can be expressed as absolutely converging power-series, which are elements 


* See my Theory of Functions, § 37. 
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of two regular functions. Moreover, as regards these two power-series for g; 
and g., we obviously must have 


09: 092 


dz =z 
identically ; so we denote the common value of these two quantities by 
#P (, 2) 
azoz ” 
where P (z,z’) is itself a double series converging absolutely in the domain, 


and is an element of a single regular function, which may be denoted by 
Q(z, 7). Then 


1 dg _ 0P(z,z’) 1 dg _ OP (2, 2’) 
9.08. 4 08> Cong ae esas 


and therefore 
gaan, 

within the domain. Now g(z, 2) is regular throughout the region; and, for 
each domain within the region, P (z, 2’) is the element of the regular function 
Q(z, 2). Consequently, on the assumption that the rational function r (2, 2’) 
exists, we have 

r (2, 2’) e@2) 
as a representation of f(z, 2’) within the region, Q(z, 2’) denoting a function 
that is regular within the region. 

The definite existence of the function, denoted by 7 (z, 2’), has not been 
established in general. The assumption that has been made raises the 
question as to whether rational functions exist, defined by the possession 
solely of assigned zeros, assigned poles, and assigned unessential singularities. 
Also, that question raises the further question as to what are the limitations 
(if any) upon the arbitrary assignment of-zeros, poles, and unessential singu- 
larities, in order that it may lead to the existence of a rational function. 


These questions initiate a subject of separate enquiry which will not be 
pursued here. 


Functions having essential singularities only in the infinite part 
of the field. 
80. The other of the theorems already mentioned relates to the expression 
of a uniform analytic function, of which all the essential singularities arise 
for infinite values of one or other or both of the variables. It was adumbrated 


by Weierstrass*; the following proof is based upon a memoir by Cousin}. — 
We have to establish the theorem :— 


A uniform analytic function of two variables, all the essential singu- 


larities of which arise for infinite values of either of the variables or of 


* Ges. Werke, t. ii, p. 163. 
+ Acta Math., t. xix (1895), pp. 1—62; it applies to n variables. 
It may be added that a proof is given by Poincaré, Acta Math., t. ii (1883), pp. 97—113; 
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both of the variables, can be expressed as the quotient of two functions 
which are everywhere regular for finite values of the variables. 


For this purpose, Cousin uses the Cauchy method of contour integrals. 


81. Consider an integral, the variable of integration Z’ being taken in 
the plane of 2’, as given by 


Fig. 2. 


eke J fi adZ’ 

ieee IY eat a 

- where the integration extends along an are AB from 4 as the lower limit to 
B as the upper limit. When we take a closed contour of which AB is a 
portion, AB is the positive direction of description in figure 1 and is the 
negative direction of description in figure 2. 


Now in figure 1, we have 


, 1 adZ' 
aor + Dari amp Z'— 2° 


for all points 2 within the contour AH BMA, and 


ites dZ' 
Ae ag amp Z' — 2’ 
for all points 2 without the same contour. For all points within the contour, 
and for all points without the contour, @(2’) is a regular function of 2’. 
Consequently the line A#B is a section* for the function; the continuation 
@(D), taken from the inside point C to the outside point D across the section 
AB when the latter is described positively for the area, is — 1+ @(C). 


In the same way for figure 2, the continuation @ (D), taken from the inside 
point C to the outside point D across the section AB when the latter is 
described negatively for the area, is 1 + @(C). 


it is based upon the properties of potential functions. The following memoirs may also be 
consulted :— 
Poinearé, Acta Math,, t, xxii (1899), pp. 89—178; ib., t. xxvi (1902), pp. 43—98. 
Baker, Camb. Phil. Trans., vol. xviii (1899), p. 431; Proc. Lond. Math. Soc., 2nd Ser., vol. i 
(1903), pp. 14—36. 
Hartogs, Jahresb. d. deutschen Mathematikervereinigung, t. xvi (1907), pp. 223—240 ; and the 
memoir by Dautheville already (p. 126) quoted. 
* See my Theory of Functions, § 103; the notion is due to Hermite, who called such a line a 
coupure, 
9—2 


—— 


a 
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The general value, of course, is 
0(¢/)=sr log, 
where a’ and b’ are the variables of A and B, Clearly the quantity 
ee — log (b’ — #’) 
is regular in the immediate Jove of B, and the quantity 
O(e) +5 77 log (a —2') 
is regular in the immediate vicinity of A. 


Next, let g (z, 2) denote a function of z and z’, which is regular for ranges 
of z and z’ that have finite values; and consider an integral 


taken precisely as for. the preceding integral @(z’). Then x (z, z’) is a regular 
function of z and 2’, except when 2’ lies upon the line AHB; and AFB isa 
section for the function yx (z, 2’). Now let 

G(z, 2’, Z') = 9, 2) -9 2), 


Z' gi ’ 


as g(z, 2’) is a regular function of z and 2’, it is easy to see* that G(z, 2, Z’) 
is a regular function of z, 2’, Z’. Hence 


dZ’ 


xv (@e)= sal, G (2, 2, Zaz! + gee a 


Lg Sh hs NA 


where H(z, 2’) is a regular function of z and 2’ for all the values of ¢ and 2’ 
included, and @ (z’) is the preceding integral already considered. Consequently 
x (2, 2’) 1s a regular function of z and 2’ for all points 2’ that do not lie upon 
the section A/B; and the change in the analytical continuation of x (z, 2’) 


* If we take 
9 (2, 2’) =o (2) +4’ (2) +2299 (2) +...5 
then 
G (z, 2, Z’)=gy (2) +(Z' +2’) ga(2)+..., 
so that 


| @(z, 2’, 2) | < | ga (2) | +27” | go (2) | +8r | gg(z) | + .., 
for values of z’ and Z’ such that 
| eh, wal eral seat eee 
With the properties of a regular function such as g(z, 2’), which have been established earlier, 
the series on the right-hand side converges absolutely; hence G (z, 2’, Z’) is regular. 
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across the section AHB is —g (z, z’) or +g (z, 2) according as AB, when 
erossed, is being described negatively or positively. . Moreover, the function 


x (2, 2) — 59 (2, @) log (0 — 2’) 


is regular in the immediate vicinity of b’, and the function 


/ 1 / , / 
xX 2) +59 ( #) log (a — 2’) 


is regular in the immediate vicinity of a’. 

Next, take in order a finite number of lines 4,B, A,B, ... in the plane of 
2, such that they have a common extremity B, 
do not meet except at B, and all lie within A; Ag 
the z, 2’ domain considered. Associated with 
each of the lines A,B, we take a regular 
function g,(z, 2’), occurring precisely as g (z, 2’) 
- oecurred in the preceding discussion of the 
function x (z, 2’) over its section; and write 


ee ; 
nn Cth sof, Ie oe ag, 


the integral being taken from A, to B. The poe of x (z, 2’) is known 
from the earlier investigation. 


Let a new function ® (z, 2’) be defined by the equation 
D (sg, 2')= 2 xe (2, 2). 
r=1 


For all places not lying upon any one of the lines, the function ®(z, z’) is 
regular. In the immediate vicinity of the place B common to all the lines, 
the function 


P (z, 2) — 5 log (8 — #)} RAC Zz) 


is regular; hence, if ®(z, 2’) is regular in aes pamenints vicinity of B, it is 
necessary and sufficient that 

= Gr (2, 2’) 

f= 


should vanish at B. Moreover, if 
‘ = Or (2, 2’) = Lkari 
r=1 


at B, where & is a constant, then 
® (2, 2’) —k log (’ — z’) 
is regular at B. 


82. We are to deal with a uniform analytic function f(z, 2’), which has 
no essential singularity in the finite part of the z, 2’ field. In this field, take 
any finite domain. Within the selected domain, / (z, 2’) deviates from regu- 
larity at or in the immediate vicinity of poles, and at or in the immediate 
vicinity of unessential singularities. At a pole and in its vicinity, there is 
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one definite type of representation of f(z, 2’) which is valid for some region 
round the pole. At an unessential singularity and in its vicinity, there is 
another definite type of representation of f(z, 2’) which likewise is valid for 
some region round the unessential singularity. At an ordinary place and 
within some limited region of the place, f(z, 2’) is regular; within that region, 
there is another definite type of representation of f(z, 2’) which likewise is 
valid for the limited region. 

When any two of these respective regions have any area in common, the 
respective representations of our uniform function f (z, 7) are equivalent to 
one another over that area. Moreover, we have selected a finite domain in the 
z, @ field; so that the total number of these regions in this domain is finite. 

Now let the whole selected domain in the gz, 2 field be divided up in 
different fashion. Let the whole region in one of the two planes (say the 
z-plane) belonging to this domain in the field be divided into n regions, 
where n is finite. Each of these regions is to be bounded by a simple 
contour. With each of these nm regions in the 2’-plane, we combine the 
whole of the z-plane that belongs to the selected domain; so that we now 
have n domains within the single selected finite domain in the z, 2’ field. At 
every place in each of these n domains, our function / (z, 2’) is defined. Let 
A(z 2’) denote the whole representation of f(z, 2’) in one domain, f, (z, 7) the 
whole representation in another domain; and so on for the n domains, up to 
Jn (4, 2'). With each region in the #-plane, we associate the function f,, (z, 2’) 
giving the representation of f(z, 2’) for the domain which includes that 
particular z’-region. 

It may happen that two such regions have a common area, so that the 
respective functions belonging to the regions coexist over that area; we 
shall assume that, if deviations from regularity occur within the area, such 
deviations are the same for the two functions, say /;, (z, 2’) and f;(z, 2’), 


so that 
Si (z, 2’) i (z, ce) 
is a regular function over the area. 

When two functions are such that their difference over an area is a regular 
function, they are said* to be equivalent over the area; if their difference is a 
regular function in the immediate vicinity of a point, they are said to be 
equivalent at the point. 

Denote the regions in the z’-plane by R,, Ay, ..., Ry» with which f(z, 2’), 
Sr(% #), «++ In (4,2) are respectively associated. Further, denote by l, the 
boundary between A, and R,, such that when 2 passes from R, to R, by 
crossing J,,, this line is described positively for the boundary of #,; and 
similarly for the boundary between any two contiguous regions. Lastly, 
there will be points where three or more boundary lines are concurrent. 


* Cousin, l. c., p. 10. 
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When a point P’ lies within the region R,, then f,(z, 2’) is the function 
associated with P’. When a point Q’ lies on the boundary between two 
* contiguous regions R; and R;, then either of the functions fe (2, 2’) and fi (z, 2’) 
is the function associated with Q’. When a point S’ is a point of concurrence 
of more than two boundary lines of regions R;, Ry, Ri, ..., then any one of 
the functions f; (z, 2), fi, (2, 2’), fi(z, 2), ..., is the function associated with S’. 


83. Consider the integral 
Len = 1 Sm (2, i} me 2") az 


Qart 


taken along the line Um between two cae regions, the order of the 
suffixes in J;,, being the same as their order in Jn. Manifestly 

Liem = mk+ 
As the function f,, (z, Z’) — f;, (z, Z') is regular everywhere along the path of 
integration, the integral is of the same character as the integral previously 
denoted by y,(z, 2’); the line Jj» is a section for the function Lin. 

Now take all these integrals J; which arise for contiguous regions, and 
write 

© (2, 2) => Lisa; 
where the summation is for all pairs of suffixes that correspond to contiguous 
regions. The function ®(z, 2’) has each line lj, as a section; at every 
place that does not le upon a section, ® (2, 2’) is regular. 

Next, we take a set of functions ¢, (z, 2’), $2 (Z, 2’), ..., bn (2, 2’), associated 
with the respective regions R,, R,, ..., Ry; and we define ¢, (z, 2’) as the 
value of ® (z, 2’) within the region R,. A point P’ in the z’-plane may lie 
within a region; it may lie upon the boundary of two contiguous regions ; 
and it may be a point of concurrence of several such boundaries. 

When the point P’ lies within the region R,, the function ¢, (z, 2’) as 
defined is regular, because the sections of ® (z, 2’) are only the boundaries of 
regions. 

When the point P’ lies on a boundary of the region R,, say on the line 
Inq 80 that Ry is the contiguous region, and when P’ does not lie at either 
extremity of J,,, the analytical continuation of ¢, (z, 2’) through the point 
P’ remains regular. For, writing 

Ipaq (2, 2’) =fq (2, 2’) Ala (2, 2’), 

so that 9pq (2, 2’) 1s regular for all the values of z and z’ considered, the earlier 
investigation shews that, in crossing the section lpg, the change in the 
analytical continuation of [pg is — Jpq (2, 2’) When lpg, as it 1s crossed, is being 
described positively. For this position of P’, every element in the sum of the 
functions Jjm is regular except J,,; and therefore the change in the analytical 
continuation of @(z, 2’) is — Jpq(Z, 2’). But the new function ¢, (2, 2’) is the 
value of ® (z, 2’) in the region R,; hence 


pq (z, ce) = bp (2, 2’) — Inq (z, 2), 
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and therefore 
pq (2, 2) + fa (z 2) = dy (2, 2) +Sp (, 2), 


where Rk, and #, are contiguous regions. 


When the point P’ is a point of concurrence of several boundaries, the 
regions may be taken as in the figure. Our 
function @(z, 2) can be rearranged in its sum- 
mation. We group together all the integrals Tin 
which have no section passing through P’; and 
we call this group ®,(z, 2). We group together 
all the remaining integrals, the section of each of 
which passes through P’; and we call this group 
®,(z, 7). Thus 


®D (z, 7) =, (z, 2) + B,(z, 7). 
The sum ®, (z, 7) is regular at P’, because every element J in the sum 
is regular. 
As regards the sum ©®,(z, 2), our earlier investigation shews that the 
function 
: / i / , J 
®, (z, 7) — 5 log (P ac) 9 (z, 2’) 
is regular at P’. But the functions g (z, 2’), for the various elements J in 
®,(z, 2) taken as in the figure, are 


Se (4% 7) —fa(% 2) 
Si (z, z’) —fe (z, 2’), 
Ss (2, 2) — fy (@ 2); 
f. (4, 2) —fs (2, 7), 
Sa(Z, 7)—fe (2, #), 
that is, the quantity Sg (z, 2’) is identically zero. Hence the sum ®, (z, 2’) is 
regular at P’. 
Consequently, the function ® (z, 2) is regular at P’, in this third case; 


and therefore all the functions $(z, 2’), equivalent to one another at P’, are 
regular at that point. 


We thus have a set of functions $(z, 2’). Each of them is regular within 
its own region. Each of them is regular at any point of concurrence of the 
boundaries of several regions. The change in the analytical continuation, 
from the function ¢, (2, 2’) belonging to a region Ry, to the function ¢, (z, 2’) 
belonging to a contiguous region H,, is known; we have 


ba (4 2) — bp (2, 2) = fn (2 7) — fa 2). 


The last relation gives 


bp (2, 2) + fo % 2) = baz 2) + fae 2) 


84) REGIONS 137 


as a relation holding between two contiguous regions R, and R,. Let R, be 
a region contiguous to R, and distinct from R,; then 


ba (2, 2) + fq (2, 2) = br (2%, 2) + fr (% 2). 


And so on, for each region in succession, until the whole domain considered 


is covered. 
Accordingly, we define a new function F(z, 2’), by the relation 


F(z, 2)=$(2 2) + fle 2) 
for every region R,. But all these different expressions for F(z, 2’) are the 
same, because the relation 


gr (2, 2) +fr(z, 2) = hm (4, 2’) + fm (2, 2) 
holds for any two contiguous regions within the domain. This final function 
F(z, 2’), at every place within the domain, is equivalent to the assigned 
function fp (z, 2’) belonging to the region which, within that domain, in- 
cludes the place ; and the expression for this function F (z, 2’) is 


F(z, 2’) =falz, 2) + $m (2 2) 
where $, (2,2) is regular in the domain of the place. The expression for 
F(z, 2’) is valid over the domain considered; and the argument establishes 
the existence of the function F(z, 2’), possessing the property that it is 
equivalent to each of the functions f, ..., f, in their respective domains. 


84. The result can be extended. We can substitute a single function 
F(z, 2') for the aggregate of functions f, (z, 2’) within the aggregate of 
regions ,,...,R,. When this aggregate of regions is denoted by S, 
we infer that a function F(z, 2’) exists which, within this aggregate 
region S, possesses all the characteristics of the functions f, (z, 2’); it is 
subject to an additive function ¢(z, 2’) which is regular throughout the 
region S. 


Now take a number of these corporate regions S. It is not difficult to see 
that all the conditions for the individual functions /,, (z, 2’) can be transferred, 
in each such region S, to the function F'(z, 2’) for these regions. The functions 
F(z, 2’) for the different regions S are then taken as the elements for the 
composition of a new function which may be denoted by Jf (z, 2’); and this 
new function 4f (z, 2’) is equivalent, over the whole aggregate of these cor- 
porate regions, to the functions f, (2, 2’) which exist in any part of it. Thus 
we infer the existence of a function 4f (z, 2’) which is such that, in the vicinity 
of any place in the finite part of the field of variation where a uniform analytic 
function /,, (¢, 2’) is not regular, the quantity 


F (2, 2) — fm #) 


is a regular function of the variables. But it must be remembered that only 


v 
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a finite part of the field is considered and that the whole number of 
functions fi, (4, 2’) is finite. 


85. In the establishment of the preceding result, which is of the nature 
of a summation theorem, all the functions f,(z, 2’) were assumed to be 
uniform and analytic. There is a corresponding result, which is of greater 
importance for our investigation ; it is of the nature of a product theorem, 
and the associated funetions are logarithms of regular functions. 


The 2’-plane is divided into regions R,, ..., , as before; with each region 
Ry we associate a regular function uy (2, 2’), and we take 
Fu, #) = log uy (4, 2’), 
so that the value of fy (2, 2’) is subject to additive integer multiples of 2zt, 


and otherwise is a regular function of z and 2’ except at places which are 
zoro-places Of uy, (4, 2’). 


Aw regards the functions uw (Zz, 2’), ».., Un (4, 2’), we assume that, over any 
area common to two contiguous regions A, and R,, or, if no area is common, 
along the part of their boundary which is common to them, the function 


uy (2, 2’) 
lel 
Um (4, 2) 
in regular and different from zero, Consequently the function 


Su (4 2) —fm (4 #) 


in regular for the same range of the variables, subject to a possible additive 
integer multiple of Qra. 


We now proceed as before. We again form the integrals 


| , fA oA 2 ae, 


Lan = Der 
taken along the line Jy, which is the boundary common to two contiguous 
regions; the order of the suffixes in Zp, is the same as their order in Um, and 
clearly 
Lem = Link: 

The function fy, (4, 2) =f, (2, Z) 18 regular along the line djm, and there is 
nothing to cause a change in the additive multiple of 277 when once this 
multiple has been assigned; thus the integral is of the same character as 


the integral previously denoted by x (2, 2’), and the line dy, is a section for 
the integral Zp. 


Again, as before, we take 
, , ‘“ 
b (2, 4 )= aLims 


Where the summation is for all pairs of suffixes that correspond to contiguous 
regions, ‘The function @ (2, 2’) has each line (yj, as a section, 
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At any point P’ lying within a region, the function ® (z, 2’) is regular. 


At any point P’, which lies on a boundary of the region R, (say on the 
hne t,, so that R, is the contiguous region) and does not lie at either 
extremity of J,., the analytical continuation of ® (z, 2’) from R, to R, through 
2 is regular, the function in R, being 


O(z, 7) -{fhy (a Y-fA& 2), 
where the additive multiple of 277 is the same as in the integral Jo. 


When the point P’ is at 0’, a point of concurrence of several boundaries 
which may be taken as before, it is again necessary to rearrange the sum- 
mation of ®(z, 2’). We group together all the integrals having no section 
passing through 0’, and call the sum of this group ®,(z, 2’). We then group 
together all the remaining integrals, the section of each of which passes 
through 6’; and we call the sum of this group ®, (z, 2’). Thus 


® (z, 2’) =D, (z, 2’) + D(z, 2’). 


Each element J in the first sum ®, (z, 2’) is regular at 6’; and therefore 
®, (z, 2’) itself is regular at 0’. 


As regards ®, (z, 2’), our earlier investigation shews that the function 
i | a; ! 
®, (2, 27) — 5 {log 6 — 2')} &g (2, 2’) 


is regular at 6’, the summation being over all the lines / which meet at D’. 
Now these functions g (z, 2’), for the various elements 11 in ®, (z, 2’) taken as 
in the former figure (§ 83), are 


fa (2, 2) —fa (2, 2), 
Ky (@ 2) —Sa (4 2) 
fs (2, 2) —F, (2, 2’), 
Se (% 2) — Ss (@ 2); 
Ja (2, 2) — fe (4 #); 


respectively, subject—for each of the functions g (z, 2')—to an additive integer 
multiple of 2m. Accordingly, the quantity ~g (z, 2’) is some integer multiple 
of 2ri; let it be denoted by &.27%. It follows that the function 


®, (2, 2’) — k log (b’ — z’) 
is regular at the place 0’. 
‘We have seen that ®, (z, 2’) is regular at 0’; hence 
® (z, 2')— klog (b’ — 2’) 
is regular at the place 0’. 


‘if 
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At any point of concurrence of boundaries 6”, other than 6’, the function 
log (b’— z) is regular, subject to an added multiple of 277. Consequently, 
the function 

® (z, 2’) —& {klog (’ — z’)}, 
where the summation is taken over all the points of concurrence of the 
boundaries of regions, is regular for all places z’ in the range considered ; its 
expression being always subject to an additive integer multiple of 27. Let 
this function be denoted by yw (z, 2’); then 
vr (z, 7) =P (z, 2) —& {k log (b’ ~— z’)}. 

Subject to the added multiple of 27, the function y (z, 2’) is regular for the 
z'-region considered : and its sections are the lines ly,. 


Having constructed this function 1 (z, 2’), we now take functions Wy, (z, 2), 
W.(4, 7), -.-, Walz, 2), associating them with the regions R,, Ay, ..., Ra 
respectively, and defining them by the condition that the relation 


Ym (2, 2) = (2, 2) 
is satisfied within and on the boundary of R,,, for all the values of m. When 
we pass across the boundary of R,, into a contiguous region R,, we change 
to another function Wy, (z, 2’). But, as we have seen, the analytical change 
in y (z, 2’) in passing over a line Imp is 

— {fr 2“) —Sfm (2 2)}, 
and so the analytical continuation of yr, (z, 2’) is 
Vn (2, 2) -_ ifs (z, z’) = fm (z, 2’). 


As this is the function Wy (z, 2’), we have 


Von (% 2) = bm (4, 7) — [fo % 2) — Sim (2 2}; 
there always being an additive multiple of 277 on the right-hand side. 
Hence, subject to this additive multiple, we have 
Vm (z, Zz’) +f (2, z’) — Wp (2, z) +fp (z, 2); 
for contiguous regions R,, and Ry. 


Now pass from &, to another contiguous region Ry, distinct from Ry»; 
then, again subject to an additive multiple of 277, we have 


Wp (2, 2) + fy (4 “) = Wa (Z, 2) + fa 7). 
And so on, for the full succession of contiguous regions, until the whole 
z'-range is covered. It follows then that, for any two regions R,, and Ry, we 
have the relation 


Vm (2, 2) + fm (2, 7) = Wu (2, 2’) + fu (2, 2’), 


always subject to an additive integer multiple of 277; and each of the 
functions Wy is regular within its own region. 
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Accordingly, we define a new function @ (z, 2’) by the equation 
G (2, 2) = Wm (4 2) + Sn ( 7); 
for every region R,,. But all these different expressions for G (z, 2’) are the 
same as one another (save for an additive multiple of 27 which may change 
from region to region), because the relation 
Vn (2, 2°) + fin (2, 2’) = Vu (2, 2’) +fu (2, 2’) 
is satisfied for all values of m and wu. 
Finally, take a new function U (z, 2’) defined by the equation 
U (z, 2’) = eF2,2), 
The added integer multiple of 27 in G(z, 2’) does not affect the character of 
U (zg, 2’); and so we have 
U (2, 2') = e@ 2) 
= em (2,2) +h (22) 
= Clin (z, 2’) evmiz, 2’) 
within the region R,,. We thus have established the result :— 
A function U (2, 2’) exists, regular throughout the whole finite region con- 
sidered, such that the quotient 
U@, 2’) 
Um (2, 2’) 
ts a regular function of 2 and 2’ within the region R,, and is different from 
ZrO, Um (2, 2’) being itself a regular function within that region ; and this holds 
for all the n values of m. 


Again it must be remembered that x, the number of functions wu, (z, 2), 
is finite. 


The general theorem. 


86. After these two propositions, which are general in character and the 
second of which is immediately useful for our purpose, we can proceed to the 
establishment of the general theorem, stated by Weierstrass, as to the 
expression of a function of two variables, of which the essential singularities 
occur only for infinite values of either or of both the variables. 

It has been proved that, in the immediate vicinity of a zero-place of a 
uniform analytic function f(z, 2’), we have 

S (2, 2) = Pe®, 
where P is a polynomial in z having, as coefficients of powers of z, regular 
functions of 2’, or conversely as between z and 2’, and where F is a regular 
function of ¢ and 2’ which vanishes when z= 0 and 2’ = 0. 


We have defined a pole of a uniform analytic function F'(z, 2’) as a place, 
where a function /(z, 2’) of the preceding form exists such that 


F (2, 2’) F(z, 2’) 
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is a regular function of z and 2’, which does not vanish at the supposed pole 
or in its immediate vicinity. 

We have defined an unessential singularity of a uniform analytic function 
F(z, 2’) as a place, where two functions f(z, 2’) and g (z, 2’) of the preceding 
type, and irreducible relatively to one another, are such that 


is a regular function of z and 2’ which does not vanish at the Une 
singularity. 

Suppose, then, that a function P(z, 2’) is defined as being uniform and 
analytic over the whole field of variation: that it has poles and unessential 
singularities of defined type within that field: that it has no essential singu- 
larities except within the infinite parts of the field of variation of the two 
complex variables: and that, except for the poles, and for the unessential 
ie ities, the function other wise is regular for finite values of the variables 
z and 2 


For the expression of the function, we need take account only of functions 
F(z 2) which give rise to poles, and of functions f(z, 2’) and g (z, 2’) which 
give rise to unessential singularities. We range these functions in two 
classes. In one class, we include all the denominator functions f(z, 2’); in 
the other class, we include all the numerator functions g (z, 2’). 


Let f(<, 2’) be typical of all the denominators, which occur in the 
expression of the function at a pole and its immediate vicinity; and let 
f(z, 2) be typical of all the denominators, which occur in the expression of 
the function at an unessential singularity. We proceed to construct a 
function G (z, 2’) such that, in the immediate vicinity of any of these places, 
the quotient 


G (2, 2’) xa G @, 2’) 


fa?) Fez 
is regular and different from zero; the function G(z, 2’) exists, and is regular, 
in the whole finite part of the field of variation. 

Again, let g (z, 2’) be typical of all the numerators which occur in the 
expression of the function at an unessential singularity. Analysis, precisely 
similar to that used for the establishment of the function @ (z, 2’), enables us 
to establish the existence of a function G (z, 2’) such that, in the immediate 
vicinity of any such place, the quotient 

G G (z, 2’) 

g (, 2’) 
is regular and different from zero; the function G (z, 2’) exists, and is regular, 
in the whole finite part of the field of variation. 
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Accordingly, we consider the possibility of the existence of the functions 
G (2, 2’), G(z, 2’). 


87. Imagine a succession of regions in the field of variation, each region 
enclosing the one before it in the succession. We shall take, as the boundaries 
of the regions, concentric circles in the respective planes; and these may be 
denoted by (@,, Cy’), (C:, Cy), ..., which may be unlimited in number, as we 
proceed to cover the whole field of variation. We also take the common 
centres of the circles at the respective origins. 


For the first region, there is only a limited number of functions f,, (z, 2’), 
each of which is regular at, and in the immediate vicinity of, its place of 
definition. Hence, by §85, there is a function, say U,, which is regular 
throughout the region and is such that the quotient 


_U, 
Fim (2, 2) 
is a regular function of z and 2’ within the region and is different from zero ; 
and this holds for each of the functions fp (2, 2’) defined within the region. 


For the second region, there are all the functions f, (z, 2’), which are 
defined for places-in the first region; and there are the additional functions, 
which lie in the belt between the two regions (including the boundary of the 


first region). Then, again by § 85, there is a function U, which is regular 
7 


throughout the second region and is such that, (i) the quotient U. is a 
1 


regular function throughout the region and is different from zero, and 
(ii) the quotient 

iG, 

Sn (2, 2’) : 
where /, (z, 2’) is any one of the newly included additional functions, is a 
regular function of ¢ and 2’ within the region and is different from zero; and 
this holds for each of these functions /;, (2, 2’). 


And so on, from each region to the region next in succession; we obtain 
a gradual succession of functions U,, Uy, ..., Uy, ..«, each regular in its 
Oya 
U, 
out the region (C,, C;’) and is different from zero, and (ii) that, for each of 
the functions /f, (2, 2’) defined for the region (C)4,, C’,4,) but not for the 
region (C,, C,’), the quotient 


region, and having the properties, (i) that is a regular function through- 


Uy41 
Js (2 2) 


is regular for the region (C},,, C’,4,) and is different from zero. 


i 
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88. Take a converging series of positive quantities 4, a, ..., &, .-.; 
associating them in order with the successive regions, so that a, is associated 
with the region (C,, C,’). Also, let 


a = pr; 
then the regular functions U,, U,, ... can be chosen so as to give 
| pr| < e%*, 
for each value of r. 
Suppose that U,,..., U, have been chosen so as to satisfy this relation 


forr=1,...,8—1. The function U,,;/U, is regular throughout the region 
(C,, Cy) and is different from zero there; and therefore 

log U,4,—log U, 
is (save as to an additive integer multiple of 277) a regular function of 
z and z’ throughout the region. This regular function, save as to the 
additive multiple of 277, can be expressed as a double power-series in z and 
7 converging absolutely within the region. Let this series be denoted by 


Mae ee: 
m=) n=0 
let M be the (finite) greatest value of its modulus within the region ; and let 
R and &’ be the radii of the circles C,, C;’. Choose values, uw, of m, and vg 
of n, sufficiently large to secure that 


M |z|\“*_ 


the third of the inequalities being satisfied when the first two are satisfied. 
Then, writing 
bea Y, 
P,= > > Cm,n gm Zi 
m=0 n=0 


so that P, is a polynomial in z and z’; and also 
va) D is 2) is 6] we wo 
Q.=( 2 h+ F Bz > ee 
mM=h1n=0 m=O0On=y, m=p,+1n=r,+1 
so that 
Qs |< 4s + $0, + 4a, < As 5 
we have 


log Dey — log U =P,+Q,, 
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a as to an additive integer multiple of 2wi. Consequently 

, ~— vi = es 

_ where now the multiple of 27? no longer atfects the functions concerned. Let 
U's = Vay es, 


> 


so that 


The function U’,,,, within the region (C,, C,’), possesses all the properties of 
~ Usya, because e>”* within that region is a regular function of ¢ and 2 which 
~ vanishes nowhere in the finite part of the field; thus U’,,,/ Us is everywhere 
regular i in that region and nowhere vanishes there, and the quotient 
if ? U' aes FY 

{ pes Awe) & (%, é i 

Sel each of the functions jf; (2, 2’) defined for the region between (Cy, C's) 
and (0,, C,), is everywhere regular for the region (C,4,, C’s4,) and vanishes 
~ nowhere i in the region, Accordingly, we substitute U’,,, for Us; we write 


a so that a 
| Pe|<e%} 
; = ae : 
U'sin 


\ Bf Us yap 
the condition | p, | < e* satisfied. 
‘ed mt - 89, For Soa region (C,, Cy’), we define a function Gy, (zg, 2’) by the form 


2 ¥ 


a. G, (s, 8’) = U,’ 11 pose 


oe 


‘Th e function UZ is regular rvs dita within the region, The product 


il 
oe Th 
is egular there ; for its modulus 
= I 

11 | pese| ” 


< ett, 


hich is isa finite quantity because of the convergence of the werias.of pébitive 
ties @, @,...3 and, within the region, no one of the quantities pai, 
vanishes, while each of them is regular there. Thus within the 


x) 
1, the function 
i ony De 


yW here regular, and nowhere zero, within the region (Oy, Cy’), for each 
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Next, take a function G4, (z, 2’), defined for the region (Cq4», O’q4p). 
We have 


Le 6) 
i f / / 
Gorp (z, z ) = U q+p i ‘ Patp+t: 


Also 
Gq (2, 2) = Ug I pote 


p C) 
/ 
=U, A Patt’ : - Pp+q+t 


= U’ U"o41 D'o+p 
a yp 

= Go4» (2, 2). 
Thus all the functions Gy are one and the same; let this function, the same 
for all the regions, be denoted by G (z, 2’). Then the function ( (z, 2’) exists ; 
it is regular everywhere over the field of variation considered, that is, for all 
finite values of the variables z and 2’; and it is such that at, and in the 
immediate vicinity of, any place where a typical function / (z, 2’) is defined, 
the quotient 


Il Pp+q+t 


Qrp—1 t=1 


G (2,2) 
St (4, #) 

is regular and different from zero. 

We thus have established the existence of the function denoted by 
G (2,2). 

In precisely the same way, we can establish the existence of the function 
denoted by @ (z, 2’). 

90. Now take the quotient a 

} (z, 2’) 
ACT A lool creer 
This function ®(z, 2’) has unessential singularities at all the places where @ 
and G vanish simultaneously, that is, at all the places where associated 
functions (z, 2’) and f(z, 2’) vanish simultaneously ; in other words, ® (z, 2’) 
possesses, in exact and precise form for each of them, all the unessential 
singularities possessed by the function P (z, 2’) of § 86. Again @(z, 2’) has 
poles at all the places where G (z, 2’) is zero while @(z, 2’) is different from 
zero, that is, at all the places, where the functions f(z, 2’) vanish while the 
functions g (z, 2’) do not vanish: in other words, © (z, 2’) possesses, in exact 
and precise form, all the poles possessed by the function P (z, 2’). Neither 
© (z, 2’) nor, by hypothesis, P (z, 2’) has any essential singularity for finite 
values of z and 2’; and at all places, other than isolated unessential singu- 
larities and other than the continuous aggregates of poles, both @(z, 2’) and 
P (z, #') are regular functions. Hence 
P (g, 2’) 


@ (z, 2’) 


4 
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is a function that is regular everywhere in the domain constituted by all 
finite values of z and 2’; denoting this regular function by R(z, 2’), we have 


P(z, 2)=@0 (2, 2’) R (ez, 2’) 
- G (2, 2’) R (z, 2’) 
is G (z, 2’) : 
Now @(z, 2’) is a function that is regular for all finite values of z and 2’ ; 


consequently the product G (z, 2’) R (z, 2’) is a function that is regular for all 
finite values of z and 2’. Denoting this product by H(z, 2’), we have 


H (z, 2’) 
G (z, 2’) 
as the final expression of our function; and, in this expression, the functions 


HI (z, 2’) and G (z, 2’) are regular for all finite values of z and 2’. We thus 
have the theorem :— 


P (2, 2’) = 


When a uniform analytic function of two variables possesses only un- 
essential singularities for finite values of the variables, it can be expressed 
as the quotient of two functions, each of which is regular for all finite values 
of the variables ; and the quotient is irreducible. 

The last statement in the theorem follows from the construction of the 
functions G(z, 2’) and @(z, 2). A quotient g (z, 2’)+/(z, 2’) is irreducible 
at an unessential singularity; there is no question of the reducibility of a 
function { f(z, 2’)}— in the vicinity of any pole; and & (z, 2’) is regular for all 
finite values of z and 2’. 

Note. In the particular case where the uniform analytic function has no 
essential singularity within the whole field of variation of z and 2’, both the 
functions H (z, 2’) and (@(z, 2’) are devoid of essential singularities within 
that whole field; that is, they must be polynomials in ¢ and 2’. We thus 
again have the earlier theorem already (§ 78) established. 


For further developments from the results now proved, reference should 
be made to Cousin’s memoir. 


Appell’s Haamples. 


91. Such is the general existence-theorem, obtained in the product- 
form. There is a corresponding theorem, in a sum-form. Simpler expressions 
may be obtainable in particular cases, when the functions fp (2, 2’) or ug (2, 2’) 
are known. 


As an example of the sum-theorem, for a particular class of functions, 
Appell* proceeds as follows, in a generalisation of Weierstrass’s proof of 
Mitiag-Leftler’s theorem on functions of a single variablet. The set of 


* Acta Math., t. ii (1883), pp. 71—80. 
+ For references, see my Z'heory of Functions, ch, vii 


“4 
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uniform analytic functions f,(z,2’), fr(z,2),... 18 supposed to have the 
property that for all integers , greater than some definite integer N, we 
can assign a magnitude ry, such that f,(z, 2) is holomorphic for all values. 
of z and @ given by |z|<7ra,|2|<rn, and such also that rp increases 
indefinitely with n. 


Let ; , - ts Bae eee converging series of positive quantities, and let ; 
e denote a postive quantity less than unity. Take first the sum of the 
functions f,(z, 2), fa(Z 2), «fw (4, 7); and write 


F, (4, #)= 3 im (Z, 2 ). 


Next, consider the functions f, (z, 2’) such that n> NV; as each of them i is 
regular for values of z and 2 such that 


5 
; 


|z|< en, |2 |< ery, NA 
we can express f,(z, 2’) in a form ¥- 
fn (4, 2)= BL Cy g™ 2? 2/2, 
p=0 q=0 
where the double series converges absolutely. As in § 88, we can 


positive integer w,, taking uw, to be the greater of the two integers p, se Vs 
there assigned, such that ia 


12 S ALN SMe ashes S | op a 2088] < ee, 


P=tn g=0 p=0q=Hn p=l+en g=1+e 


for all the values of z and 2’ considered. Hence, denoting by ¢n (2, o 
polynomial i 


1 bn -1 


me é; 
dy l2, ZR Be oe etek, 
p=0 a=0 


and constructing a function 


Py(z,2)= (fale) bn (2), 


we have, on the vight- -hand side, a series ine converges absolutely 
values of z and z considered. 


Now consider the sum ; 

F (2, 2') = Fy, (2,.2) +85 (4,2)s ; 

The function nea 
F (4, 2) —fin (4, 2) 


is regular at all the singularities of f,(z, 2’); and so the function F(2 
regular at all places in the field of variation which are not singu 
any of the functions f, (z, 2’), fa(z, 2’), ...; and F(z, z’), at places 


92] EXAMPLES 149 


92. Asa special instance of this sum-theorem, Appell adduces the case 


when 
] 


(z2+my + (2 +n)¥+u3}*’ 


Fmn (4, 2) = 


where s is a positive integer, a is a constant, and the different functions 
Smn (2, 2) arise by assigning to m and to n, independently of one another, all 
integer values from — 2» to +2. 
We have 
\(e+m) + (2 +n)? +a?|>|(z2+ my + (2 + n)?|—\a)*. 


Also 
(2+ my+(zZ +nyP=(2+i2 +m+in)(z—12' +m—in). 
But 
|z+%2’+m+in|>|m+in|—|z+i2'| 
> (m3 +n*)t—|z|—|2'|, 
and 
|2—ie’ +m—in|>(m? + n*)t —|z|—-| 2’ |. 
Hence, if 
|2| <4 {(m? +n’)! —|a|—o}, 
| 2’ |< 4 {(m? + n?)t -|a| - c}, 
we have 


\(c+my+(2+n)*|>{la| +c}; 
and therefore 
\(2+myP+(z +n) +a*?|>{\|a\+e}—-|a|? 

> 2c\a|+c*. 
Consequently, for all values of z and z within a range that increases in- 
definitely with m and n, as given by the foregoing limits, | finn (z, 2’)| remains 
smaller than an assigned quantity; and so for those values, finn (z, 2’) is a 
regular function. Thus the set of conditions for the function fi, (z, 2’) is 
satisfied, 
When the integer s is greater than unity, the series 
m=O nme 1 
enh ee att 
converges absolutely. We therefore take 
P : 3 Ss” in 
A" 2% ermyt tna 
The function F'(z, z’) has poles at all the places 
z=—m+iacos@, z’=—n+iasin O, 
for the continuous succession of values of @ and for all values of m and of n. 
Elsewhere, at all places in the field of variation, the function F'(z, 2) is 
regular. In this case, there is no need to take polynomials corresponding to 
the functions ¢, (z, 2’) in the general investigation. 


of 


‘il 
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When the integer s is equal to unity, the expression of the function is not 
so simple, because the series, of which the general term is 


a 
(2+ my + (2 +n? + a?’ 


does not converge absolutely. We then take all the values of m and n, which 
are finite in number and are such that 
(mn? + nyr< la|+c; 
selecting all the functions fin» (z, 2) given by these values of m and n, we 
denote their sum by F(z, 2’). 
Next, take the values of m and n which are such that 
(m? + n)? >|a|+c, 
and expand fm (z, 2’), for any such pair of values, in powers of z and 2’, valid 
in a range 
21 <4 (m2 + nyt —|a|—c}, |2'l<¥ {(m? + nyt —-|a|— oh. 
Thus 
Bae _2mz + 2nz! 
m+nv+a (m+n?+a7P 7" 


Finn (2, 2’) = 


For our purpose, it is sufficient to take the desired polynomial }ny, (z, 2) as 
equal merely to the constant term in the expansion; for the series 
1 hee 


F. =e = ‘ 
a ete at oe ea m+n? +a} 


for all such values of z and z’, and for the doubly infinite set of values of m 
and n, converges absolutely. Our required function is 


Ez, 2 = Lae eae ee): 
It has poles at all the places 
z=—m-+iacos@, 2=—n+iasin 6, 


for the continuous succession of values of @, and for all integer values of m 
and n. At all other places in the finite part of the field of variation, the 
function F (z, z’) is regular. 


93. As an example of the product-theorem, let u,(z, 2’), w(z, 2’), ... 
denote a set of regular functions of z and 2’, and let them have the property 
that for all integers n, greater than some definite integer V, we can assign a 
magnitude r, so that up (z, 2’) 1s distinct from zero for values of z and 2’ 
such that | z| <n, |2’ |<7r, and such also that 7, increases indefinitely with n. 
Then denoting by /,, &,,... a suecession of positive integers, we can form 
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a regular function @(z, 2’), vanishing for all the values of z and 2’ which 
make gm (z, 2’) vanish, and vanishing in such a way as to make the quotient 
G (2, 2’) 

(9m (2, 2°)|*m 
finite and different from zero for those values. 

This function G (z, 2’) is of the form 


G, (2, 2°) G, (2, 2 ), 


where 


N ; 
G, (z, 2) ss 1 1 Onn (z, 2’) }km., 
km=1 


Cy (2, Zz) = Il {On (2, 2’) }#n evn, 2) 
N+1 
while Ym (z, 2’) is an appropriate polynomial in z and 2’, 


Ex. 1. Shew that, when 
Imn (2, 7) =(2-+m)? + (2 +n)? + a*, 
where m and x vary independently of one another through all integer values from — 0 to 
+o, a function G (z, 2’), regular everywhere in the finite part of the field and vanishing 
like Ym» (2, 2’), can be constructed as follows. Take all the values of m and 2, finite in 
number, such that 
(m2 4-n2)4 |a|+e, 
where a is any assumed finite quantity ; and write 
G, (2, 2) = 1111 {(2-+m)?+ (¢ +n)? +-a}, 

where the product extends over all these values of m and n. 

Take all the values of m and , doubly infinite in number, such that 


(m?+n2)3 >|a|+e, 
and write 


Gy (2, z’) = fe m)*+ (2 +n)+ a Gian We (2, at 


m+n? +a2 
where the product extends over all these values of m and », and where 


Wnz+2nz7/+22+22 1 ce + 2nz' +22 ey 


m* + n* +a 


m+n? + a2 2 


Winn (2, Z)= 


The required function is given by 
G (2, Z)= Gy (2, 7) Ge (2, 2’). 


Ex. 2. Verify that, when a is zero, the function G(z, 7) can be expressed by means of 
two Weierstrass’s o-functions. 


vf 


CHAPTER VI 


INTEGRALS; IN PARTICULAR, DouBLE INTEGRALS 


As regards the matter of this chapter and, above all, as regards integrals of algebraic 
functions of two variables, the student should pay special attention to various sections in 
the treatise (which usually is quoted here in Picard’s name) Picard et Simart, Théorie des 
JSonctions algébriques de \deuw variables indépendantes, t. i (1897), t. ii (1906). Other 
references will be found in the course of this chapter. 


It may be noted initially, as regards algebraic functions of two variables, that I have 
chosen, for reasons already stated, to take two fundamental equations defining two — 
independent algebraic functions of the variables, instead of only a single equation 
defining only a single algebraic function. If three (or more) equations were taken 
defining the same number of algebraic functions, these would not be independent; so 
it is sufficient to take not more than two fundamental equations. 


94. In the theory of functions of a single variable, many important 
results are derived through the use of Cauchy’s theorems concerning contour 
integrals, It is natural to attempt some extension of theorems so as similarly 
to derive results in the theory of functions of more than one variable. | 
Here we shall restrict the discussion to the case of a couple of complex 
variables. 


The integral of a function of two independent complex variables may be 
single or may be double. ‘The definition of a single integral is the same as 
in the customary theory of functions of one complex variable; but there is 
the added complication through the occurrence of two complex variables. 
Hither there is variation, within the range of the integral, of only one of the 
two variables; or within that range, there is a definitely connected and 
simultaneous variation of both variables. 


Of double integrals, there are two classes. In one class, the integration 
with regard to each variable is entirely independent of the integration with 
regard to the other, so that the integrations can be performed in either order. 
In each integration, only one variable is subject to variation. Thus the 
double integral is effectively only a double operation of single integration. 
We have already had some examples, at an earlier stage, of this class of 
double integrals, 
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Ev. A function f(y, 6) is periodic in wy, with period 27, and is also periodic in @, 
with period 27; and it is regular for all values of the variables within the ranges of two 
complete respective periods. Let w (7, 7’, b, f’) denote the integral 

1 [2m [an (1— +2) (1-72) 
4? th 0 EM 8) {1 —2r cos (Ww —- hb) +77} {1 — 27’ cos (6 — fp’) +7} 
Prove that, when 7 <1 and 7 <1, the function u(r, 1’, d, ’) is regular; and that, in the 
limit when r=1 and 7’ =1, the function u(r, 7’, p, ’) is equal to £(¢, ¢’). 


Shew also that, if 


dy dé. 


C Ht 
) 


z=re", z=r'e 
u(r, 7’, p, ’) is expressible as the real part of a regular function of the complex variables 
z and 2’, 


Note. This result will be noted as the extension of the simplest result, relating to 
potential functions of two real variables, in Schwarz’s establishment of the existence of 
a function of one complex variable satisfying conditions of specified assigned types *. 


95. In the other class of double integrals, the variations are not inde- 
pendent of one another; if either can be performed alone, usually the range 
of variation for the variable is affected by the other variable; and, in the 
general case, such integration cannot be performed for one variable alone. 
It then becomes imperative to define precisely what is the meaning assigned 
to the double integral. For this purpose, we adopt the procedure initiated 
by Poincaré +, using space of four dimensions in real variables, 


As usual, we take 
e=at+y, 2a’ ty’, 
where «, y, a’, y’ are real and are the coordinates of a point in this space. 
Without further limitation, the variables a, y, a’, y’ are independent of one 
another. 


For our immediate purpose, we now make two successive suppositions 
consistent with one another, so as to secure a working definition of a double 
integral. 


First, let X, Y, Z be real variables of a point in ordinary space; and 
4; I Y 5 

suppose that «, y, #’, y’ are limited in variation so as to be expressible in 

forms 


v= F(X, Y, Z), y= F,(X, BP o = F(X, vie dele y = F(X, by 4), 


where (for purposes of description) we assume that F,, F,, /,, /, are rational 
functions of X, Y, Z not becoming infinite for real values of these variables. 
Eliminating X, Y, Z, we shall have an (algebraical) relation 


? (a, Y; aw, y’) = 0, 


”* See my Theory of Functions, chap. xvii. 

+ Acta Math., t. ix (1887), pp. 321—380, It is followed, in part, by Picard who has made 
great extensions, as also by other methods, of the properties of double integrals specially 
connected with algebraic functions; see his J'raité d’ Analyse, t. ii, ch, ix, and his T'héorie des 
fonctions algébriques de deux variables indépendantes, already quoted. 


f 


154 DEFINITION OF A [CH. VI 
which represents a three-dimensional continuum in the four-dimensional 
space, 


Next, let X, Y, Z describe a surface S, or a portion of a surface S, in 
ordinary space. Again for purposes of illustration, we shall assume S, or the 
selected portion of S, to be devoid of singularities. We can take X, Y, Z as 
functions of two real parameters p and q, valid over the surface S or the 
portion of it; and we then have equations 

®=H(P > Y=f(P 9 V=9s(p,q), Y =G(P, Q)- 
These relations imply two equations, say 


U (a, Y; ae, y) =0, V (@, x, Y, y) = 0, 


which represent a two-dimensional continuum (the surface S, as in § 5) in 
our four-dimensional space. We take a simple closed area in the plane of 
the variables p and gq, represented by an equation 


F(p, )=9; 


and for the double integral, we allow all values of p and q within this area, 
representing them by the relation * 


FE (p, q) <9. 


Then the limit of the range of integration on the surface S is given by 
I'(p, q)=9; and this limit will lead to three equations of the form 


y ren) 
Py (a; ye y=, * (¢= 1/2, 3); 
representing a curve in the four-dimensional space. 


Now let /(z, 2’) be the function, to be “doubly integrated” in the sense 
that a meaning has to be assigned to the double integral 


f- i i f (2, 2) dede’. 


As f(z, 2) is a complex function, we resolve it into its real and imaginary 
parts; let : 


f(a #)=P +10, 


where P and Q are real functions of a, y, a’, y’. Then 
ie il p +1Q) (de + idy) (da! + idy’) 


= | [P+ iQ) dede! +P -Q dedy + iP = Q) dyde’ — (P+ iQ) dydy). 


Manifestly J, whatever its value, can be a complex variable ; so writing 


L=t,+il,, 
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where J, and J, are real, we have 


Vf =/[iP (dada: a dydy’)| s ie (arty i dy da’ )}, 


4, =| |{Q(dede’ — dydy’)} +[ {P (dady’ + dyda’)}. 


And now, J, and /, are ordinary double integrals involving only real 
variables, for the real quantities #, y, #, y' are functions of only the real 
variables p and q; and these double integrals are taken over the limited area 
F (p, q) <9 in the plane of the variables p and gq. 


Both integrals are of the form 
| | (A deda’ + Bdedy'-++ Cdyda' +. Ddydy/), 


where all the quantities concerned are real—there being, of course, limitations 
upon the forms of A, B, CO, D and also of their differential relations to one 
another. When we give explicit expression to the functionality of a, y, a’, y’ 
in terms of p and q, the integral becomes 


[faz (24 2) + BIO z) - oy (X=) + DJ ue | apa: 


but for our purposes it will suffice to take the first form. 


Our object is the generalisation, if generalisation be possible, of the 
fundamental theorem of Cauchy which asserts that, under appropriate con- 


ditions as to f(z), the integral | F(z) dz taken round a closed contour is zero : 


it is a consequence that the integral | Ff (z2)dz, between two points in the 


plane, has a value independent (subject to restrictions) of the z-path between 
the points. Suppose that, instead of the former values of a, y, a’, y’, we take 
w=h (p,q), y=ha(pg), =k (PD Yo =hs (pO: 


so that we could have a new surface 7’ different from S; and suppose that, 
corresponding to the former equation F'(p, q)=0 limiting the range of 
integration, the range of integration in 7’ is still limited by F' (p, q) =90, and 
that the limiting curve connected with 7 in our four-dimensional space is 
given by the same equations 


P, (a, Y; an, y) a 0, (s = 1, 2, 3), 


as the limiting curve connected with S. We thus should have two different 
surfaces passing through the same contour. Then the generalisation would 


be that the integral | | F (2, 2) dzdz should remain invariable if only the 


surface over which the integration extends is made to pass through an 
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assigned fixed contour; or, if we take a completely closed surface through 
the fixed contour, the integral | i t (4, 2) dzdz’ taken over the whole of this 


surface vanishes. 


96. Accordingly, we consider an integral 
=3 A mndimdan, 


where the summation is taken over all pairs of values m, n= 1, 2, 3, 4, and 
where 2, 2, £3, 2, take the place of a, y, 2’, y’. We define the integral for 
the four-dimensional space as above; consequently, because 


[fra detm deen = | aest 
with the foregoing interpretation, we a 


| | A np Ain AD er i A jn AX_, AL, 


| [4am Ax, AL, oa — [Asm den dk,, } 


that is, taking account of the whole integral and of the combinations of m 
and n instead of the permutations, we shall assume that 


A st ae a Ar 


Xm) In 


) AX, AX, 


Zn, Lm 


and 


so that we need only consider the combination i A nn@t,,ax,. Moreover, this 


process of regarding the integral obviously involves the additional assumptions 
A mm = 0, 
for all the values of m. 


Next, we take* 2,, #., x3, #, as expressed in terms of the three variables 
X, Y, Z, so that our double integral becomes 


zz | 4. 7 Pp) aaa + J (Bre) daax + J (" y)axay} |, 


that is, 
7 / [(gavaz+nazax + tdXdY), 
where ; 


Lins Ly 
E= >>> Aged (© ie mo, 


* Here Picard’s proof (Traité d’Analyse, t. ii, p. 270) is followed exactly. 


wey » 
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The integral is to extend over the surface in the X, Y, Z ordinary 
space. 


We therefore require the condition necessary and sufficient that such an 
integral 
| |(gavaz +ndZdX + tdXdY), 


over any surface which passes through an assigned contour in the p, g plane, 
shall depend solely upon the contour. ‘This condition is well known: we 


must have* 
CGN, Omi iiogiy 
aX aie aV =f ag 0. 
Accordingly, the condition is 


0 ‘Lm, Ln 0 Lm Dy \ 
ay {EE Amn ("P 7 ) a {SE Ana ( a I 


In this expression, the coefficient of Ap», is 


aC) a hCEP) ay CePh 


which vanishes identically. 


As regards the derivatives of Amn, we have 


QA nn _ $ Ome 2 
OX j= Oa, OX’ 
and so for the others. Hence, in the foregoing expression, the coefficient of 
oe, and the coefficient of eee , both vanish identically; and the non- 
vanishing coefficients are the sum of terms of the form 
(Case + sae + Ge) EP): 


Consequently, the condition becomes 


4 4 A DA OAn 0A, XL, Lm, Ln 
Ss di ene 2m) “Nn i 
on jp ey ne oa, ) r(% Y, Z)}=° 


l=1 m=1 n=1 


* When the condition is satisfied, we can take 

ee ana ape Me Acar 
OF be oe ax* ox OY’ 
and then the integral can be expressed in the form 


| (ade + pay +d2), 


taken round the contour in the p, q plane. The result was first enunciated as a problem by 
Stokes, in the old examination for the Smith’s Prizes at Cambridge in the year 1854; see Stokes, 
Math. and Phys. Papers, vol. v, p. 320, with a note by Prof. Sir J. Larmor. 
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a condition which must be satisfied identically, whatever be the surface 
over which the integration extends, subject to its passing through the 
contour, 


The quantities a, m, @,, @» are functions of X, Y, Z such that, away 
from the contour, any three of them are independent of one another; and 
therefore the quantities 


J (“ Dm y 7) 
ka oe 
except along the contour and individually at special places in space, are 
different from zero. It follows that we must have 
Ann, 2Ant , Ii o 
0a Ohm Otn, 


, 


for all the combinations J,m, n= 1, 2, 3,4. Moreover, it is easy to see that 
this set of four conditions is sufficient, as well as necessary, to secure that the 
value of the integral 


Sy | [4 «Vaal 


depends only upon the contour. 


97. Now let us apply all the conditions to the integrals J, and J,. We 


have 
ae i | (Pdude’ — Qdady' — Qdyda! — Pdydy), 


and we take 
J / 
w, Y; a ’ y en) Vv, Vo, Ws, V4, 


respectively. We have 
A,,=0, A= P, Ay=—Q, A,,=—-Q, A,,=— P, Ay= 


Consider the conditions 


0A mn 0An 0A im ae 


0, 


Oa Om, On 


for the combinations 1, m,n = 1, 2,8, 4. They require the relation 


for l,m,n=1, 2,8; the relation 


OW) Gites, 
Sty tia 


for l,m, n= 2, 3, 4; the relation 
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for 1, m, n =38, 4, 1; and the relation 
a) 
_aP @_ 4 
0a oy 
for 1, m, n= 4, 1, 2. 


Similarly, we have 
I, = | ftQdeae’ + Pdady' + Pdyda' — Qdydy’'}, 
so that we can take 


Ay=0, Ay= Q, Ay = P, Ass =P, Ay= ee Q, Ay = 0, 
The general conditions require the relation 


OPQ 
gE Ei 
da dy 
for the combination J, m, n=1, 2, 3; the relation 
aP , 00 _ 4 
oy’ Oa’ a ee 
for the combination /, m, n = 2, 3, 4; the relation 
aP dQ 
aan On’ “: oy! — 0, 
for the combination J, m, n= 3, 4, 1; and the relation 
aP 0Q_ ‘ 
Oy) OR )iLe 


for the combination /, m, n = 4, 1, 2. 


Thus all the conditions are satisfied if only 
Oe ae OP) Ab OPs 00) oP. 0Q 
do Oy’ dy dw’ dm’ dy’ dy da’ 
But, by definition, we have 
P+iQ=f(z, 2’) =f(e+ ry, a + ry’), 
where P, Q, a, y, «’, y’ are real; and so these four relations are satisfied, 

It follows, then, that 7, and /, depend solely upon the contour; and 
therefore J, = J, +7%/,, also depends solely upon the contour. And we have, 
throughout, assumed that the quantities P and @,—that is, also the function 
JS (4, 2)—are free from singularities, Hence we have Poincaré’s extension of 
Cauchy’s theorem :— 


If, within the closed surface S, which is taken in the space of three 
dimensions X, Y, Z, and points on which are given by equations of the form 
X=f(pg Vaflpg, 4=fi( POs 

so that, along the surface, 
“= F,(X, ¥, Z) = 91 (p, q); Y = F(X, 'é, Z) = Ia(P, q)s 
w =X, Y, Z)=g(p gs Y= PAX, Y, Z)=g(p, Ds 
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there is no place X, Y, Z, where the function f(z, 2) ceases to be regular, 
the value of the integral | I F(z, 2) dzdz’ taken over the whole of the closed 
surface 4 vs zero. 

Again, for such a function and over such a space, the value of the integral 
I[f (z, 2’) dzdz’ taken over any portion*of any such surface S bounded by a 


contour, the surface and the contour lying within the domain, depends only 
upon the contour. 


Further, it follows that the value of the integral [| f fe, 2) dzdz’, taken 


over any such closed surface, remains unaltered during deformations of the 
surface provided they occur in the domain of .X, Y, Z, and cross no place 
giving rise to no singularity of f(z, 2’). 


98. Now consider the singularities, or other deviations from regularity, 
of a function f(z, 2’). We take the preceding surface S existing, as in § 95, 
in an ordinary space of three dimensions, the representation of the variables 
being 

om F(X, Y, 2), y= F, (4, Yy2)y @ =F, (xX, Y, 2), y =F (ae 
The singularities of f(z, 2’) may be given by a set of single equations, typified 
for each of them by 

O (z, 2) =0, 
or by sets of two independent equations, typified for each set by 
O(z,2/)=0, (2,2) =0 
The former will lead to two equations, say 
S, @\y, a9) =0; Sf, y, 2.97) =05 

so, in our X, Y, Z space, they will be given by equations 

0, (X, Y,27=0, O,(X, Y, Z)=0. 
These two equations represent a curve CO in that space; at every point on 
the curve there is a singularity of f (z, 2’). 

The latter will lead to four equations, which may be regarded as defining 
an isolated place or an aggregate of isolated places determined by the values 
of a, y, v’, y’. Such places may or may not exist in our X, Y, Z space. 

Take a closed surface S in the space, containing no place or places 
X, Y, Z, giving rise to an isolated singularity of f (z, 2’), to any curve OC, or 
to any part of such a curve. The integral | | J (2, 2) dzdz’ taken over S is zero. 


‘Take two closed surfaces S and S’ in the space X, Y, Z, such that 
S can be continuously deformed into 8’, without passing over any place 
giving rise to an isolated singularity of f(z, 2’), or over any curve C, or any 
part of such a curve C. The value of the integral taken over the surface 
Sis equal to its value taken over the surface S’, 
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Take two closed surfaces S and S’ in the space X, Y, Z, such that they 
enclose places giving rise to exactly the same isolated singularities of f(z, 2’), 
to exactly the same curves C and to exactly the same portions of curves C. 
The value of the integral taken over the surface S is equal to its value taken 
over the surface S’. 


Thus the value of the double integral | | Fé, #) dzdz’, taken over the 


closed surface S, is zero when the surface encloses no place X, Y, Z, where 
F (2, 2) ceases to be regular. When the surface does enclose places X, Y, Z, 
where / (z, 2’) ceases to be regular, the value of the integral depends upon 
these enclosed places; we cannot assert that its value is zero, 


99. The theorem can be enunciated in similar terms when a two-plane 
representation of z and z’ is adopted. Thus, very specially, within a circular 
ring in the z-plane and within a circular ring in the z’-plane, let a function 


_ f (2,2) be everywhere regular; then the value of [[re 2’) dzdz' is the same, 


whether the integral be taken positively round the outer circles in the two 
planes, or be taken positively round the inner circles in the two planes. But 
such a case is exceedingly special; and, as was indicated earlier in the lectures 
(§ 19), the frontier of a domain of variation for z and 2’ is of a more com- 
plicated character than in the result just enunciated. 


100. We proceed to consider some of the simplest cases when the subject 
of integration in a double integral | | f(z, 2) dzdz’ possesses either isolated 


singularities or any continuous aggregate of singularities within an assigned 
domain. In passing to these examples, it may be remarked that the whole 
subject of double integrals of uniform analytic functions, possessing singu- 
larities of the known types, offers a field of research, in which many of the 
results already obtained are of a tentatively exploratory character. 


In the examples that will be considered, we shall use the two-plane 
representation of z and z’, and we shall deal only with a finite part of the 
whole field of variation of z and z’; that is, for all the variations, | z| and | 2’ | 
will be kept finite. To these examples*, all of which involve only rational 
functions of z and 2’, we now proceed in order. 


ExampLe I. Let F(z, 2) denote a function that is regular everywhere 
within an assigned finite domain; let a, a’ denote any place within that 
_ domain. Then we consider the integral 

BE (2, # 
Ih “Ty IE 7 dzdz’, 
J(g—a)(2—-@) 
* In this connection, reference should be made to Picard, Fonctions algébriques de deux 


variables, t. i, ch. iii. 


F. ll 
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taken over the closed frontier given by the equations |z—-a|=R 
|2 —a'|=’, so that it encloses the place a, a’. 
The singularities of the subject of integration are given by 
(1) z=a, 2#=any enclosed value of 2’; 
(1) z=any enclosed value of z, 2 =a’. 
sy our general theorem, we can deform the closed frontier without changing 
the value of the double integral, provided the deformation causes no transition 


through any of these places. Accordingly, let the closed frontier be deformed 
until it encloses only the small domain, composed of the interior of the circles 


e—a=re%, 2—ad=r'e%, 
where 7 and 7” are small real positive constant quantities. Then 
lees Z) dzdz = - [[P + re", a + re) ddde’, 
the integration extending over a @-range from 0 to 27 and over a @’-range 
from 0 to 2a. Now F(z, 2’) is regular throughout the domain; hence 
IN each 2 Ces 3) 


2 ; roe aaa pity /N @(mO+ne)% 
m=) n= 


F(a+re%, a’ +1'e%) = 


But for positive integer values of m and n, such that either m or n is greater 
than zero, we have 


[femens aede’ =0; 
and 
[[aeaer = are 
Hence 
i F(a+tre®, a’ + re) ddd? = 4a? F(a, a‘); 


and therefore, with our hypothesis as to the regular character of F(z, 2’) 
within the domain, we have 


1 F'(2, 27) 
{2 {laa ued =F (a, a), 


taken over the A frontier of integration |z—a|=R,| 2 —a’'|= PR’. 
Corollary. With the preceding assumptions concerning the regular 
function F(z, 2’), we have 
{* 
paif[ES2 ae de’ =0, 


1 fff ; 
— [{ {|e 4) dzdz’ =0 
mI) 2 —a 
taken over the closed frontier of integration |z—a{|=R,|2—a'|=R 


Note. When the integrals are taken over a closed frontier of integration 
which does not enclose the place a, a’, all the three integrals have a zero value. 
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EXAMPLE II. As before, let F’(z, 2’) be regular everywhere within an 
assigned finite domain; and let a, a’ be any place within that domain. We 


consider the integral 
F(z, 2’) ; 
Ne = ayntt (2’ im qa jr dzdz ' 


taken over the same closed frontier in that domain, the frontier enclosing the 
place a, a’, and the quantities m and n denoting positive integers, zero included, 


We proceed exactly as in the preceding example. Because 
| | e(m+n) i+ (n+) 0% odd’ =0, 


for the range 0 to 27 for @-and for 0’, except only when m= and n= pv, we 


find 
2! [I f (2, 2) oer e. Loe. f(z; 2°) 
4eqr? (z = z=a,7=a' : 


yn (7 =a’ min!{ o2mdz’ 


- for all integer values of m and n that are not negative, 


ExampLeE III. Let a, 8, y, 6 denote four constants such that a5 — By is 
not zero; and consider the double integral 


il hi dzdz a 
(az + Bz’) (yz + 62’)’ 
taken over a frontier that encloses the place 0, 0. 


For a given value of 2’, the quantity az + @z’ vanishes if z=2,, and the 
quantity yz + 62’ vanishes if z = z,, where 


BY o, 
on oe eee 
The values of z, and z, are unequal except only when z’ = 0. 


First, let integration with regard to z be effected before integration with 
regard to z. ‘Take in the z-plane a small simple curve enclosing 2, and 
excluding 2, say a circle centre z, and of radius <|z,—%,|; and effect the 
integration round this circle in the z-plane while 2’ is supposed invariable. 


Then, as 
1 1 


(a2 + Be) (ye+ 82’) ay (@—A) (2-4) 
Pes 1 send 
een e eae a— By 
we have (when the indicated integration is effected) 


dz *) Qa 
(az + B2’) (y2+ 82’) (ad —By)2”’ 


? 


because 


11—2 
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taken round the z-circle. Now let the integration with respect to 2’ 
effected round a small circle, the circumference of which passes throug 
and the centre of which is at 2’ =0; then, as 


for this integration, we have 


dzdz’ yh a 
- || cea eriGeee = ad — By’ T 
Writing 
f=az+ Bz, C=yet+ 82’, 
J (EE) = SG 6) =a8 — By, 
we have 


- 7. [[ 45 eee rate: Ne | 
WTO a 


when integration is effected, first with regard to z round a small simple ecu rve 


origin 2’ =0, 
Similarly, we have 
ee i i dzdz 1 
AS) ia ty Seo oh 
when integration is oes first with Be to z round a small sample Z- 
regard to 2’ round a ot: z’-curve, passing through that value of 
enclosing the origin 2’ = 0. 


Similarly, we have 


1 [fdzdz’ 
oven “eer = 9 


when integration is effected first with regard to z round a z-curve 
both a root of € and a root of &’ for a given value of 2’, and then with. 
to 2’ round a z’-curve passing through that value of 2’ and enclosing | th » ¢ 
z’=0(. For we then have 


| LE pw [= ae 


z— ky 


so that 


\errmy cart (ad — Pry) 2” 
a) 


- ae l(S-4) 
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Next, let integration with regard to z’ be effected before integration with 
regard to z. Indicating this order in the same way as before, we consider 


[ | dz' dz 
JJ (az + B2’) (yz + d2’) 


and then, from the definition of the significance of a double integral, we have 


I =f ig dzdz' I ae II dz'dz oe 
(az + B82’) (yz + 62’) JJ (az + Bz’) (yz + 82’) 
ie il dz’ dz 
park shit Geoerte 
Take in the z’-plane a small simple 2’-curve enclosing a root 2; of € but not a 
root 2,’ of &', for a given value of z, where 


effect the integration with regard to 2’ round this curve; and then effect the 
integration with regard to z round a simple curve through the given value of 
z enclosing the z-origin; then 

1 [ dz’ dz _ 1 

artianter an LG, SY’ 


and so 


1 dzd7z gael 
ti ration + B2’)(ye+82) J(E, &’)’ 
in this case also. ! 
Similarly, when integration with regard to 2’ is effected first, round a 
small simple z’-curve enclosing a root of € but not a root of € for a given 
value of z, and then integration is effected with regard to z round a simple 
curve through the value of z enclosing the z2-origin, we find 


mall eae del, 
drt} J (a2 + Be) (yz +82’) JS (E, £)° 

Lastly, when integration with regard to 2’ is effected first, round a small 
simple z-curve enclosing both a root of § and a root of & for a given value of 
z, and afterwards integration is effected with regard to z round a simple 
curve, passing through the value of z and enclosing the z-origin, we find 
ny | dedz' i 
4 J} (az + Bz’) (yz +62’) 


Summing up, we can say that the value of the double integral 


shy re es 
~ Aart} J (az + Bo’) (ye + 82’) 


0. 


is independent of the order of integration ; that it is 7 ¢)’ where 
T(E, 6’) = a8 — Bry, 
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when integration is effected round a curve enclosing a root of €, where €=az+ Bz’, 
tet 1 1 
but not a root of ¢', where 6’ =yz + 82’; that it is — > , = -—s > ox, when 
TS eas TC, 5) FG 
integration is effected round a curve enclosing a root of ' but not a root of €; 
and that it is zero when integration is effected round a curve enclosing both a 


root of € and a root of &’. 


And, of course, the value is zero when the integration is effected round a 
region that does not enclose any zero of € or of &. 


ExampLe IV. The preceding result cannot be applied when the initial 
assumption, viz. that a6 — ry is different from zero, is not satisfied. In that 


case, we have to deal with 
[ dade 
i (az + Bz)” 
When the integral is taken round the place 0, 0, in either of the ways 
indicated in the construction of the last result, the value of the double 
integral is zero. 


Example V. From IIT and IV, we infer the following results relating to 


the double integral 
1 If — dzdz 
Ar?) J Nz? + 2ze’ + pz?” 


There are two cases, according as py” is not, or is, equal to Ap. 


(i) Suppose that ~?— dp isnot zero. When integration is effected in either 
plane, round a small simple curve enclosing the root of Xz+ {w+(u?—Ap)?} 2 =0 


but not the root of Xz + {u—(u2—Ap)?} z’=(), and then round a small simple 
curve enclosing the origin in the other plane, the value of the double integral is 


—$ (pu? — rp) #. 
When integration is effected in either plane, round a small simple curve 
enclosing the root of Az + {wu —(u2—rp)*} 2 =0 but not the root of 


ne + {uw + (wu? —Ap)*} 2 =0, and then round a small simple curve enclosing 
the origin in the other plane, the value of the double integral is 


4 (u#—rp) 3. 
And when integration is effected in either plane, round a small simple curve 
enclosing both roots of \z*+ 2uzz' + pz?=0, and then round a small simple 
curve enclosing the origin in the other plane, the value of the double integral 
is zero. 
(ii) Suppose that ~?—-2rAp=0. When the integral is taken round the 


place 0, 0 in any of the ways indicated for the preceding case, the value of the 
double integral is zero. 


Ji\ ie 
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EXAMPLE VI. Let 


P=s™(y+ye'+...), Q=ae'™(d, + d,e +...) 

where y, and 6, are different from zero and (for the immediate purpose) m and 
n are positive real quantities, not necessarily integers, We require the 
value of 

Leuls i (uw, v) teas 

an? }) wy 

where w=az+ P, v=B2+Q, when the integration is effected, first, with 
regard to z round a small simple closed ¢-curve enclosing a root of wu (but not 
a root of v) for a value of 2’, and, then, with regard to 2’ round a small simple 
closed curve, passing through that value of 2 and enclosing the ¢’-origin, 
We also assume that aQ— PP does not vanish identically, Now 


J = az’ (nd, +(n+1) 8,2’ + ...f — Bem [myo + (m+ 1) ye’ +... 


Thus, if m <n, the lowest power in J is — mByye’""; if m > n, the lowest 
; } Yo 


power is nad)2’"""; if m=n, =1 say, the value of J is 


Le’ (a3, — Bry) + (L-+ 1) 2° (a8, — Bry) + os 


For any small value of 2’, such that |2’| is less than the modulus of the 
smallest root of P or Q other than ¢ = 0, let 


az,+P=0, Ba+Q=0. 
Then the double integral 


indi {| ded ] 
softest a (#2) (¢— 24) 


am [| J le! 
4 !JaQ— BP” ' 


When m < n, the value of the right-hand side is ». 
When m >, the value of the right-hand side is m. 


When m=n, =/, the value of the right-hand side is / +h, where ad, — Byx 
is the first of the coefticients a8,— By, 45; — Ay, +.» which does not vanish, 

In each of the three alternatives, the value of the integral is the degree of 
the lowest power of 2’ in the eliminant of a+ P and Be+Q, when # is 
eliminated. Moreover, when m and n are integers, the value of the integral os 
then the multiplicity of 0, 0, as the sole isolated simultaneous zero of the uniform 
Junctions 

az+P, Be+Q, 

enclosed by the frontier of integration. 


Exampe VII. Next, let 
us 2+ 21 f, (+ ose + fn (2) 
vse + org, (2/) + et gn (2); 
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where the functions w and y are independent and have no common factor of 
their own form, and all the coefficients f{, ..., fm, 91, +++» Jn are functions 
of z’ which are regular in the vicinity of 2 =0 and vanish with 2. We 
require the value of the double integral 


2h, [Le aae, 
Ar? Uv 


taken (as have been the preceding integrals) round a frontier, which encloses 
the place 0, 0, and encloses no other simultaneous zero of wu and v. Let 


w= (Z— 2%) (2 —2q) «5... (Z—Zm), U=(2—G) (2—G) obo: (z — fn), 

where each of the quantities 2, ..., 2m, &, -.-, , 18 a regular function of 
positive powers of 2; where yw is a positive rational fraction; and where 
each of these quantities vanishes with 2’. The eliminant of w and v is 

m nN 

TY Tl (2p 5); 

r=1 s=1 
if, when z,—€, is arranged in ascending (fractional or integral) powers of 2’, 
the lowest power of z’ has an index p,,,, and if 


m n 
De Hr,s= M, 


r=1 s=1 
a™ $ (2), 
where }(0) is not zero. The magnitude M is an integer, manifestly finite : 


it is the measure of the multiplicity of 0, 0, as an isolated zero common to w 
and v. 


the eliminant of u and v is 


For the range of integration, first take a value 2 of modulus smaller than 
the root of @(2’) which has the smallest modulus. In the z-plane mark all 


the quantities 2,,...,2m,&, -.-; &%, Which are functions of this value of 2’; and 
draw a simple closed z-curve, enclosing all the places 2, ..., 2m and none of 
the places G, ..., Gr. We take the integral round this z-curve; when this 


first integration has been effected, we integrate with regard to 2 along a 


small simple closed z’-curve, through the place for the assigned value of 2 
and enclosing the z’-origin. 


We have 
J oF } be hee 
UW p21 gx (2 — 2,)(z 65) 
where 2, = za and ©, = eo ; hence 


-aa/[-@ 0) 05 oy ORS [tebe 
4? 4 


uv ee ae ee 
But the lowest power of z in z,— & is zr, Hence 
1 J(u, v) EN 
— os ! => ,= M 5 
Aur? i | uv ade el a ak ews 
that is, the value of the double integral, taken over the range indicated, is the 
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measure of the multiplicity of 0, 0, as an isolated simultaneous zero of the 
functions u and v, which are supposed to be independent and to be devoid of 
any common factor of their own form. 

Corollary. ‘Two or more of the quantities 2, ..., 2m may be equal, or they 
may be equal in groups; and, similarly, two or more of the quantities &, ..., 
may be equal, or they may be equal in groups; while, after the hypothesis 
as to the functions w and v, no one of the quantities € is equal to any of the 
quantities Z,,...,2m. The value of the double integral over the indicated range 
still is M. . 


Note 1. If the range of integration, enclosing 0, 0 and no other simul- 
taneous zero of w and v, is chosen so that the z-curve (for a value of 2’) 
encloses all the places &, ..., & and no one of the places z,, ..., 2m, and the 
z’-curve is drawn as before, the value of the double integral becomes — M. 


Note 2. We have 
| fe Sie dz’ = ns [fae dz' dz. 
oy =) uw 


When integration is effected first with regard to 2’, round a curve enclosing 
all the roots of w=0 and no root of v= 0 for an assigned value of z, and then 
round a z-curve through this value and enclosing the z-origin, we still have 


— ia /f? dzdz = M. 
Sar Uv 


In other words, the value of the double integral is independent of the order 
of integration. 

EXAMPLE VIII. Let a and 8 be non-variable quantities, of finite moduli; 
let c,c' be a level place for two regular functions, f and g, such that 

f(e,c)—a=90, g(e,c)—B=0; 

and let f(z, 2)—4, g(z, 2')—B, be independent, and have no common factor 
which vanishes atc, c’. Then the place c, c’ ts isolated; its multiplicity is the 
value of the double integral 


~ Fall Genre terse ee 


taken first round a ahs simple closed curve in the z-plane which, for an 
assigned small value of z’, encloses all the roots of f(z, 2)= a and none of the 
roots of g(z, 2’)= 8, and then round a small simple closed curve, through that 
value of 2’ and enclosing the z’-origin. 

The result follows from the last example by writing 

u=f(z, 2’) —4, v=g (Zz, Pywps 

the multiplicity of c,c’ as a level place for f and g is its multiplicity as a zero 
for vu and v*, 


* In connection with double integrals of the preceding types and taken over such ranges of 
integration, the reader should consult Picard’s treatise, t. i, ch. iii, quoted p. 161. 
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Algebraic functions in general. 


101. Hitherto, all the subjects of integration in the double integrals that 
have been considered, have been uniform functions. Bearing in mind the 
extraordinary importance of Riemann’s investigations connected with the 
simple integrals of algebraic functions, we should naturally seek the general- 
isation of that work for algebraic functions of two variables, 


Into that theory I do not propose to enter in detail. In one sense, it is 
enough for me to refer to the long series of valuable researches by Picard ”™. 
All that will be done here is to submit one or two simple propositions, when 
there is a single dependent variable, partly from the standpoint of the general 
theory of functions and without regard to the theory of the singularities of 
surfaces, partly also to state the corresponding propositions when we have 
to deal with the case when the fundamental algebraic equations provide 
two dependent variables and not one alone, the number of independent 
variables always being two. 


Suppose then that we have, in the first place, a single irreducible algebraic 

equation 
i (wu, 4, 2)=0, 

expressing was an algebraic function of z and 2’; and assume that the equation 
is of order m in w, 80 that wis m-valued. Any rational function in the field 
of variation is of the form R(w, 2, 2’), where Ris the quotient of two poly- 
nomials in all the variables w, z, 2’. To this rational function R (w, z, 2°) a 
canonical and recognisable form can be given; the proposition, stating its 
form, can be established in the same kind of way as for the corresponding 
proposition when there is only a single independent variable. 


Let the m roots of the fundamental equation /(w, 2, 2°) =0 be denoted 
by wW,, Wy, ..+, Wm. Then, for any positive integer 1, the quantity 


Wi" BR (w,, 2, 2°) + We" B (Wy, 2, 2) + ee Wy" RB (Wm, 2, 2) 


is a symmetric function of the roots w,, ..., W», of the fundamental equation, 
having rational functions of 2 and 2’ for the various symmetric combinations 
of the roots; it is therefore a rational funetion of z and 2. Denoting this 
‘ational funetion by P,,(z, 2’), we have 


m™ 

= wR (wy, 2, 2) = Py (2, 2). 

pel 

This result holds for all integers n; hence, taking it for n= 0, 1,...,m—1, we 
‘ ’ . ‘ oye / a 

have m equations, each linear in the m quantities 2 (w,, 2, 2’), ..., R (Wp, 2, 2). 


* They are expounded fully in his treatise already quoted (pp. 161, 169); and in that treatise 
full references will be found to the work of Nother, Hnriques, Castelnuovo, Severi, Humbert, 
Berry, and others, in especial connection with the analytical developments associated with 
surfaces in ordinary real space, 
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Solving these m linear equations for the m functions R (w,, z, 2’), we have 


MB) 68; 1 Mae, 27) Po (a ee LOL | 1 } 

W, , Wy yor, Wan fede oie ees rns) Wm 

m1 — — — — 
My Wg sce, Wy Pmt CZ We cans an 


The determinant on the left-hand side is the product of the differences of all 
the roots of the fundamental equation /(w, z, 2’)=0 regarded as an equation 
in w, and is usually denoted by 
Cu, W2, We sis Wm)s 
so that, from this definition of £& we have 
+ O(w,, We, ..., Wm) = (W, — We) (Wy — Ws) «0 (W,— Win) € (We, ..+, Wm): 
On the right-hand side, each of the quantities P, (z, 2’) has, as its coefficient, 
a determinant of the roots w., ..., Wm; and in each case, this determinant can 
be expressed as a product of €(w., ..., Wm) and a symmetric function of 
Wa, 55, Wm.  Lhus the coefficient of P, (z, 2’) is wyW,... Wml (We, -.+» Wm) 
m 
the coefficient of P,(z, 2’) is —w,w,... Wy ( “3 -) € (We, +++) Wm); and so on. 
r=2 Wr 
Hence dividing out by €(w., ..., Wm), we have 
(W, — We) (W,;— Ws) .-. (Wi — Wy) RB (wy, 2, 2’) 
= Pos) + Py8, +... + Pm—~aSinais 


_ where , 8,, ..., 5, are the symmetric functions of w., ..., Wm- 


Now by the algebraic equation f(w, z, 2’) =0, each symmetric function of 
Wy, ».+, Wm can be expressed as a polynomial in w,, having rational functions 
of z for its coefficients. Also 


A (Ww, — W,) (Wy — Ws) «+. (Wi — Wm) = Z ee. . 


ow 

where A is the coefficient of w,” in f(w, z, 2’). Hence 

(x) R(w,, 2 2')=9 (w,, 22’); 
where © is a polynomial in w,, which can always be made of degree <m—1 
by use of the equation f(w, z, 2’)=0; and the coefficients in this polynomial 

are rational functions of z and 2’, 

A corresponding expression holds for each of the functions R (wz, z, 2’), 
ve, R(Wm, 2,2’), all the polynomials © (w; z, z’) having the same coefficients in 
the form of rational functions of z and z’. Consequently, when we denote any 


root of our algebraic equation 
‘ tM, 4, 2) =0 


simply by w, any rational function R (w, z, 2’) of all the variables can be 
expressed in the form 
Rw, 2,2) = 
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where © (w, z, 2’) is a polynomial in w of degree <m—1, the degree of 
St (wv, z, 7) =0 in w being m, and where the polynomial has rational functions 
of z and z’ for the coefficients of the powers of w. 


This is the generalisation of the well-known theorem of Riemann on the 
expression of functions that are uniform functions of position on a Riemann 
surface *, 

He. 1. Let the fundamental equation be 

we++22=1; 
and let 

Rater Ag+ Cw 
az+a'd +cw 

There are two values of f, viz. the expressed value, and 2’, where 
, Ag+ A’? —Cw 
~az-+a'd —ow 
Hence, following the general argument, we have 
(Az + A’Z’) (az +a'z’) —cCw? _ oP 

(az+a'd)? — cw : 
where P is a rational function of z and 2’; and 
90 (Az+A’Z)— OC (Geos 56 

(az+a'd)?— cw? ‘ 
where Q is a rational function of z and Zz. Hence 
wP+Q 
warn 


Rh 


R+ R’=2 


wR—wk' = —2w 


R 


’ 


which establishes the proposition. 


Ea, 2. When the fundamental equation is 
W+H+7=1, 
obtain canonical expressions for 
Az+ Be +Cw 
az+bz+ew ” 
az + bzw +ew? 
a2? +0! w + cw” 


On 
(i) 
Note. There are of course particular methods bettér adapted to particular cases than 
is the general method which applies to all cases. 
Thus the function 
Az+A’'d+Cw 
az+b2'+ew ’ 
when w+2+2%=1 is the governing algebraic equation, gives 
_ (Az+ Ae’ + Cw) {(a2 + b2’)? — (az+62/) 


me (az+b2 3+ — 


R (wu, 2)= 


cw + cw} | 
ea ane 


and so 
L+Mw+ Nw 
(az+ bz’ 8 +03 (1-2-2) 
where L, M, V are polynomials in z and 2’ of degrees five, four, three respectively. 


wR (w, z)= 


102. When we have to deal with the case, in which there are a couple 
of algebraic functions w and aw’ given by two algebraic equations 


I (wu, v2 27y=0; 9 (, wv, 2.2) =0, 


* See my Theory of Functions, § 399. 
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it is desirable to have a canonical form of the most general rational 
function; we shall prove that this canonical form is 


© (w, w’, z, 2’) 
Is) 


where © is a polynomial in w and w’, having rational functions of z and 2’ for 
its coefficients. 


Let f be of degree m in w and w’ combined, and g of degree n in w and w’ 
combined : that is to say, if w and w’ were Cartesian plane real coordinates, and 
if f= 0 and g = 0 were loci in that w, w’ plane, f=0 and g = 0 would be plane 
curves of degrees m and n respectively. Construct the w-eliminant of f and 
g by eliminating w’ between f= 0 and g = 0, and denote it by W; then from 
the ordinary processes of algebra, we know that 

W=Af+ Ba, 
where A is a polynomial in w of degree mn — m, and in w’ of degree n—1; Bis 
a polynomial in w of degree mn—~n, and in w’ of degree m—1; and W, not 
containing w’, is of degree mn in w. Similarly, the w’-eliminant of f and g, 
obtained by eliminating w between f=0 and g=0, can be put into the form 


= Cf + Dg, 
where W’ is of degree mn in w’ alone, and does not involve w. 
There are mn roots of W = 0, expressing each w as one of mn functions of 


zand 2; and there are likewise mn roots of W’=0. The mn combinations 
of one root of W=0 with one root of W’ = 0, which make 


f= 0, g = 0 
simultaneously, are called the congruous pairs: the combinations are deter- 
mined by the ordinary processes of algebra. The remaining mn (mn —1) 
combinations of roots of W=0 and W’=0 are called the non-congruous 
pairs; they all satisfy A=0, where 


A=AD-—BC. 
Now take a congruous pair of roots, say w, and w,’; they satisfy f=0, 


g=0, W=0. We have 
W=Af+Bg 


identically ; hence differentiating with respect to w and w’, and inserting the 
pair of congruous roots after differentiation, we have 


GW. nef og ch ag 
ele age at Se et ck 
Similarly we have 


p 3 aw,, Ow, Pe Wy 
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Hence, for the congruous pair of roots, we have 


an i ag Ff . » Y 
| ow,” " | | ss OW, ‘ aa “ Ow, a Ow, |’ 
| OWE aaa ey og of og 
| ies Cw, | | Ow, a Ow,’ 4 uy ane | 
that is, 
eee (££, ANTS 
OW, OU W,, Wy 


say, where A, is the value of A for the congruous pair of roots w, and wy’, 
and likewise for J;. 


Similarly for each congruous pair. 


Let our rational function of w, w’, z, 2, which is to be expressed in a 
canonical form as stated, be denoted initially by R(w, w’, z, 2’); and let its 
value, for a congruous pair of roots w,z and w,’, be denoted by A,. Then, 
taking all the congruous pairs of roots, we have 


mn 
> w,” Ry =a rational function of z and 2 
w=1 


= Pi(z, 2), 
say ; the value of P, (z, 2’) is obtainable by the usual processes of algebra; and 
the result holds for all integer values of r. Hence, taking 7 = 0, 1,..., mn—1 
in succession, we have 
R, +R arr! iP Din = 
W, Vie + Wy Ro + oe. + Wmn Tenn =P 1> 
WB, Ww tg ates gag ae lean! Sl etnente 


These equations can be solved for the mn — 1 quantities R,, R,, ... which 
occur linearly. Proceeding as before in § 101, we find 
D (w,, 2, 2’) 

a ok 


Ow, 


R= 


where ® is a polynomial in w,, having rational functions of z and 2’ for its 
coefficients. Multiplying the denominator and the numerator by Bep?? We 
Wy, 
have 
ow’ 
Ow,’ 

aw aw” 

Ow, Ow, 
_ Sw, wy, Z, 2) 


oW ow’ 
Ow, Ow,’ 


® (Ww, Z, 2’) 
i= 
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where S is a polynomial in w, and w,’, having rational functions of z and 2 for 
its coefficients. But 
oW ow’ 


Ow, Ow, * 


J,Ai; 


and therefore 


Fe S(w, wy, 2, 2) 1 

J; A, 

Now 
A,A,... Amn ” 
is a symmetric function of w, and w,’, w, and w,’,..., the pairs of congruous 
roots; and it is therefore expressible as a rational function of z and 2’, say 
AAs Ama =T (2, 2’). 
Similarly 
OEY as We 

is a symmetric function of all the congruous pairs of roots other than the pair 
w, and w,; hence it is expressible as a polynomial function of w,, w,', having 
rational functions of z and Z for its coefficients, say 


Bgees Neg = GO) (Wy 5-2, 2 de 


Consequently 
1 _ QV, wr, 4 2’) 
A, T (2,2) 
Hence 
Rex S(w,, wy, 2, 2’) @ (w,, Uh, G2 ) 
i fp (4, 2’) J 
= 8) (wr, Wy, 4, 2°) 
= T ; 


on multiplying the polynomials S and Q, and absorbing the rational function 
T (z, 2) into the coefficients of the product. 


The same conclusion holds for every congruous pair of roots. We there- 
fore infer that every function, rational in the algebraic field of w, w’, z, 2’, 
where w and w’ are given by algebraic equations 

Fw, w, 2, 2)=9,.. g(w,.w',z, 7) =0, 
can be expressed in the form 
0 (w, w’, z, 2’) 


aCe? 


where © is polynomial in w and w’, having rational functions of z and z’ for 
its coefficients. 


> 


Modifications in the degree of © in w and of its degree in w’ may some- 
times be effected by the use of the equations f=0 and g=0. These 
modifications, when they are possible, do not affect the denominator J, and 
only give equivalent expressions for the polynomial ©; it is for this reason 
that the form is called canonical, even though the expression for © may 
happen to be not unique. 
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Note. In establishing the preceding form for the rational function, two theorems 
concerning symmetric functions have been quoted. In actual practice, we can proceed 
as follows. 


Take 
t=rAw4+2rw ; 


eliminate w from f and g, so that they become 
TOG Wiese )— Ol a: (0 see) =O 
of the same degrees in ¢ and w’ combined as are f and g respectively. Eliminate w’ 
between “=O and G=0, so as to give an equation 
T=0, 
of degree mn in ¢, having rational functions (frequently polynomial functions) of z and 2 
for its coefficients. 
In the product AjAg...Ayn, We have symmetric functions of the congruous pairs of 
roots ; let such an one be 
>> wy wy mm We)" We! 2. oe) 
where the summation is over all the like terms obtained by permuting the congruous 
pairs in all possible ways. We then form the symmetric function of the roots of the 
equation 7=0 represented by 
5 ee 
In its expression we select the coefficient of 
™ +Mo+... MTT. 
> 
and remove the multinomial numerical factor 


(my +71) ! (mz+72) ! 
m,!n! ~ me! no! 


ees 


the result is the symmetric function required. 
Again, in the product Ag... Amp, we have symmetric functions of all the congruous 
pairs of roots except only the pair w, and w,’, Let 
L =(t- ty) 7”, 
so that t:, ..., tm, are the roots of 7’=0. The coefficients in 7’ are linear in the 
coefficients of 7’ and are polynomials in ¢,; thus, if 


T=Oyt™™ 46,071 4. O,gmm-24 |, 
T’ =6)t"™- 1+ dy gmn-2 Gopal 


$1—t169=61, he-tidi=bo, ds—-tido=G3, ..., 


g1=%44+64, | 
o= 02+ ty 8; 6 + ty? 6p", 
h3= 93 + ty 8289 +0178; O07 + ty 3, 


we have 


and therefore 


and so on. 

As was the case with A,A 9... Am,, Which is a sum of coefficients in a polynomial 
function of the coefficients of 7’ divided by a power of 6, so also the symmetric product 
Ay... Amn is a sum of coefficients of powers of X and 2’ in a polynomial function of the 
coefficients of 7” divided by a power of 6); that is, Ay... Aj, is a polynomial function of 
the coefficients of 7”, itself also polynomial in ¢, (that is, in w, and w,’) divided by a power 
of Op. 

These are the two theorems used. _ 
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Ex. For particular equations, a given rational function is most easily discussed in an 
initial form, not in a canonical form ; it is for the general theory that a canonical form 
is required, as it includes all rational functions. We may however take an example, to 
shew the outline of the reduction to a canonical form; but the process is only an 
exercise in algebra. 


Let the two fundamental equations be 
f=w-w2-A=0, g=w*?+w?-B=0, 


where A and B are given functions of z and z only. Their Jacobian J, on the omission of a 
factor 6, is 


J=ww' (w+w). 
We take the simple rational function 
SL ADUN 1 
R= T+D? 


where Z is any rational function of z and 2’; and we proceed to express it in a canonical 
form . 

P(w, w, Z, 2’) 

at Sees. 


where P is a polynomial in w and w’, having rational functions of z and 2’ for its 
coefticients.., 


The W-eliminant of f and g is 


W=2u' —-2Aw?+ A*-3Bu'+3Bu* -— B=0. 
Let 
w+Z=t; 


then the six values of ¢ are given by the equation 
ty -2(t-Z)8—3B (t—- Z)—-2A (t-Z)34-3B? (¢- Z)?+ A2- B=0. 

ci 0=276 —-3BZ142AZ3+3B7Z2+ A?— Be, 

being the term independent of ¢ in the last equation ; then 


e ws — Z6 wi— Zt w+ Z3 w?— Z? 
et ee kl pene, 


= 2° — 2Zwt + (22? — 3B) w+ (8BBZ—2A —2Z8) w? 
+(83B-3BZ+2AZ+ 2274) w+ 8BZ3—3BZ—2AZ*—27° 
=, say. 


Consequently 


8 , U 
a Wy (Wy + wy’) =(WP2 +07) Fy. 


All terms in the right-hand side, which are of degree six and higher, can be removed by 
using the equation W,=0. These terms are 


“i Qw,' + (2w,'-— 2Z) wy8. 
The term 2w,’ is to be replaced by 
3BuwpP+2Aw,! — 3B? — (A? — B) wy, 
and the terms (22,'—2Z) w)° by 
a (wy — Z) (3But+2Aw) -—3B?w? — A? + B}. 
When these changes are made, let the expression for , be 


y= py Oy? + py Wy! + po Wy? + p31? + pa + ps, 
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where the coefficients p are polynomial in w’, and are rational in z and, Then finally, 
; ‘ ; Le ; 
absorbing the rational function of 2 and 2 represented by — 5 into the coefficients of #,, 


we have 


LW 100 Pla Re pa P8s0 a BA Ps 
wae aie al (Bos + Bw To. 50 Be. oe 


which is of the required type. 


Equivalent forms are obtained for the numerator by using the equations f=0, gy=0. 


Integrals of algebraic functions. 


103. The development of the theory of integrals, whether single or double, 
of algebraic functions when there are two independent complex variables, 
owes its main foundations to Picard*. Here I shall only restate one or two 
of the simplest results for the case when there are two initial fundamental 
algebraic equations 

F (wu, w', 2, 2)=0, g(w, w’, z, 2)=0, 
defining two dependent variables w and w' as algebraic functions of z and Zz, 
the quantities fand g being polynomial in all their arguments. 


Writing 


KOT °O. of a ‘ 
J (w, w')= yf ie y g =s(Z £) > 

Ow ow’ dw’ dw w, w 
we have seen that any rational function of all the variables can be expressed 
in the form 

© (w, w’, 2, 2’) 

J(u, w) ? 

where © (w, w’, 2, 2’) is a polynomial in w and w’ having rational functions of 
2 and 2’ for its coefficients. 


Accordingly, following Picard, we take our most general single integral 
of algebraic functions in the form 


Zdz' —Z'dz 
J (w, w’) 
where Z and Z’ possess the same general form as the preceding function ©. 


Integrals of this form are said to be of the first kind when, on the analogy 
of Abelian integrals, they have no infinities anywhere in the whole field of 
variation. Picard provest that no integral of the first kind exists in 
connection with a single equation F'(w, z, 2’)=0, when this single equation 
is quite general; and he shewst{ that, when such an integral does exist in 
connection with a less general single equation F' (w, z, z’)=0, the form of 


* A full and consecutive account of his researches is contained in his treatise already quoted. 
+ His treatise, vol. i, p. 118.  (b.4p. 118: 
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the subject of integration must. satisfy special preliminary relations, even 
though these necessary relations are not of themselves sufficient to secure the 
existence of the integral, Here I shall proceed only so far as to obtain the 
corresponding necessary preliminary relations affecting the form of the 
subject of integration in the foregoing single integral, if it is to exist in 
connection with the two equations /=0, g= 0. 


The quantities Z and Z' are polynomial in w and w!; we proceed to shew 
that, if the integral is everywhere finite, they must be polynomial also in 
z and 2, of limited order, The coefficients of the various combinations of 
powers of w and w’ are certainly rational functions of z and 2’; let any such 
coefficient be 

S (z, z) 
R (2, 7)’ 
where & and 8 denote polynomials in z and 2’, and consider the integral 


[. 


Assigning any parametric value to z, let 2c be a zero of RK (z, 2’) for that 
value of z (If there is no such zero, ie. if R is a function of z only, the 

' zeros of Ft would make the integral infinite: so that, for our purpose, & would 
then have to be constant), Wor that parametric value of 2, let the subject of 
integration be expanded in powers of 2 =e’; then, whether 2 =o’ does or 
does not give a zero value to J, the subject of integration is—for every set 
of values of w and w'—of the form 


4 A, fe A, iv Z td / 
| (/=0y + @ sn dri +. + ae + regular function of 7 =’, 
. in the immediate vicinity of z= c’, the positive integer « being 21. The 


integral would be infinite at 2  c’, unless all the quantities 4,,..., 4, vanish. 
These quantities involve the parametric value of z; they can only vanish for 
all parametric values by vanishing identically, that is, by having no powers 
of z—c' with negative indices. Hence the polynomial F(z, 2’), for any 
‘parametric value of z, can have no zero for a value of 2. It thus cannot 
involve 2; we have seen that it cannot be a function of z alone; hence 
Riz, 2’) is a constant. The coefficient in question is a polynomial in 
z and 7, 
Similarly for every coefficient in either Z or Z’ in the integrals 


(=. [= 


Cor equently the quantities Z and Z’ are polynomial in all four arguments 
w,w, 2,7. And we know that J is polynomial in those four arguments. 


Next, as regards the limitations upon the orders of these polynomials 
nd Z', we shall assume that f(w, w', z, 7) is a quite general polynomial 


12—2 
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of order m in the four arguments combined, and that g(w, w’, 2, 2’) is a 
similar polynomial of order x. Then J is a polynomial of order m+n — 2. 
It is easy to see, by an argument similar to the preceding argument, that 
integrals cannot be finite for infinite values of z and of 2’, if the order of the 
polynomials Z and Z’ in all the four arguments combined is greater than 
m+n— 4d 


We therefore infer, as a first condition, that if the integral is to be finite 
at all places in the whole field of variation, Z and Z’ must be polynomial in 
all the four variables of order <m+n—4, when /f is the most general poly- 
nomial of order m and g is the most general polynomial of order n. 


104. The independent variables for the integrals have been taken to be z 
and 2’; but any two of the variables may thus be chosen, and the integral must 
still remain finite. We proceed to give the corresponding and equivalent 
expressions. We have 


af . of 7 of ik of eS 
ap dw + Pay dw + Be dz + Ae dz => 0, 
9 ay + 9% ada’ + 9 OF ae 
ow adi Ow’ ily dz cody 02’ sided! 


so that, on the elimination of dw’, dw, dz, dz’ in turn, 
J (w, w’) dw + J (2, w’)dz +d (2, w') dz’ =0, 
J (w', w) dw’+ J (2, w )dz +d (2, w) dz’ =0, 
J (w, 2)dw+d (w’, 2) dw’ + J (2, z )dz’ =0, 
J (w, 2 )dw + J (w’, 2’) dw’ + J (z, 2’) dz =0. 
Using the first of these relations to substitute dw for dz’ in the differential 
element, we have 
Zdz' —Z'dz _ EGE is tales whan 
J(w,w’) Jd (ww) Jd (wu, w’) d (2, w’) 
— -—4dw  4'J(2,w')+ Zz, w’) d 
— S(e, w’) J (w, w') J (2, w’) rs 
The differential element now is to be 
We dz— Zdw 
J (2, w') ’ 
where W is a polynomial in all the four variables; we therefore take 
“J (2,w)+Z'd (2, w') + WS (wu, w’) =0. 
Similarly, when we make ¢ and w’ the independent variables, the differential 
element of the integral of the first kind is 
Zdw' wad W'dez 
J(z’,w) ’ 


{J (w, w’)dw+J (z, w') dz} 


104) THE FIRST KIND 181 
where W’ is a polynomial in all the four variables, and 
ZJ (2, w) + ZS (2, w) + W'S (w’, w) =0. 


In the same way, we can take any pair out of the four as the independent 
variables, and thus obtain six expressions in all for the subject of integration. 
The six expressions are 


Ld7 — Z'dz Wdz—Zdw Z'dw — Wdz’ 
J (w,w'’) ’ J(z,w') ’ Seu). 


Zdw’ — W'dz W'dw— Wdw’ W'dz-—Z ‘dw ; 
J (,w)-.’ wigs s ae. J(z,w) ”’ 


and the relations connecting the polynomials are 


LJ (2, w')+ ZS (2, w’) + WS (wu, w’) =0, 
ZI (2, w)+Z'JS (2, w) + W'S (w’, w) =0, 
Z'J (Z, 2) + WS (w, z) + WS (w’, z) =0, 
ZI (2, 2’) + Wd (w, 2’) + W'S (w’, 2’) =0, 
which are always subject to the two fundamental equations 


f=9, g=0, 


and are equivalent to only two independent equations. Writing 


Ma22 472, Wt wt 
Oz oz ow 


Ow"’ 
_ 79 , 9 Y OF nai "tert 
N=40 +4 az t Wa,tW Ow’? 


we can express the first of the four equations in the form 
PEL Og a far gn oe \ a 
(4 Sal =) ow’ (v id aa’) awl 
that is, 


The others similarly give 


0 Ow : 
og or 
u% sn Feo 
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The fundamental equations f=0 and g=0 are independent of one another; 
hence we must have 


M=0, N=0O, 
that is, the polynomials Z, Z’, W, W’ are such that 


of we Of OT ee Lae 
We tal cea ge 


w 84 w a 57 a, ee) 
ow dz 02’ 


But these equations are not satisfied necessarily as identities; they need only 
be satisfied in virtue of the permanent equations 


f=9, g=0. 


These relations impose limitations upon the forms of the polynomials 
Z, Z’, W, W’, which occur in the differential element of an integral of the 
first kind. 


105. Limitations arise from two other causes. The first of these causes lies 
in the requirement that the condition of exact integrability shall be satisfied. 
As regards this condition, we shall take it for one of the forms of the integral, 
and shall reduce it to an expression symmetrical in all the variables. 


The condition, that 
Zdz —Z'dz 
J (w, w’) 


shall be a perfect differential, is 


ae(7) + az (G)=° 


Now since 
yf of ow of ow. 
Gz Ou or oe cae ee 
og , Og ow | Og Ow’ 
Oz. owes “s aw’ Oz " 
we have 
J (uw, w) BS, w)=0, Jw, w) +J (z, w)=0; 


and similarly 


T(w, w)o4 4 T(e, w= 0, F(w!, wy 4 F(2, w) = 0. 
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The condition of integrability is therefore 


un as aN EA) 
a ae hm 


OZ = ‘ 
aw’ 


shila w') i w’) aJ (w, w’) be J (z, w) oJ (w, w 


0z J(w,w') dw J(w,w’) dw’ 


yz (oT (w,w') JS (z', w') oJ (w, w’) i J (2, w) oF (w, w’)) _ 0: 
1 2’ J(w,w’) dw J(w,w') dw’ bia 


and it suffices that this condition should be satisfied in virtue of the governing 
equations f= 0 and g = 0. 
Now, for appropriate polynomials A and B, we have 
ZI (2, w')+ Z'S (2, w') + WI (w, w’) = Af + Bg, 
identically ; and so for our purpose, where the governing equations persist, 
we can take 


OW Jz, wv’) _04' J (Z, w') Z oJ (zw) 4 dad (z’, w') 
ow dwd(w,w) dwii(u,w) J(w,w’) dw =~ J (w, w’) ow 


_ AI w)+Z'd (Z, w') dod (w, w') A Nagel Boog 
J? (w, w’) ow J (w, w’) ow" J (w, w’) dw’ 


the omitted terms vanishing in virtue of f=0 and g =0. 
Similarly, for appropriate polynomials C and D, we have 
ZI (2, w) + ZI (2, w)— W' (w, w’) = Cf+ Dg; 
and we similarly infer the corresponding relation 
a 04 J (2, w) of’ J (z’, w) wt 4 dd (2, w) if Z dd (z’, w) 
ow = Ow’ J (w,w’) dw ow’ J(w,w') ow" J(w,w') dw’ 


LJ (Zz, w) + Z'I (z, w) CRA (w, w') as C of _ oD | 0g 
si J? (w, w') ow" J (w,w') dw’ JS (w,w') dw"’ 


the omitted terms vanishing for the same reason as before. 


Also we have 
anes wey Od (w’, 2) , aS (2, W) hy 


0z ow ow 


identically, together with three similar relations by omitting z, w, w’ in turn 
from the set of four variables. Moreover . 


F(z, w) I (2, w)+IS(2, w) I (w', 2) +S (w, w) T(z, 2) = 0, 
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alo identically, Using the foregoing relations, we have 
4 04’ OW OW’ of oY of ag | 
J \ a, ; ~ iA; BY — CO | — D 
(Ww, w’) loz + od 7 ow * Ow f aw.” By our ows 
Od (w,w) Od (4,w) dd (u’, 
y I (1 Ww) 4 OY wy ( z)| 
| 04 ow ow 
oy (Ol (w,W) OS (4,w) . OS (w', 7 
yi ww) ( Ne (1 ) Zs 
l 0” ow ow 


that is, the relation 


04 04’ OW OW’ bey a og of og 
ve 2 = — sll oak ESS fy sora A ve 
bs Oe * Ow * Ow IK w,w)\ ow ut ow e ow 2 oh 


is satisfied in connection with the governing equations 


VI 


ad fm 0, g = (), 
‘ p ; p p lie 
Now we know that, in virtue of the governing equations, the quantities 
mer ray 
re) gee 
Og 04 


vanish; henee polynomials /, 4, 1, G (any one or more of which may be 


zevo) exist such that the equations 


/ Z ar 4 wr Sf Wy 
ui * dl ha "7% itm, wt ay, 


a) C 0 ; 
Lob 4 a 38 <b, LW wt Ww" ce, = Bf + Go, 


are watintied identically, These equations te 


yu ly 


Ad (4, 0) 4 Bd (a, Ww") Wiel (w, w’) = (F, Og H of i, f+ (eee f wcilt %, 


sitinfiod identically, But the left-hand side is identically equal to 
Af + Bg; 


hence, subject to the ee equations, we must have 


Ae Te Ea oe 0 Ee ian 


Bul ow" ow’ 
Similarly, subject to the governing equations, we have vi 
P wa J A 
Ou j' og = of Ty et 2 0g oO of ; 
Ow ow ow ow 
Consequently 
of Or ) sited vend 
Fhe Ld af w I'S (w, w'), B eI e = GJ (w, w'), . 
( ap an 


ow x wy! 


always subject to the governing equations f= 0, g = 0. 
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Thus the equations become 


ee tenant 
fa, 4 az t eo ta jap A+ Bg 


29 47°94 WW — A+ Gg \. 
ow ow ° 


oz 02 
0Z oz’ ow ow’ 
apt ogg tg heey et a 


The first two of these equations are satisfied identically; the third only 
needs to be satisfied in connection with f=0, g=0. 


They are the extension of Picard’s equations* which are given for the 
case when there is only a single equation 


SF (w, 2, 2) =0. 


- Picard’s equations are derived from the foregoing set, by taking 
g=w =0 
as the second of our fundamental equations, together with 
W’=0, F=0, H=0, G=0; 


and then, owing to the order of F, the third of the equations is satisfied 
identically. 


It thus appears that, when there are two equations f=0 and g =0, the 
exact differential can be presented in six forms; that four quantities 
Z,Z, W, W’, each polynomial in all the four variables, occur in these forms ; 
and that there are other four polynomials Z, F’, G, H, such that the foregoing 
three equations exist, the first two being satisfied identically, while the third 
only needs to be satisfied concurrently with the governing equations /=0 
and g=0. 


106. It can easily be seen that, when f= 0 is a quite general equation 
of order m and g=0 is a quite general equation of order n, the conditions 
required cannot be satisfied. 


Let V(p) denote the number of terms in the most general polynomial, 
which is of order p in w, w’, z, 2’, so that 


N (p) = 3 (p+ 1) (p + 2) (p+ 3) (p +4). 
We have seen (§ 102) that the polynomial Z, which (§ 108) can be of order 


m+n— 4, is subject to modification by use of the equations /= 0 and g = 0; 


* 1. c5 t. i, ch. v, § 4. 
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that is, it is subject to an additive quantity Af+ By, where A and B are quite 
general polynomials of orders n — 4and m — 4 respectively. Hence the number 
of disposable constants in Z effectively is 


N(m+n—4)—N(m —4)— N (n —4). 
Similarly as regards Z’, W, W’. 

Again, HL, F, G, H are polynomials of order < 2m —5,m+n—5,m+n—5, 
2n—5 respectively. The expression ’f+ Hg is unaltered by changing F 
into F+Jg and FE into E—Jf, where J is a quite general polynomial of 
order m—5; hence the number of disposable constants in / and # together is 

N (m+n—5)+ N (2m —5) — N(m-—5). 
Similarly the number of disposable constants in G and H together 1s 


N(m+n—5)+ N(2n—5) — N(n—5). 


The modifications in F and @ do not affect the third condition, which 
has to be satisfied only concurrently with f=0 and g=0. Thus the total 
number of disposable constants is 

4{N(m+n—4) — N(m—4) — N(n— 4)} 
+N(m+n—5) + N(2m—5) — N(m—5) 
+N(m+n—5)+ N(2n-—5) —- N(n—5). 

The number of conditions to be satisfied in connection with the first 
identity is V(2m+n—5), and the number in connection with the second 
identity is V(m+2n—5), The third relation, which affects the polynomials 
F and G, only needs to be satisfied subject to the equations f= 0 and g =0; 
that is, subject to an additive quantity Cf+ Dg on the right-hand side, where 
Cand D are quite general polynomials of order n — 5 and m —5 respectively ; 
consequently, the third relation requires 


N(m+n—5) — N(n-—5)—N(m—5) 

conditions. Thus the total number of conditions is 

N (2m +n—5)+ N(m+2n—5) + N(m+n-—5) — N(n—5) —- N(m—5). 

The excess of the number of conditions to be satisfied, above the number 

of disposable constants, is 

N (2m+n—-—5) + N(m+2n—5) + N(m+n—5) — N(n—5) — N(m—5) 

-4{N(m+n—4) — N(m—4) — N(n—4)} 
—{N(m+n—-5) + N (2m —5) — N(m—5)} 
—{|N(m+n—5) + N(2n—5) — N(n—5)}. 
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When the values of the different numbers N are inserted, this excess is easily 
found to be 


gz mn {20 (m — 1) (m— 2) + 18 (m —1) (n — 1) + 20 (n — 1) (n — 2) + 24} — 1, 


which manifestly is positive when m>1 and n>1. Accordingly, in general, 
the relations cannot be satisfied by the disposable constants, and so we infer 
the result :— 


When f=0 and g=0 are quite general equations, no single integral of the 
first kind connected with them ewists: a result which obviously corresponds 
to the theorem of Picard already (§ 103) mentioned. 


It follows that, if an integral of the first kind is to exist in connection 
with two equations f=0 and g=0, these equations must have special 
forms. 


Ez. Shew that all the preceding conditions for the existence of an integral of the first 


’ kind, in connection with the equations 


f=azt bw ced + dwz' +eu'? + fwd + guu'z+hww' =0, 
G=d2 +0 +222 + d'w'e7 + ewe? + fw + g'w'd + h'ww=0, 
where the coefficients a, ..., A, a’, ..., 2’ are constants, are satisfied when 


Z=2z, Z'=-2, W=u, W'=—w’. 


o] 


107. The second class of conditions, mentioned at the beginning of 
§ 105 as required to be satisfied in order that the single integral may be 
everywhere finite, depends upon the places where we have 


(Ls \=0, 


w, w 
which is not an identity, simultaneously with 


f=0, g=0. 


As already indicated (§ 103), I do not propose here to enter upon any 
discussion of these conditions. The discussion will be difficult, but it is of 
supreme importance as regards even the existence of these integrals of the 
first order, as well as for all other single integrals. It can be initiated 
analytically on the lines of Picard’s investigations in his treatise already 
quoted. It will involve the algebraical singularities of w and w’ as algebraic 
functions defined by the two fundamental equations. 


Double Integrals. 


108. ‘The discussion of double integrals follows a different trend. There 
is no limitation corresponding to the condition that must be fulfilled if the 
element of the integral is to be a complete differential element, as in 
§ 105. 
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We have seen (§ 102) that, when two algebraic functions of z and z’ are 
simultaneously given by two algebraic equations 


f=f(u,w',2,27)=0, g=g(u,w’, z, 7)=0, 


the most general rational function of the variables can be expressed in the 
form 


© (w, w’, z, 2’) 
(Ee) 
w,w 
where ® is a polynomial in w and w’, the coefficients in this polynomial 
being rational functions of z and z’. Thus the typical double integral, con- 
nected with the algebraical equations f=0 and g =0, is of the form 


dzdz’ ; 


0 (w, w’, z, 2’) 
eee 


/ 
w, Ww 


the integration extends over a two-fold continuum. ‘To express the integral 
more definitely, we take z and 2’ as functions of two real variables p and q, 
as in §95; and then the expression of the integral becomes 


ome 


Ww, Ww 


where the integration can be regarded as extending over an area in the 
p, 7 plane, limited initially by a fixed curve (or curves) in that plane and 
finally by a variable curve (or curves) in that plane. The simplest case 
arises, when we have a single simple closed curve as the fixed initial limit and 
a single simple closed curve as the variable final limit. 


The first form of the preceding definition takes z and z’ as the independent 
variables for integration. As we have already suggested that it may be 
convenient to take any two of the four variables as the independent variables 
for integration, we proceed to give the equivalent forms. 


For this purpose we assume that, in order to express the quantities 
w,w', z, 2 in terms of real variables p and q, we take two algebraic equations 


P= F(w,w', z,2,p,q)=0, G=G4(w, w, z, 2, p, g) =0, 


forms which will prove useful in attempting an extension of Abel’s theorem 
for the sum of any number of algebraic integrals of a single variable. The 
simultaneous roots of the four equations 


f=0, g=0, F=0, G=0, 
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are functions of p and q; so we have 


_OF ow OF ow’ oF dz OF oz OF 


~ dw Sp * dw’ Op * dz Op | dz’ Op * dp’ 
aG dw , OG ow’ Ode , Ae’ aG 
dw dp * dw Op * dz Op dz Op dp’ 


_ Of ow , Of dw’ , af oz » af dz’ 
~ Ow Op dw’ dp ' dz dp dz’ dp’ 


0= 


_ 99 Ow , dg Ow’ dg dz , 0g dz’ 


Ow dp " dw’ Op ” dz op Oz’ Op’ 


and therefore 


i 2’, w,w p, 2',w,w 
y ne st ” ‘)=0 
Similar] 
im arly 2 e Gs " ae iff BL8) «9 
Z,2,W,w aq q, 2, w,w 
SC peaikteh Caeerarl 


Now, by the properties of determinants, we have 


ae) J (= GLI) J (peg) a(slall) J e a 


p, 2, Ww, w 


q, 2, W, w, Zz, 2,W,w w,w Pd 
hence 
1EPLs) 4 (2)=~s (£8) 4 EY 

z,w,w DP, Y w,w Dect e 
and therefore 

1 i “) = —l (= ae 

s(£) Pod I(2 ray Psd 
Ww, w 2,2,W,w 


The right-hand side is symmetrical, save as to signs, for the four variables 
z,z,w, Ww; hence it is equal to each of the six expressions 


Bee tien)- Gaia) GG) +E). 


I(t) -9(F8). 1G) -r(G8), Sul) 


Accordingly, when the variables of integration in the double integral are 
taken to be p and gq, there are six equivalent expressions of the integral ; 
one of them is the form first taken, and the other five are similarly constructed 


" ; 
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from a comparison of the six foregoing quantities; and each of the six 
expressions so obtained is (save as to sign) equal to the double integral * 


© (w,w 2,72) J (F, G 


I (7 Gf, I, \PrY ) ve 


\4,2,w,w 


Double integrals of algebraic functions may be divided into various 
classes, following the analogy of the division of simple integrals of algebraic 
functions of a single variable; but the analogy is little more than a sug- 
gestion, because (as has been seen in Chap. Iv) a definite infinity of a function 
of two variables can be a one-fold continuum in the immediate vicinity of 
any one definite place of infinite value, and because unessential singularities 
(when the term is used in the sense defined in § 58) have no limited analogue 
even in the case of uniform functions of only a single variable. One clase, how- 
ever, survives naturally in spite of the deficiencies in the analogy; it is 
composed of those integrals of algebraic functions which never scequire an 
infinite value, no matter how the two-fold continuum of integration is 
deformed. Such integrals are formally styled double integrals of the fir 
kind. 


109. The conditions, which must be satisfied by the double integral of 
an algebraic function connected with two given algebraic functions if it is to 
be of the first kind, are of four categories, according to the character of a 
place z, 7 in relation to the subject of integration; and the four categories 
can be grouped in two pairs. 

It is manifest that a finite place z, 7, which is ordinary for the equations 
f=09 and g=0, and is also ordinary for the subject of integration, cannot give 
rise to an infinity of the integral, For near such a place w=a, wW=a, 
z=a, 7=a', we have 

w=44+W, W=d+W, 2=a4+Z7, caavt+Z; 


* This integral can also be expressed in the form 
4 / 
aaa) area, 
a( 2G Sb 
VAT SD: ww) 


which is the natural extension of the single integral 


Ti (w, 7% 
[7 #2) dp. 
2: 


The latter integral is fundamental in one of the proofs of Abel’s theorem for the sum of a 


number of integrals 
ht (w, 2) re 
| fy . 
Ow 


when the upper limits of the integrals are given by the simultaneous roote of 4 permanent 
algebraic equation f (w,z)=0 and a parametric algebraic equation p(w, z)=0. 
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the equations f= 0, g = 0, then give relations of the form 
W=(Z,2),4+(Z, Zot ---, 
W =(Z, 2’, 4(Z, Zot. 
and no one of the quantities 
ON RE 
ow” ow dz” dz’ 
og 0g og og 
ow’ ow’ Oz’ oz | 
vanishes at a,a’,a,a’. As the place is ordinary also for 8 (w, w’, z, 7), the 
form of 
0 (wv, w’, z, 2’) 
L9 
d & 5) 
in the vicinity of the place becomes 
0,+ 9, (Z, 7) +0,(Z, Z)+.... 
Igt JS (ZZ) +5 (Z,Z)+...’ 
and so the integral, in the vicinity of the place, becomes equal to 
8, + 9,(Z, Z’)+ 9,(Z, Z’) +... : 
| T,45,(£2)+IAL 2) +.’ 


which is finite at the place and in its immediate vicinity*. 


In the first category, there are the conditions to be satisfied at a place 
2, 2, which is ordinary for the equations f=0, g =0, but is not ordinary for 
the subject of integration. In the second category occur the conditions that 
must be satisfied for infinite values of z and z’, when these constitute ordinary 
places for the equations f=0 and g=0. These two categories form one 
group, containing all the conditions which arise in connection with all the 
ordinary places of the two fundamental equations. 

In the third category occur the conditions that must be satisfied at a 
non-ordinary finite place of the two fundamental equations; all such non- 
ordinary places are such as to satisfy some one or more than one of the six 
Jacobian equations 

J ( (ae ee) 


ww, wz, 2')) 
concurrently with the fundamental equations themselves. In the fourth 
category occur the conditions that must be satisfied for infinite values 
of z and Zz when these constitute non-ordinary places for the equations 
f=9 and g=0. These two categories form one group, containing all the 
* The symbols (Z, Z’};, 0;(Z, Z’), J3(Z, Z’) denote the aggregate of terms of the first order; 


the symbols (Z, Z’),, 6:(Z, Z’), J2(Z, Z’) denote the aggregate of terms of the second order ; 
and 20 on. | 


ee oe . 
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conditions which arise in connection with all the non-ordinary places of 
the two fundamental equations. 


110. As regards the first of these categories of places which, while 
ordinary finite places for the equations f=0 and g =0, provide an infinite 
value for the subject of integration, this infinite value can arise only through 
the coefficients of the powers of w and w in the polynomial ©. These 
coefficients are rational functions of z and z. If then the double integral 
is not to have an infinity, the existence of these rational functions of z and 7 
must not compel such an infinity. Accordingly, the rational functions of z 
and z must be integral functions: that is, they must be polynomials in 
zand z’. Thus 0 (w, w’, z, 2’) becomes a polynomial in all its four arguments; 
consequently, as a first condition that our double integral may be everywhere 
finite, it follows that the quantity 0 (w, w’, z, 7) must be a polynomial in the 
four variables w, w’, z, 2’. 


The similar consideration of the second category of places, constituted of 
infinite places (supposed ordinary) for f=0 and g =0, leads to a limitation 
upon the order of the polynomial © (w, w’, z,z’) if the double integral is to be 
not infinite for such places. For simplicity, suppose that f and g are quite 
general polynomials of aggregate orders m and n respectively, so that we 
may take 

S =(#Qu, w’, z,7,1)% g=(*hw, w, z, 7,1). 
Then 
* § (£4) = (#0, w', z, 2,1)", 


in the quite general case. In order that the double integral may be not 
infinite for infinite values of z and z, the order of 


0 (w, w’, z, 7) 
Lg 
rt 

must be equal to, or be less than, — 3; and therefore the aggregate order of 

the polynomial © (w, w’, z, z’) must be not greater than m+n—5. Thus in 

order that the double integral may remain finite for infinite values of z and 

2’, when these are ordinary places of f=0 and g=0, the aggregate order of 

the polynomial © (w, w’, z, 2’) must be <m+n—5, where m and n denote the 
respective aggregate orders of f and g. 

As regards the second group of conditions indicated above, they are 

concerned with the places where the equations 


; 


f=0y gua, J (LL) =0, 


are simultaneously satisfied. Their discussion will involve the consideration 
of the singularities of w and w’ as algebraic functions of the variables. As 
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before for single integrals (§ 107), so here for double integrals; the whole 
subject is left for investigation; a beginning can be made on the lines of 
Picard’s discussion of the matter when there is only a single equation f = 0 
defining a single algebraic function*. 


111. It is possible to obtain an extension of Abel’s theorem for the sum 
of a number of integrals of algebraic functions of a single variable, by con- 
structing an expression for the sum of a number of double integrals of the 


type 
O (w, w’, z, 2’) dada 
(Lo g . ) 
w, w 


where f and g are polynomials of aggregate orders m and n respectively. 


‘We shall assume that the aggregate order of the polynomial ® is not 


greater than m+n—5. 


As before (§ 108), we define w, w’, z, 2’ as functions of two real variables 
p and q by means of the permanent equations 


Fw, w’, 2,2)=0, g(w, w’, z, 2’)=0, 
and associated parametric equations 
F (wv, w', 2,2,9,q)=0, Gu, w’, z, 2’, p,q) =90; 


and we shall assume that F’ and G are quite general polynomials in w, w’, z, 2’, 
of aggregate orders & and / respectively. As these are four algebraical 
equations in w, w’, z, 2’, of orders m, n,-k, | respectively, they determine klmn 
(=) sets of roots, each root in each set of roots being a function of p and q. 
Denoting any such set by w,, w,’, 2, 2,, the double integral can as before 
be transformed to 
© (wW,, Wy, Zr, Zp ) 3 ‘idea Se 
Ij Betas 1 (“e") dag, 


‘ 
Arn Zp, Wy, Wy 


or, if we write 


®, = © (w,, Wy, Zr, 2) J (“ i 


frei Boe Gy, Srs ae 


Zp) Zp) Wr, Wr / 


= ® (wr; Wr s a es); 


so that ® is a polynomial of aggregate order <k+l+m+n-—5, the integral 
(for this set of roots) becomes 
®, 
[[Gr apa. 


We assume the integral taken over any finite simple closed region in the 


Pp, 7 plane. 


*UG.5 wed, Ol. Vil. 


F, 7 13 
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Let W denote the result of eliminating w’, z, 7 between f=0, g=0 


F=0,G=0; the quantities w,,..., w, are the roots of W=0,. The th “ory 
of elimination shews that we have a relation of the form name 


on 


W=Kf+ly+ MF + NG. an 
Similarly, eliminating w, z, 2’, and denoting the eliminant by W’, we have a 
relation of the form “ed 


W =K’f+L'g+WP+ NG, 


and the quantities w’,..., w,’ are the roots of W’=0. Likewise elimina 


Z’, we have relations of the form 
4=Pf+Qg+ RF + 8G, 
LZ =PS+QVgt+ hE+SG; 
the quantities z,..., z, are the roots of Z7=0, and the quantities Pe a, 
are the roots of Z’=0. And the quantities KL, My, Kk’, Ly M 
P,Q Ff, S, P’, Q, BR’, 8’ are polynomials of the respective ap propriate 
orders. In particular, if we write sj 
Aw) kK, L, MEN 
Rael Bi BS Paco i 
Peay Bes 
Pi Goa se 
A is a polynomial of aggregate order 
(mnpgq —m) + (mnpg —n) + (mnpq —k) + (mnpg — 1), 
=4u—m—n—-k—-l. 


The simultaneous combinations w,, w,’, Z,, 2; (for r=1,..., ») are the simul 
taneous roots of : 
f=0; g=0, F=d. Ged: 
these we call the congruous roots. All other combinations of the 
W=0, W’=0, Z=0, Z’ =0, are called non-congruous roots; they 
simultaneous roots of f=0, ¢9=0, F=0, G=0; but, for each such 
tion, we have q 
-A=0, . dee 
For the sake of simplicity, we shall assume that each of the ro ots 
W=0, W’=0, Z=0, Z' =0, is simple. P 


Now consider the quantity 
D(w, w', z, 7) 
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It can be expressed in a partial-fraction series of the form 


A rr ae 


=== ; ; 
(W— Wy) (Ww — Wy) (2 — %) (2 — Zy)’ 


mM 


the summation being for r, 7”, 8, s,= 1, ..., 4, independently of one another ; 
and 
Ag = ? (Wy, W yy 2yy zy) Dra! 
. 0 (4) OL OL 
a ee ; 
OWy OW'y O24 O2' y 


When r= 1 =s8 = 3s’, we can denote the coefficient A by A,; then 


p,A, 
Ae a foe 
< 0 0 é OL OL 


OW, OWy OZy OL," 
Unless all the equalities r= 7’ = 6 = s' are satisfied, we have 
Drvw = 0, 


so that all the coefficients A other than A,, for r= 1, ..., m4, vanish, Thus 
we have the identity 


D(w, w', 2,7) _ S A, 
WW'ZZ' pny (W — Wy) (Ul — Ww) (2 — 2p) (4 —Zy)’ 


Let both sides be expanded in ascending powers of 1/w, 1/w’, I/z, 1/2. On 
the left-hand side, the index of the term of highest order in w, w’, z, 7 in the 
numerator is 

E€k+l+m+n—5 + (4u4—m—n—k—1) 


~ 4p — B 


the index of the term of highest order in w, w’, z, 7 in the denominator is 
4; hence the index of the first term in the expansion 25. On the right- 
hand side, the index of the first term in the expansion is —4, and its 
coefficient is 

* 

2, A>, 

rel 
No such term can occur in the left-hand side under the assigned conditions ; 
hence 

A,=0, 

yal 


that is, 
3 Dp, an 


a 0 Wi WW Y, i 


Wy OWy Ofy 04, 
13—2 
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From the expression for W, we have 


of 0g oF 0G 
bu, = Ee Bn, + Me, NB 
of og oF 0G 
0=K +L, 4 Mt Meg 
ee. 2 +1, OL aie Ie 
Oz, 02, 02, 
of eg oF 0G 
0= Kes art Lx oh geet nt Ns aor 3 
and similarly from the expressions for W’, Z, Z’. Thus 
ow 
Ow, ’ ? 0 > 0 
ow’ 
> ow,’ ’ 0 > 0 
0Z 
o ae, 
Oy 0am 
02, 
hn a M,, N, of ce, ge 


F ia Pe > ae ree rs Pe a ay ee 


that is, 


Consequently, we have 


and therefore 


ell eee 


when the double integration is taken over any simple closed r re 
plane of the real variables p, g. 
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This is a restricted extension of a part of Abel’s general theorem on the 
sum of integrals. The result is true, even if the integral 


Jfi7 40a 


is not everywhere finite, that is, if the integral is not of the first kind*. The 
conditions, which have been imposed upon the integral, are that it is to be 
finite for all places which are ordinary for the equations f=0, g=0, all 
infinite places being supposed included among these ordinary places. 


* It should be added that, by a different method, Picard (1. c., t. i, p. 190) obtains this 
extension for double integrals of the first kind (that is, integrals which are everywhere finite) 
when there is a single fundamental equation f (w, z, z’)=0. 


CHAPTER VII 


LEVEL PLAcEs oF Two UNIrormM FUNCTIONS 


112. HuITHERTO, save for rare exceptions, only individual functions of two 
variables have been considered at any one time; and we have seen that there 
exist continuous aggregates of places where a function has an assigned level 
value or a zero value. This property precludes us from establishing definite 
relations of inversion between a single function of more than one variable 
and the variables of that function. Such relations are highly important in 
various branches of the theory of functions of a single variable; they are no 
less important when functions involve several independent variables. To 
establish them, it is necessary to have as many functions, independent of one 
another, as there are variables; and therefore, for the present purpose, we 
shall consider two independent functions of z and z’. Moreover, quite apart 
from reasons that make inversion a possible necessity, we have seen that it is 
desirable to consider simultaneously two independent functions of z and 2. 


We still shall limit ourselves throughout to uniform analytic functions ; 
and we shall begin with the discussion of the relations between two functions 
that are regular everywhere in the finite part of the field of variation. As 
we know, every such function can be expressed as a series of positive integral 
powers of z and 2’, which (if an infinite series) converges absolutely for finite 
values of |z| and |z’|, and has all its essential singularities outside the finite 
part of the field of variation. We know (§ 53) that such a function must 
possess zeros somewhere in the field of variation; but it may happen that the 
zeros do not occur in the finite part of the field*, and then they occur at the 
essential singularities. 


We proceed to establish the following theorem :— 


Two independent functions, regular throughout the finite part of the 


field of variation, vanish simultaneously at some place or places within the 
whole field. 


* For example, the function e*+?’ cannot vanish for finite values of z and of z’; all its zeros, 
a continuous aggregate, occur for those values of z and z’ which make the real part of z+2’ 
negative and infinite. 
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113. Let the two functions, everywhere regular, be denoted by f(z, 2’) 
and g (z, 2’); and let a, a’ be any place in the finite part of the whole field of 
variation for z and z. In view of the proposition to be established, it is 
reasonable to assume that neither f(z, 2’) nor g (z, z’) vanishes at a, a’; if 
both should vanish at a, a’, the proposition needs no proof; if one of them 
should vanish at a, a’, but not the other, the following proof will be found 
to cover the case. 


We consider the immediate vicinity of a, a’, and take 
/ / i 
Z=a+u, 2=a+u. 


Because f(z, 2’) and g (z, 2’) are regular everywhere in the finite part of the 
field of variation, we have expressions for them in the form 


F(Z, Z)=f (a, a) +(u, Un + p(t, Unga + «+, 
g (4, Z)= 9 (a, W) + (UW) n tg(Us Ung +o, 


where ,(u, wv’), represents the aggregate of terms of combined dimension sm 
in u and w’ as contained in the power-series for f; and similarly for the other 
homogeneous sets of terms in f, and for the homogeneous sets of terms in g. 
In the simplest cases, the integer m is unity and the integer n is unity; in 
all cases, both the positive integers m and n are finite. 


When m=1 and n=1, the quantities 
fu, wa; g(t, uw), 
are usually independent linear combinations of w and w’; their determinant is 


the value, at a, a’, of 
(C2) 


Z, 2. 


which does not vanish everywhere, because the functions f and g are inde- 
pendent. If it should happen that J vanishes at a, a’, so that there 
Ff 09 Sf .. 


hae od oa oa’ 


then we have 
flatu,a+u)—f(a, a) =(uu)it+.., 
fiatudt+w)—f(aa)—«{g(atua +u)—g (a; @)} =(U,w)ot 
where the first set of terms ,(u, uw’), is of order higher than the first set 
y(u, w), and usually is not the square of ,(u, w’),. If, however, 


Dr {o(w, Wo} = {p(u, wr}, 
where 2 is a constant, then we should take a new combination 
flatu, a +w)-f(a,a)—« {g(a+u, a +u')—9 (a, v’)} 
—A{ flat, a +u')—f(a, a’)}. 
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Similarly for other cases. 


We proceed until, at some stage, we obtain two series in wu and w’, 
such that the lowest set of terms in one series cannot be expressed solely by 
means of the lowest set of terms in the other series; and this stage is 
attained after steps that are finite in number, because 


(22) 


Similarly, if m is greater than unity and n=1; and if m=1, while n is 
greater than unity; and if both m and n are greater than unity. In each 
case, we obtain a couple of series, the aggregate of terms of lowest dimensions 
in the two series not being expressible solely in terms of one another. And 
then, because of this independence, the equations 


does not vanish identically. 


A = ,(U, 7a Bey B = g(u, bys 


where A and B are assigned quantities independent of u and uw’, determine a 
limited number of values of u and w’. In particular, let 7 be the greatest 
common measure of m and n, and write 


m=pl, n=vl; 
and let # be the eliminant of (u, u’)m and g(u, w’),, 80 that 
Ei Gg" Con! aes 
Then the equation giving values of w is 
(Ano Con™ +...) U™™ +... + {(— Aton)” — (— Barmy}? = 0, 


and therefore, if 
A=arkP™=xcPY, BaXP*=),P 


each value of w is of the type 
= kPs 


or, for sufficiently small values of |u|, |A|,|w’|, | B|, and so of | P|, we have 
w=kP, w=KP, 
where |k| and |x’| are finite, while some of the quantities k and # can be 


zero. Manifestly, 
= (Kh, hm, N= glk, bn; 


and, in general, we shall have 


wu=kP+k,P? +... 
w=khP+kh/P?+ 
from the relations 
A = U, W)m + p(t, Umar + a 
B= glU, wn ote g(U; U ner Ze , 
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After these explanations and inferences, we proceed to shew that it is 
possible to choose quantities w and w’ of small moduli, so that the place 
a+u, a +w’ is in a small domain of a, a’, and so also that 


flat, a’ +w)|<| f(a, a)|, 
ig(a+w, a +u)|<|g (aa, 
simultaneously. Let 
f(a, w@)=Q+iRk, g(a,v)=S8+ iT, 


where Q, R, S, 7 are real quantities, and neither |Q+iR| nor |S +77" 
vanishes. Now choose M a small positive quantity, in every case less than 
|Q+7R|, unless | ()+7R| happens to be zero and then we take M zero; and 
choose an argument wW such that Q and M cos w have opposite signs and, at 
the same time, R and Msinw have opposite signs. (If R be zero, we can 
take y equal to either 0 or w and should choose the value giving opposite 
signs to Q and Mcos. Similarly, if Q be zero, with a choice of $a or Sar 
for yY). Again, choose V a small positive quantity, in every case less than 
|S+77'|, unless |S+77'| happens to be zero and then we take NV zero; and 
choose an argument y such that S and N cos y have opposite signs and, at 
the same time, 7’ and N sin y have opposite signs. (Arrangements as to 
choice of x can be made similar to those for w, if either 8 or 7' should vanish), 
Then evidently 


|f (a, a’) + Me| < | f(a, a’)|, 
|g(a, a’) + Nex'|<| g(a, a’)|. 


Now we have seen that, for sufficiently small values of M and of N, the 
relations 


_ / 
Me“ = mes Wm “. pu, U Ym sO 
Nex = ge, U')n + gh Wnts Hees 
give a limited number of sets of values of the form 


u=khP+kh,P2+ ia 
w= P+h/Pit+...J’ 


where | | is a small magnitude such that 
Me'=nP", Next=r7P™; 


thus |w|and|w’| are small, of the same magnitude as | P|, while |k,P?+...|, 
| ky P? + ...|, are small compared with | P|. For such values, we have 


If(atu, a +u’)|<|f(a, a’)|, 
lg(at+u, a +u’)|<|g(a, «)|, 


which was to be proved. 
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Accordingly, we infer that it is possible to pass from a place a, a’ to a 
place z, 2’, which may be called a place adjacent to a, a’, and which is such as 


to give the relations 
IF 2)1< iF a’)|, 
ig (2% #)|<|g(@ @)|, 


simultaneously. 

Within the finite part of the field of variation, the functions f(z, 2’) and 
g (2, #) are everywhere regular, so that no singularities are encountered in 
transitions from a place to an adjacent place. We therefore can pass from 
place to place within the finite part of the field of variation, always choosing 
the passage so as to give successively decreasing values of | f(z, 2’)| and 
|g (2, 2)|. 

If at any place c, c’, one of the two functions (but not both of them) 
should vanish—say f (c, c’)=0—then we choose the next place c+, c+’, 
so that M is zero, that is, so that « is zero, and such that 

S(c+ucé+u)=0, lg(ct+ucl+wu)|<l|gc’)|. 
The choice is always possible for finite values of z and 2, because the functions 
f(z, 7) and g(z, 2) are regular for those finite values and consequently can 
be expressed as regular power-series. 


114. It thus follows that, by an appropriately determinate choice of 
successive places at every stage, each place being adjacent to its predecessor, 
the moduli of f(z, 2) and g(z, 2) can be continually decreased so long as 
they differ, either or both, from zero. Thus they tend to zero in value, as the 
successive places are chosen; and continued decrease can be effected, so long 
as they are not zero. 


Moreover, we know that every regular function possesses a zero value or 
zero values somewhere within the whole field of variation. If the zero value 
does not occur at some ordinary place, then (§ 53) it occurs at the essential 
singularity or singularities, as e.g. for the function e?®*), where P (z, 2) 1s a 
polynomial in z and z’, when the places for the zero values belong to the 
non-finite part of the field. 

Hence ultimately, either for finite values of z and 7, or for infinite values 
of either of them or of both of them, a place will be attained at which both 
the moduli | f(z, 2’)| and |g(z, )| are zero. Such a place is a common zero 
of f(z, 7) and g(z, 2’); and therefore our theorem—that two functions 
f(z, 7) and g(z, #), regular everywhere in the finite part of the field of 
variation, vanish simultaneously somewhere in the whole field—is established. 

Ex. Consider the functions 

F(z, Z)=et*, 9 (2, /)—ze-(e+*), 
both of which are regular for all finite values of z and 2’. 
Let 2+2=log (rmenst), 


Sizer 
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where 7, 6, m, n are real constants ; then 

Te, 2j=1 err, 

g (4 #)=rt=n) oll m) 64 
When 0 <x <1, we manifestly have 

fF, 2)=0, g (2 2)=0, 


when 7 is zero: that is, the two suggested functions acquire zero values for some specified 
values of 7 (even when z=0) which do not lie in the finite part of the field of variation of 
the two variables. 


115. Next, consider the case of two uniform analytic functions, each of 
them devoid of essential singularities in the finite part of the field of variation, 
and each of them possessing continuous aggregates of poles and isolated 
unessential singularities. We know, from an earlier proposition (§ 90), that 
the functions can be expressed in the forms 


Riz, Z) 
10) Olas aye: Z)’ SRERE IS 7) 


where P (z, 2), Q(z, 2’), R(z, 2), S(z, #) are functions of z and 2’, which are 
regular everywhere in the finite part of the field of variation. 


The zero-places of f(z, 7) are those of P (z, 2); it may happen that a zero- 
place of P(z, 7) is also a zero-place of Q(z, @), and then the place is an 
unessential singularity of f(z, 7) which, among its unlimited set of values there, 
can acquire the value zero: that is, the zeros of f(z, 2) are given by the zeros 
of P(z,z). Similarly for g(z, 7) and R(z, 7). Hence f(z, 7) and g(z, 2) 
will vanish simultaneously somewhere in the field of variation, if the functions 
P (z, 7) and R (z, 7), everywhere regular in the finite part of the field, vanish 
simultaneously somewhere in the whole field. But we have proved that these 
regular functions P (z, 2’) and R (z, 7) must vanish simultaneously at some 
place or at some places in the whole field. Hence we infer the following 
theorem :— 


Two independent functions f(z, 7) and g(z, 7), which are uniform and 
analytic, and all the essential singularities of which occur only in the non-finite 
part of the field of variation, must vanish together at some place or some places 
in the whole field of variation. 


We infer also, as an immediate corollary, the following further theorem :— 


Two independent functions f(z, 2) and g(z, 7), which are uniform and 
analytic, and all the essential singularities of which occur only in the non-finite 
part of the field of variation, must acquire assigned level values at some place 
or some places in the whole field of variation. 


For if the assigned level values be a for f(z, 2) and 8 for g(z, 2), the 
functions f(z, 2’)—a and g (z, 2)— £ satisfy all the conditions imposed upon 
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the functions f(z, 2’) and g(z, 2) in the earlier theorem; the application of 
that earlier theorem leads to the result just stated. 


A corresponding result holds as regards simultaneous poles for f(z, 2) 
and g (z, 2’). 

In general, a corresponding result does not hold as regards the occurrence 
of simultaneous unessential singularities of f(z, 2’) and g (z, 7). 


116. When two functions f(z, 2’) and g(z, 2’) have a common zero-place, 
we need to consider their relations to one another in its immediate vicinity ; 
we need also, if possible, to assign an integer which shall represent its multi- 
plicity as a common zero-place. Let a, a’ be such a place, so that 


f@; @)= 0," g(axe) =0; 
for places in its immediate vicinity, represented by a + u, a’ + uw’, we have 
f(z, 2) = Kutu't P (u, uw’) eP 

= Lutu't Q (u, uw’) e@ 
g (2, 7) =K'ubu't RB (u, wv’) ek (u,w) 
= Li'l S(u, uw’) Se) 


Here K, L, K’, L’ are constants; s, ¢, s‘, t are positive integers which can 
be zero separately or together; P (u, wv’), Q(u, wv), R(u, wv), S(u, w) are regular 
functions of wu and w’, which vanish with w and uw’. The functions P (u, w’) 
and R (u, u’) are polynomials in w, having as their coefficients regular functions 
of u’ which vanish with w’; the functions Q (u, wu’) and S (uw, wv’) are polynomials 
in w’, having as their coefficients regular functions of « which vanish with w. 
When w*u’-* f(z, 7) does not vanish with wu and u’, we substitute unity for 
each of the functions P and Q; and similarly when u-*u’— g (z, 2’) does not 
vanish with wu and w’, we substitute unity for each of the functions R and 8. 


The order of a zero-place for a single function in each variable has already 
been defined. For the function f(z, 2’), it is 


s+minzg, t+ninZ, 


where m and n are the positive integers, which are the degrees of P and Q 
regarded respectively as polynomials in w and in w’; and m and n are zero, only 
when ww f(z, 2) does not vanish with wand wu’. For the function g(z, 2), 
it is similarly 
stm’ inz, t+n inZ, 

where m’ and n’ are the positive integers, which are the degrees of R and S 
regarded respectively as polynomials in uw and in w’; and m’ and mn’ are zero, 
only when w~*w’ g(z, 2’) does not vanish with wu and w’. 


Beyond the factors u*u’t and wu’, the relations of f(z, 7) and g(z, 2’) in 
the vicinity of a, a’ depend upon the relations of the functions P or Q (as 
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representative of f) and the functions R or S (as representative of g) to one 
another. Consider, in particular, the functions 


P(u, w)=u™ + u™" p, (w’) +... + pm (w’), 
where p,, ..., p,, are regular functions of u’, vanishing with w’, and 
Ru, wv) =u™ + uw 7, (uw) + + Tm (W), 
where 7, ..., 7m are regular functions of w’, vanishing with uw’. To determine 


whether there are common sets of values of w and w’, in the vicinity of w=0 
and uw’ = 0, where P and R vanish together, we take 


P=,” h=0, 


as simultaneous equations, algebraical in vu. Eliminating u between them, we 
have (save in one case) a resultant which is a function of uw’ only ; also, as each 
of the quantities p,, ..., Pm, 71, +++) Tm 18S a regular function of w’ vanishing 
with wu’, this resultant is of the form 


u™  (w), 
where M is a positive integer, chosen so that ¢ (u’), a regular function of w’, 


does not vanish when u’=0. To the exact determination of M we shall 
return later. 


The excepted case arises when the resultant vanishes identically. When 
the resultant does not vanish identically, the necessary values of wu’, making P 
and & vanish together, are given by 


ul b (u’)=0, 


where ¢ (0) is not zero and $(w’) is a regular function. We at once have 
u =0, as a possibility; the associated value of u isw=0. The alternative 
possibilities would arise through zeros of the regular function ¢(w’): but as 
(0) is not zero, it is possible to assign a finite positive quantity e, less than 
the smallest among the moduli of the zeros of ¢(u’). In that case, there is 
no value of w’ within the range |w’|<e such that ¢(w’) vanishes; and then 
the resultant vanishes for no value of w’ other than u’=0: that is to say, 
there is no zero-place for f and g in the immediate vicinity of a, a’, other than 
a, a itself. 


117. When the resultant of the two equations P=0 and R=0, which 
are algebraical in uw, vanishes identically, the inference is that these two 
equations in w have common roots, one or more. Let the number of these 
common roots be /, and let them be the roots of an equation 


UO a=u+ulk, (uv) +... +h (wv) =0, 
where k,, ..., k; manifestly are regular functions of w’ vanishing with w’, 


Then U is a factor of P save as to possible multiplication by a factor e™™, 
where a(w’) is a regular function of w’ that vanishes with wu’; and similarly U 
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is a factor of R, save as to a similar possible imitation. Let the quotient of 
P by U be 
yt ey FF (Ww) + ... t+hna(w); 


and let the quotient of R by U be 
ue yi gy, (u’) +... + Gwa (w’), 
where all the quantities f{, ..., fa, Gay +++» Jm’—a are regular functions of w 
vanishing with uw’. The conditions, necessary and sufficient to secure this 
result, are those which render the relation 
(arp wf + ta) (w™ + WO GQ, +... + Gm) 
= (up ug, + + Ga) (U™ + Wp, + ... + Pe) 

an identity: viz. we must have the / imdependent determinants, each of 


m +m’ — 21—1 rows and m+ m’— 2/—1 columns (we assume m >a for 
purposes of statement), which can be formed out of the array 


Pr —T1, Pr—Me, Ps— May ---5 Pw — To's Pagan »s5+5-5> Pa 0 , 0,40 

ae ee ee See er ee Re, ,_ 0, 0. 0, 

| Oy Ley “OSS, neo oes Hee, 2 Oe eee 

 sacactctsseassnroninctace-cuuestent ante ee ease 

| a | ee | oe acer ens eee Senne ee > Tat 

| Pr Ps pee’ Sars. Pea Pa, 0 Se 

Dg Sy Baa 5 wakwehanhasncnsaquients areca » Pm» Paw Pm, -~-5 0 

JET EECEOCeCOEOC COCO C CEP O Eee error rer ete ee eee ee ee ee ee eet 
ne re Mercere terre ee > Pm 


vanishing identically for all values of wu’. 

In actual practice with two given functions, we should in general experi- 
ence the same arithmetical difficulty as before (§§ 70, 71). Here we are 
concerned with the effect of the relative reducibility of the functions; the 
foregoing are the / analytical conditions for this reducibility. 

When all the conditions for the identical evanescence of these | deter- 
minants are satisfied, P and R have a common factor U: and then all the 
zeros of U within the domain are also zeros of P and R. Now these zeros of 
U form a continuous aggregate, since U is a regular function; for ! values of 
u can be associated with any value of w’ in the domain so as to make J 
vanish. 


118. It thus appears on the one hand that, when the resuliant of P and 
R, regarded as polynomials in u, does not vanish identically, the zero-place 
a, a’ is isolated: that is to say, simultaneous zero-values of P and & cannot 
be found, except at a, a’, in a region given by 
jz—ajece |s—a'|<e, 


-~ 
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where ¢ and ¢ are assigned positive quantities made as small as we please. 
And it appears on the other hand that, when the resultant of P and R. 


regarded as polynomials in u, does vanish identically, the zero-place a, a is 
not isolated. 


Moreover, in the case when P and R have a2 common factor U, we can 

write 
P=Up(u,v), R=Uq(u,), 

where all the functions P, R, U, p, g are regular functions of u and w ; each 
of them vanishes when u = 0 and w« =0; and each of them is a polynomial in 
u, having unity as the coefficient of the highest power of u and, as coefficients 
of the succeeding powers of u, regular functions of u which vanish when 
#@=0. From the construction of U, we may assume that p and g have no 
common factor; so that the zero-place of p and g at u=0 and u' =0 is 


isolated. Now 
0.49) . yy (P4\ 

; J (GG) = Bs ee 7)+09 (23). 
ape eae 
making U vanish, because all these places make P and R vanish. But this 
Jacobian does not vanish (except at a, a’) for places in the domain of a, a’, 
which make P and R vanish but leave U different from zero. Also, as 

oy alley ayioth =p bala 

g (Zz, Z) = Leu Ru, of) BP 
it follows that the Jacobian of the independent regular functions f and g 
vanishes for all the aggregate of places making U vanish, while it does not 

vanish (except at a, a’) for places in the domain of a, a’ that make f and g 
vanish but leave U different from zero. 

These results have followed upon the selection of P(u, u’) as the sig- 
nificant factor of f in the immediate domain of a, a’, and of R(u, u’) as the 
i factor of g in the same domain. The same results follow upon a 
selection of Q(u, v’) and R (u, 1) as the significant factors of f and g: like- 
wise upon a selection of P(u, w’) and S(u, w’) as these factors, and upon a 
selection of Q(u, v) and S(u, /) as these factors. 

Gathering together all the results, we can summarise them as follows :-— 

(i) Any two independent functions, uniform, analytic, and devoid of 
essential singularities in the finite part of the field of variation of the two 
variables z and 2, possess common zero-places somewhere within the field 
of variation :— 

(ii) In general, each common zero-place of two independent functions, 

_ which are uniform, analytic, and devoid of essential singularities in the 
finite part of the field of variation of z and z’, is an isolated place, so far 
as concerns the vanishing of the two functions :— 
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(ii) Less generally, when two such independent functions possess a 
common factor, which 1s necessarily of the same character throughout the 
Jinite part of the field of variation and which itself vanishes at the common 
zero-place of the two functions, then the common zero-place of the two 
functions is not isolated; im its immediate vicinity, the two functions 
possess a continuous aggregate of zero-places which belong to the common 
factor :— 


(iv) The Jacobian J, of two independent functions f and g, does not 
vamsh identically. It may vansh at a zero-place common to the two 
functions. When the common zero-place is isolated, then f, g, and J do 
not simultaneously vanish at any other place in the immediate vicinity of 
that place. When the common zero-place is not isolated, then f, g, and J 
vanish simultaneously at a continuous aggregate of places in the immediate 
vicimty of the common zero-place. 


119. In the preceding consideration of two functions f(z, 2’) and g(z, 2) 
discussed simultaneously, there has been the fundamental assumption that 
the two functions are analytically independent of one another in the sense 
that neither of them can be expressed, either implicitly or explicitly, by any 
functional relation which, save for the occurrence of f and g, is otherwise free 
from variable quantities. Were the assumption not justified, the Jacobian of 
the two functions would vanish identically; we then should not possess 
sufficient material for the consideration of the common characteristic pro- 
perties of f and g as simultaneous functions of two variables. 


But, after the preceding explanations, two limitations can be introduced 
as regards a couple of functions. One of these affects them simultaneously : 
the other affects them individually: yet neither of them imposes limitations 
upon generality, for the purposes of this investigation. 


Our discussions will deal with any pair of regular functions, which are not. 
merely independent in the general sense, but which possess the further 
quality that they have no common factor, itself a regular function and 
vanishing at places within the domain considered. For any such pair of 
regular functions, each simultaneous zero-place is isolated. The zero-place 
may be simple or it may be multiple; when.it is multiple, the multiplicity is 
represented by a definite positive integer. 

It will be convenient to use some epithet to imply that two independent 
regular functions, existing together in the domain of a place where they 
vanish, do not. possess a common factor, which is itself a regular function in 
that domain and vanishes at the centre of the domain. When a common 
factor of that type is not possessed by a couple of such functions, they will be 
called free. If on the contrary they do possess a common factor of that type, 
they will be called tied. Accordingly, when we deal with a couple of regular 
functions simultaneously, they will be assumed to be both independent and free. 
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The other limitation aims at the exclusion of unessential complications, 
and is suggested by the most general form of a function f(z, 2’) in the 
immediate vicinity of a zero a, a’, viz. 

fe, 2)=K (z—a) (2 — a’) P (z—a, ¢ — a’) eP@-4-, 

Thus (z — a) is a factor of f(z, 2): at another zero ¢, c’, it could have another 
factor (z—c)’; that is, it would have a factor (z—a)*(z—c)’. And so on, for 
other zeros. We shall assume that, if f(z, 2’) initially possesses a factor which 
is a function of z alone, then f(z, 2’) is modified by the removal of that factor 
in z alone. Similarly, of course, if it initially possesses a factor which is a 
function of z alone, then we shall assume it to be modified by the removal of 
that factor also. Any such factor of either variable alone can only contribute 
properties characteristic of a function of a single variable. Thus, for instance, 
we should not consider @(z) @ (z’), where the periods of @(z) are unaffected 
by the periods of ¢ (z’), as a proper quadruply-periodic function; we should 

not consider @(z)sinz as a proper triply-periodic function; we should not 
_ consider sin zsin z’ as a proper doubly-periodie function. 


It seems unnecessary to introduce an epithet to indicate the non-composite 
character of a function f(z, 2’); in what follows, we shall assume that we are 
dealing with functions which are of this non-composite character. 

Accordingly we can enunciate the theorem :— 


The common zero-places of two functions of z and 2, which are uniform, 
analytic, and devoid of essential singularities in the finite part of the field of 
variation, and which are independent and free, wre isolated places in the field 
of variation. 


120. An indication has been given of the determination of the integer 
which shall represent the multiplicity of an isolated simultaneous zero-place 
of two regular functions. In the vicinity of such a place a, a’, we take 

ba Z=a+u, 2=a+u; 
and then, after the preceding explanations, we can assume that the integers 
s and ¢ are zero for f(z, 2’), and that the integers s’ and ¢’ are zero for g (z, 2’). 


Thus F " 
J 2)=KP(u, we), g(z, 7) = DR (u, w) 8&5, 
in the immediate vicinity of u= 0, uw =0; and 
P (u,v) =u" + u™ p, (W) + + Pm (Ww), 

. Ru, wy=u™ un; (uw) +... +m Ww), 
where all the coefficients p,, ..., Pm, 71, +++» 7m are regular functions of wu’ and 
vanish when wu’ =0. When the eliminant of P (u, w’) and R (wu, u’), regarded 
as polynomials in w, is formed, it is a regular function of w’ which vanishes 
when «’ =0; and so it can be expressed in a form 


Ww $ (Ww) 
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where ¢ (0) does not vanish, and where M is a positive integer. This integer 
M measures the multiplicity of a, a’, as a simultaneous zero of f and g. 


The detailed determination of M can be effected as follows. Let 


P (wu, u') = (ups) (w= ps)... (U— pm); 
RB (u, w) =(u—o;) (U — 03) 00 (U— om), 


where p;, «++, Pm, 1, +++, Tm are functions of uw’ (regular functions of fractional 
or integer powers of w’) all vanishing when u’=0, ‘Their governing terms— 
that is, the lowest power of w’ in each of them, with its appropriate coefficient 
—can be determined as in Puiseux’s treatment of algebraic functions. Now, 
except as to a constant factor that is of no importance here, the eliminant of 
P and R is 


II I (p,—<a;). 


r=1 s=1 
When p,—a, 1s expressed in terms of u’, every occurring power having a 
positive index, let j,; be the index of the lowest power it contains; then we 
see that 


m m 
M= D> 2 Bys, 


r=1 8=1 
which thus gives an eapression for the multiplicity M. It is easily established 
that the quantity M, thus obtained, is an integer. 


The simplest case occurs when, in the expansions 


F(Z, 2) = Ay (2 — a) + Ay patie! 
g (4, 2) =Cy (2 -—A) + Oy (4 —a@)+...}’ 


no one of the quantities dy, Ao, Co, Cory G10 Con — Cio My Vanishes: the value of 
M, for the zero a, a’, is unity in this case. 


Note. If, instead of the functions P and R, we take @ and S, as repre- 
sentative of f and g, and construct the eliminant of Q and S regarded as 
polynomials in w’, the eliminant is 

u™ wp (u), 
where w is a regular function of u such that (0) is not zero, and M is the 
same integer as before. The proof is a simple matter of pure algebra. 


121. All the preceding remarks apply to the simultaneous zero-places of 
two regular functions f(z, 2’) and g(z, 2’). It applies equally to the level 
values of two regular functions /(z, 2’) and g(z, 2’), say a and @ respectively, 
where |a| and || are finite. The functions f(z, 2’) and g(z, 2’) are inde- 
pendent, as before. The functions f(z, 2’) — and g (z, 2’) — 8 will be supposed 
free, that is, we shall extend the significance of the epithet ‘free,’ as applied 
to f(z, 7) and g(z, 2), so that it applies to this case also. The functions 
f(z, 2)—«% and g(z, 7)—BA will also be supposed non-composite as regards 
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factors which are functions of z alone or functions of 2 alone, as was the case 
with f(z, 2’) and g(z, 2’). And, now, we can enunciate the theorem :— 


The common level places of two regular functions, which exist together in a 
domain of the variables, and which are independent and free, are isolated ; and 
the multiplicity of any level place, giving values a and 8 to f(z, 7) and g (z, 2) 
respectively, 1s the multiplicity of the place, as a simultaneous zero of the 
Functions f(z, 7/)— 4, 9 (2, 2) -B. 


122. Further, consider two functions f(z, 2) and g(z, 2’), independent of 
one another, not tied, and existing in a common domain; and suppose that 
J (4 Z) has a pole at a place p, p’, which is an ordinary place for g (z, 2’), say 
a level place for g (z, 2’), (zero being a possible level value there). Then the 
place is a common level place for the functions ¢(z, 7) and g(z, 2’); and 
we know that, if ¢(z, 2) and g(z, 2) are free, that is, if ¢(z, 2’) and 
9 (4, 2)—9(p, p’) possess no common: factor which is a regular function of 
z, Z vanishing at p, p’, then the common level place at p, p’ for ¢ (z, 2’) and 
g (2, 2) is isolated, and its multiplicity is the index of the lowest power of 2 
in the z-eliminant of ¢ (z, 2’) and g (z, 2’) -—g (p, p’). 


It is convenient to extend the significance of the terms tied and free as 
applied to a couple of independent uniform functions f and g. We shall say 
that they are tied if, for any constant quantities a and 8, either f—a and 
g—8; or f—a and (g—8)"; or (f—«2) and g—8; or (f—a) and 
(g—8)~ (being really two alternatives) possess a common factor which is a 
regular function of z and z’ having a zero (and so an infinitude of zeros) in 
the domain; and we shall say that the two independent functions f and g are 
free, when no common factor of that type exists for any one of the combina- 
tions. Moreover, we shall also assume that neither f— anor (f— 4) nor g— 8 
nor (g—)~ contains any factor, which is a regular function of z alone or of 
z alone and vanishes for one (or for more than one) finite value of the 
variable, 


On the basis of earlier results, we can now enunciate the following 
theorems :— 


(i) Let f(z, 2’) and g (z, 2’) be two functions, which are uniform, analytic, 
and devoid of essential singularities in the finite part of the field of variation of 
z and 2, and which are independent and free. The places where one of the 
functions acquires a level value and where the other has a pole, are wsolated ; 
and the multiplicity of the place for the two functions conjointly is the multi- 
plicity of the place as a level-and-zero place for one of the functions and the 
reciprocal of the other. 

(ii) The common poles of two uniform functions, which eaist together in a 
domain of the variables, and which are independent and free, are isolated ; 
and the multiplicity of the common pole for the two functions conjointly is the 

14—2 
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multiplicity of the place as a common zero for the reciprocals of the two 
functions jointly. 

The theorems follow at once from an earlier theorem by considering the 
behaviour of the reciprocal of a function in the immediate vicinity of any pole 
of the function. 

When we extend the term level value of a uniform function to include 

(i) a zero value of the function, this being a unique zero, independent 

of the way in which the variables reach the place giving the zero 
value : 

(ii) a level value @ of the function, where |a| is finite, this being a 

similarly unique level value of the function: 

(iii) an infinite value of the function, this being a unique infinity of 

the function arising at a_pole: 


then all the theorems, already enunciated concerning two functions, can be 
summarised in the one theorem :— 


The common level places of two uniform functions, which are uniform, 
analytic, and devoid of essential singularities in the finite part of the field of 
variation of z and 2’, and which are independent and free, are isolated ; and 
the multiplicity of the level place for the two functions conjointly is the index of 
the lowest term in the elominant of the two functions or of their reciprocals or 
of either with the reciprocal of the other, expressed in the vicinity of the place. 


Combining this result with the investigation, which settled the order of 
multiplicity of the place a, a’ as a level place of the functions f and g and 
therefore as a zero of the functions 


SL #)-% 9 (4 #)—-B, 
we have the following corollary :— 
Let a, a’ be an isolated common zero of multiplicity M of the functions 
f@2)—% (2 2)-B: | 


then, for values of |\a’| and | B’| sufficiently small, there are common zeros, 
simple or multiple, of aggregate multiplicity M, of the functions 


(4, 2)-a-@, g(4,7)—-B-BP, 
whach coalesce into the single common zero of multiplicity M of 
I Z)= % 9 (Z, Z) 7 B, 


when « and B’ vanish. 


CHARTER) VEL 
UnirorM PrERiIopic FUNCTIONS 


123. WE now proceed to consider the property, of such functions as 
possess the property, which customarily is called periodicity. Limitation 
will be made at this stage to periodicity of the type that is linear and 
additive, though the type is only a very particular form of the general 
automorphic property, mentioned in Chapter 1. 


In conformity with general usage, we say that two constant quantities w 
and @’ are periods, or a period-pair, or a period, of a function f(z, 2’) of two 
complex variables, when the relation 

Seto, +0’) =f (4, 2’) 

is satisfied for all values of z and of 2’. In such an event, the relation 

f(z+so, 2 + so’) =f (z, 2’) 
is satisfied for all integer values, positive and negative, of s. Moreover, it is 
assumed implicitly that and ’ constitute a proper period-pair; that is to 
say, a relation 

etka, 2 + k'w’) =f (2, 2’) 
is not satisfied for all values of z and z’ except when k=k’, both k and hk’ 
being integers, and that the same relation is not satisfied, even if k =k’, when 
the common value of & and x’ is the reciprocal of an integer. 


In dealing with periodic functions of a single complex variable, infinitesimal 
periods are excluded. Speaking generally, we could say* that, if a uniform 
function of a single variable possessed an infinitesimal period, then within 
any finite region, however small, round any point, however arbitrary, the 
function would acquire the same value an unlimited number of times. The 
possibility of the existence of such functions may not be denied; but they 
cannot belong to the class of analytic functions. In the case of analytic 
functions which are not mere constants, the result of the possession of 
infinitesimal periods would be to make practically any point and every point 
an essential singularity. Accordingly, so far as concerns functions of a single 
variable, the possibility of infinitesimal periods is excluded. 


124. We likewise exclude the possibility of infinitesimal periods for 
functions of two variables; but the exclusion can be based on different 


* See my U'heory of Functions, § 105. | 
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grounds also. For the present purpose, we shall limit ourselves to uniform 
analytic functions* of two variables; and we then have a theorem+, due to 
Weierstrass, as follows :— 


A uniform analytic function of two independent complex variables z and 2 
possesses infinitesimal periods only if it can be expressed as a function of 
az +a’z’, where a and a’ are any constants. 

First, suppose that our function f(z, 2’) can be expressed in a form 

fe, Z)=F(az+az’). 
Then if we take any two quantities P and P’ such that 
aP +a’P’ =0, 
we have 
f@tP, 744+ P)=F (az+q'2'+aP+d'P’) 

=F (az+a/2’) 

=f (2, 2); 
and therefore when P and P’ are constants, we may regard P and P’ asa 
period-pair for f(z, 2’), supposed expressible in the given form. The only 
relation between P and P’ is aP +a’P’=0; hence either of them can be 
taken infinitesimally small, and the other then is infinitesimally small also. 
It follows that, when a function of z and z’ can be expressed in the form of a 
function of az+a’z’ alone, where a and a’ are any constants, then it possesses 
infinitesimal periods. 

Further, writing az + a’z’ =v, we have 


of al Gaia wee 


and therefore 


Hence when the function is of the form f(az+qz’), so that it possesses 
infinitesimal periods, the foregoing relation is satisfied. Conversely, by the 
theory of equations of this form, the most general integral equation equivalent 
to this differential equation is 

S(é, 2) =F (az +02’), 
where F’ is any function whatever of its single argument; and therefore, when 
a function f(z, 2’) satisfies the relation 


in general (and not merely for an arithmetical pair, or for sets of arithmetical 
pairs, of values for z and 2’), it possesses infinitesimal periods. 

* The result holds for multiform functions and, under conditions not yet established, possibly 
even for functions that have an unlimited number of values for any assigned values of the 


variables; see Weierstrass, Ges. Werke, t. ii, p. 69, p. 70. 
+ It is established for the case of n variables, Weierstrass, Ges. Werke, t. ii, pp. 62—64. 
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Next, suppose that our uniform analytic function is not expressible in a 
form F'(az+ a’z’) for any constants a and a’ whatever; and consider a region 
in the field of variation where the function f(z, z’) is regular. No relation 


for non-vanishing values of a and «’, is satisfied over the whole of this region ; 
hence we can take places z and 4’, z, and z,’ within the region, such that 
| Jy.|, where 


F(a,a4) fla, a’) 


hag — AYA ? Oz, | ? 
Of (Za, 2) of (22, 2) 
ie et OZ. 


is finite and not zero. Also when we take places z,+%, and 2,' + u’, 2 + Us 
and 2 + Us’, 4+, and 2,'+2', z+, and z+, where all the quantities 


| uy}, |e’ |, | tol, | wo |, |r|, |’ |, |r|, | x’ | are infinitesimally small, the quantity 


| Jie, | where 
Of (a+ Uy, 4 + Uy; ) Of (A +0, 2 + v ) 


Jia io 


Oz, ; Oz, ‘ 
Of (22+ ta, 20 + Ua’) Of (Za + Ye, Zo + 2) 
022 ; O20. 


differs from | J,,| only infinitesimally, and therefore its modulus is finite and 
not zero. 

Consider the possibility of the existence of two periods h and h’. What- 
ever these quantities may be, we have generally 


Pee The fs 7 {eevee Fats te ag’), 


because the subject of integration is a perfect differential. Take a combined 
¢-path from z to z+h and a ¢’-path from z’ to 2 +h’, and let 
Ceztht, C2 +h, 

so that the range of integration is represented by variations of ¢ from 0 to 1; 
and then generally 

1 fe ae 

Fleth /+h)—f(z, 2)=h[ FEM Et OD a 
0 


Lof(e + ht, 7+ h't) 
0 pak Bay) 
Suppose now that / and h’ are infinitesimal, so that the derivatives of 
J (4, 2) differ only infinitesimally in the t-range from 0 to 1 from their values 
at t=0; then we have a relation of the form 


fleth 7+) -f z, yeah ME Lt), per te) 


dt. 


+ h/ 
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where |w|,|w’|,|v|,|v| are infinitesimal of the same order as |h| and |h’|, 
and may depend upon z and z’. Accordingly, returning in particular to our 
two places z, and 2z,’, 2. and 2)’, we have 


PFlatw a tu’) , Fat a +m) 
™ / 


St (a AP h, 2y a h’) —f (a, 2, ) =h 02, 02, 


of (25 + Uy, eM ate Ur ) / Of (2. + U%, 25 a V2’) 
Cah Des Ee ANAC 
02» 025 


Fileath, ef PH) — f(a Hh 


and so on for any number of places; two will suffice for our purpose. 


When h and h’ are periods (whether infinitesimal or not), the left-hand 
sides vanish. As the equations are valid, when the periods are infinitesimal, 
the right-hand sides also vanish; so that we have 


hd = 04 Ig = 0. 


Now J,,/ is not zero; hence both 4 and h’ are zero. In other words, our 
uniform analytic function of two variables cannot have infinitesimal periods, 
unless it is expressible as a function of a single argument az + a’z2’, where a 
and a’ are two constants. 


125. Next, let @, and @,', w, and @,’, w; and @,,... be period-pairs for a 
uniform analytic function f(z, 2’); then we have 


FS (ZH 1101 + 1aQo +. 130y + 200, ZF MOL +1202 + 7:03 +...) =f, 2 )y.5 


where 7, 72, 73, ... are any integers, positive or negative, and independent of 
one another. 


In the case of a uniform analytic function of one variable, it is known 
that there are not more than two independent periods and that the ratio of 
these periods for a doubly periodic function cannot be real*; the last property 
can be expressed by saying that if the periods are w, = a+ 78, and wo’, =a’ + 78’, 
the determinant 


is not zero. 


The corresponding theorem in the case of uniform analytic functions of 
two variables is as follows :— 


A uniform analytic function of two variables z and z' cannot possess more 
than four independent period-pairs , and a’, w, and w,/, o, and w;', o, and 
ow, ; and if 

. t l “Or 
Ws; =A, + 18,, @; =A, +B, 
* When the ratio is real and commensurable, both periods are integer multiples of one and 


the same period; when the ratio is real and incommensurable, there are infinitesimal periods. 
+ It is partly due to Jacobi, Ges. Werke, t. ii, pp. 25—50. 
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“I 


for all four values of s (the parts a, B, a’, B’ being real), the determinant 


a, As y as , as 
, ony Bs, Bs 


t , / tol 
a, a 


Pei: Be, Bs, Be 


2B 


| 
| 


must not vanish. 


126. As a preliminary lemma, we require the following proposition: if 
relations 
@, =ko, +lo, + mao, 
ow, = ko, + lw,’ + Mos, 
are satisfied among four period-pairs, where k, /, m are real quantities, then 
either there are not more than three linearly independent period-pairs or 


_there are infinitesimal periods, 


First, suppose that k, 1, mare commensurable, and that then each of 
them is expressed in its lowest terms. Let d denote the highest common 
factor of their numerators, and let M denote the least common multiple of 
their denominators ; and write 


a 9 eae it ee, 
k= 7k Sarr at LSalin. El 
where k’, 1’, m’ are integers; then we have 
M 


qn k’o, + lo, + mo, , 


M 


Fi wo, = ko, + l’@, + mas’. 


Now /d is a fraction in its lowest terms, being an integer only if d is unity ; 
change M/d into a continued fraction and let p/q be the last convergent 
before the final value; then 


emetic ve A 

aq dq’ 
so that 

M 

ae te 


Now “A w, and aa manifestly are a period-pair, and therefore also ay W, 


and q a @, ; consequently 
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also are a period-pair, that is, ,/d and ,'/d are a period-pair. Let* 


/ 
@, 


d 


D4 


a 4, aa OY; 


then 
MO, = k’o, + lo, + m’o;, MO/ =k’, + lo! + mos, 
where the integers M, k’, 1’, m’ have no factor common to all. 


Moreover, we can assume that any two of the four quantities have no 
common factor. For if two of them, say k’ and 1’ had a common factor pw, the 
quantities 

k’ UK k’ U 


/ / 
@, + — @2, @, + ‘6 De 


are period-pairs, integral in @, and @,’, @, and w,’; hence 


M nv BERG tN, 
— 0,-—— @3, — 0, —— os, 
be be Ke 
are a period-pair, say @; and ; ; then as 
M m M m’ 
, 4 
aes PE TAA sayeth te 


where M, m’, w are integers and 0,, @;, @;, 04, @;, @; are constituents of 
pairs. But we know+ that, in such an event there are two integral com- 
binations of w;, @;, 2,, and the same two integral combinations of @,’, a5, 0’, 


because the coefficients = and ” are the same in the two relations, such 
be be 


that @;, @;, Q, are expressible as integral combinations of the first and 
@;', w;, ©,’ are integral combinations of the second ; that is, we have 
k’ ba ; 
7 o, + — , = linear function of two periods Q, and Q., 
fog 


pe / 


if 
=~ @, += Wy = SAME 1... - dee se cenemene nee OP andeOss 
be pe 


/ 


and now, in our equations, the integral coefficients * and . have no common 
factor. 
Similarly for the other cases; we can assume, in our relations 
MO, =k'o, + lo, +m’a;, MO! =k’, + l’o! + ma, 
that no two of the integers M, k’, l’, m’ have a common factor. 
Accordingly, we have k’/l’ a fraction in its lowest terms. Expressing it 


as a continued fraction, and denoting by 7/s the last convergent before the 
final value, we have 


ki 1 

5 aes ee 

OE: sl 

* Obviously, if d=1, the period-pair ws and w,’ is unchanged. 
+ See my Theory of Functions, § 107. 
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Then 
+a, =o, (sk’—rl’)= sMQO, —I’ (ro, + s0,)—sm'o,, 
+ wo, = sMQO/ -—V' (ro + sa,') — sm‘a,, 
+ @ =, (sk — rl’) =—rMO, +k’ (ro, + so,)+rm’a;, 
+a, = — rMQ/ + K (rm + so’) + rma, ; 
and so the four period-pairs are expressible in terms of three period-pairs 
4, OF; @3, @3 5 10, + Sao, TH,’ + Sa,’. 
Thus there are not more than three linearly independent period-pairs. 


Next, suppose that one of the three quantities &, l,m, say k, is incom- 
mensurable, while the other two are commensurable. When /, m are expressed 
in their lowest terms, let the integer D be the least common multiple of their 
denominators, so that we can write 

l’ 


t= rR 


BEving 
=>: 
Then 

Do, —l’e, —m’'e, =kDe,, 

Do — l'o,! — m'o,, = kDo,. 
Now &D, like k, is incommensurable; hence, expressing it as an infinite 
continued fraction, and denoting two consecutive convergents by p/q and 


p/qd, we have 


where the real quantity @ is such that 1>0@>-—1. Thus 


(P + 5) @, and (P + = @,, 
qq A 


q q 
are a period-pair, and therefore also 
1 Rae ) (? g ) ae. 
=e ae, LE, ? pact 7 1 — P@1; 
a(f eg ig ag er 
that is, 


ey 
—=@, and -o, 

q 
are a period-pair. We may take q’ as large as we please, for the continued 
fraction is infinite; and the circumstances thus give rise to infinitesimal 
periods. 

Next, suppose that two of the three quantities k, /, m are incommensurable, 

say k and J, and that m is commensurable, equal to X/u, where \ and pz are 
integers. Then our relations can be taken in the form 


pO, —o,;=kwo,+luo., po, — dos = ko, + luo,'. 
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But, writing 
@; = LW,— Os, Os = pw, — ros, 
and denoting kw and ly by k’ and I’ respectively, we have 
o;=k'o,+l'o,, os = ko + lo, 


where k’ and J’ are incommensurable, while ; and w, are a period-pair. 
Again it is known* that, by successive linear combinations of the period so 
always as to give a period, we can change @, into ©, (and @, into ©,’ by the 
same algebraic relations) so that 


| w.| < $| OI, | wo’ | € $| 0," |, 
and at the same time have relations 
Os = ko, a EER Os, oe ko, a AONE 


where both k” and J” are incommensurable. The process can be continued 
to any extent, by successive combinations of the period-pairs; so ultimately, 
we can construct an infinitesimal period-pair. 


Lastly, we have the case when all the quantities k, 1, m are incom- 
mensurable ; and we.assume that the ratios k:1:m also are incommensurable ft. 
Then we express & as a continued fraction, which of course will be infinite; 
taking any convergent 7/s, we have 

Te 
k= % + =? 
where always 7 and s are integers, and w is a real quantity such that 
1>a>-—1. Also let ¢, be the integer nearest to the incommensurable 
quantity sl, and ¢, be the integer nearest to the incommensurable quantity 
sm; then we have 
st —%,=A,, sm —t,= Ay, 


where A, and A; are incommensurable quantities, each in numerical value 
being less than 4. Thus 


ax 
SW, — TO, —t 0, @, Load toWs = 3 @, -b A, @> a A3@s, 


x 7 if 
so, — rw, —t,@,/ ge tawy =~ @, + A,@s + A,@3. 


Again, as A, is an incommensurable quantity, let it be expressed as a con- 
tinued fraction; taking any convergent p/o, where always p and o are 
integers, we have 


Aye E teth, 
o 


2 


q 


* See my Theory of Functions, § 108. 
+ The alternative suppositions, for the last case, and for the present case, are left as an 
exercise. ; 
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where y is a real quantity such that 1>y>—1. Also let ¢, be the integer 
nearest to the value of cA,, and write 
o4,=1t,+ V, 


where V is an incommensurable real quantity less than 3. We then have 


£ 
a (sm, — 1a, — ta, — t,@3) — pw, — tras sore ei; +20, +Vos;, 
/ / "; / , , “ee, Yom, by 
a (sw, —- TO, — t@, — ty @;) — pas > ¥4 t,@s = 70-@O, ++ @, + Vo, ; 
o 


the quantities on the left-hand side are a period-pair, which can be denoted 
by 0; and Q,.. 


Now take an advanced convergent for A,; we have o very large, and so 
the values of yw,/o and y@,/o are infinitesimal. Take a much more advanced 
convergent for k, so that s is very large compared with o; the values of 
c#w,/s and c#w,/s are infinitesimal. We thus have a new period-pair 2, 
and Q,’, such that 


wv a 
|, |= oo + fo, +Vaa, <a; |, 
{ 
| r|\ a , , / | ‘| 
|Os'|=]o 5 a, + fof + Vo, <4] a, |. 


Our relations now have the form 
@o,=k'o,+Vo,+m0;, of = k'o, + lo. +m’ QO, 
where the quantities k’, 1’, m’ fall under one or other of the cases already 
considered, Either we have not more than three period-pairs; or we have 


infinitesimal periods; or all the quantities k’, 1’, m’ are incommensurable, 


while 
| Qs|< Flas], | Qs |< $| es’. 


In the last event, the same kind of transformation can be adopted ; and by 

appropriate choice, we can form a new period-pair Q;, 0,’, such that 
|Q5)<4]Qs|, | Os’) < $/0,'|. 

And so on, in succession. By taking a sufficient number n of transformations, 


each of the preceding type, we ultimately can construct a period-pair ®, and 
®,’, such that 


| ag’ |: 


1 A uk 
IB |< slo | i< 5 


that is, by taking n sufficiently large, we should have an infinitesimal 
period. 
It therefore follows that, if we have two relations 
Aw, + Bo, + Co, + Do, = 9, 
Aw, + Bos + Co, + Dos = 0, 


2m NOT MORE THAN POUR 


between four peried-pairs, where the coefficients 4, BC Dare ral 
either there are mot more than three perted-pairs, er there are infi 
pemods for the variables. | 

Accordingly, when we have to deal with enifarm analytic x 
two variables, there is nothing im the preceding amalyss te ied 
possession of even oar pertad-pairs, when these pairs are lmearly im 
im respect of combinations berweem their respective members. 

127. For the remainder of the proposition im § 135, tS — yR 
consider the possibility of the existemee of dive pemed-pairs: if this be 
choded, then a fortiori we need not camsder the existence of more t mi 
penoad-pairs, 4 

For this parpose, let there be fhar pertod-pairs of the Kind postelaied i 
the theorem sach that, if 

=3 +8. a =n +e, 
(jor = 1, 2, 3. 4), the determimant 
SB Bm. 
» r: a. 
a 
BL By Bs. 
does mot wanish. When thin Ink coniition in satchel, wa cone TAYE 
Telamons 


~ 


RAP? 


Wi, B,D Thy By + Th, B, SE Mh, B =O 
TD, + WB. + MiB, + MZ, =O. 
Thy, B+ Thy B > My, By + Mm, BL =D 
aR + aS + mg + mB =O, 
fer any set of real quantities m,, m,. m. m, ther tha SI = 
Tie cohesion af Sas fick pec of Chassencthdcseniisdelon anna 
Th, > Whig y > Tig At, Than, =O. 
and conversely: amd the exchasnen of the second part exchades a re 
Te. > gd, > hig + Man, =O 
and conversehy. Hames. after the preceding lemamna, we infer that car um 
analyte fometaoms may possess Soar perads or fewer than Soar p winds 4 
they do mot possess, as they cammot be allowed tf pees 1 
pereds. 
Ren epee inks eee ee fae 
slein: Selle een gic teen Let 
=2-3. # =e +e 


Poa ; a 
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bho 
v 
OS 


Then, with the preceding hypothesis of the non-evanescence of the determi- 
nant (a,, 8;, 2;, 8,) in the customary notation, the equations 


a; =A, +N A +s As +, A, 
Bs =mB, + mB, +nsB; + 28,, 
a; =n, Oo +n. a, +n; a, +n, 2,', 
B; =n, By + 2.Be +7; 8; + 1,8, 


determine uniquely four real finite quantities n,, m.,;,m,; and they are such 
as to secure and to require the equations 


' Ms = N@, + NeW. + Nzy@s + NO, 
@; = 1,@, + Ny@,' + N;@;' + Nw, 


It therefore is necessary to consider the conditions, under which these 
equations are possible. 


The analytical consideration of the conditions follows a general march 
similar to that followed in the establishment of the preceding lemma The 
results therefore will only be stated, without further proof They will relate 
only to the most general case when no one of the six ratios m,:my:m;:m,, as 
determined by the elements of the four period-pairs is an integer: the 
alternative is to provide only less general cases. We find 


(i) when all the real quantities n,, m., ms, m, are commensurable, 
the formally five period-pairs can be expressed in terms of not more 
than four period-pairs :— 


(ii) when one (and only one) of these quantities is incommensurable, 
then an infinitesimal period-pair exists :— 


(iii) when two of these quantities are incommensurable, then cer- 
tainly one infinitesimal period-pair exists, and possibly two such pairs 
exist :— 

' (iv) when three of these quantities are incommensurable, then one 
infinitesimal period-pair certainly exists, and three such pairs may 
exist :— 

(v) when four of these quantities are incommensurable, then one 
infinitesimal period-pair certainly exists, and four such pairs may 
exist. 

It therefore follows that for any uniform analytic function, which is really a 
function of two (and only two) independent complex variables so that it 
cannot possess infinitesimal periods, there may be four period-pairs, and 
there cannot be more than four linearly independent period-pairs*. 


* It is a tacit assumption, throughout the preceding investigation, that an infinitesimal 
period-pair @ and @’ for z and z’ means a period-pair for which both | o| and |w’| are infinitesimal. 
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128. Now that we have established the result that a uniform analytic 
function of two complex variables cannot possess more than four linearly 
independent pairs of periods, so that we should have 


F(Z + M0, + MO, + M303 + MO, 2 + M0; + M0, + Mo; + Mo) =f (Zz, 7), 


for all integer values of 1m, m,, m;, m,, positive or negative, we proceed to 
consider the various possible cases that can arise, under the significance of 
the result and within the alternatives admitted by the analysis leading to 
the result. 


For the present purpose, the case when there are no periods needs only 
to be mentioned. We then have the customary theory of the uniform 
analytic functions of two variables, which has been previously discussed in 
some detail. 


The remaining cases will be considered in succession. 


One pair of periods. 
129. Let the variables z and 7 have the periods a and a’, and no other 
periods. Take new variables w and uw’, where 
z=au, az’ —az=aa'w, 
which is an effective transformation of variables unless (i) both @ and @ 
vanish—a possibility that can be excluded—or (11) either a or a vanishes. 


If a vanishes, we take u and z as new variables. If a vanishes, we take 
z and v as the variables, where 2=a’v. In all the cases, denoting the 
variables by w and w’, we can now take 1, 0 as the pair of periods. Hence 
the field of variation of the variables is composed of a strip in the u-plane of 
breadth unity, measured parallel to the axis of real variables, and the whole 
of the w’-plane; and the uniform function in question can be expressed asa 
uniform function of e7™” and w’. 


Two pairs of periods. 
130. Let the periods be 
1s? Zee a | = 
Z, =aJ? = oh 
respectively, in bracketted pairs; manifestly it may be assumed that a and a 


do not simultaneously vanish, and likewise that @ and 9’ do not simultaneously 
vanish. 


Choose quantities k, 1, m,n, such that 
ka+ le’=1, kB+ lp’ =0, 
ma+na=0, mB+np’=1. 
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When one of the two quantities a and a vanishes, say a’, and neither of the 
two quantities 8 and f’ vanishes, we take m=0; and when one of the two 
quantities 8 and #’ vanishes, say ’, and neither of the two quantities a and 
a vanishes, we take k= 0. As will be seen, all the other possible special 
cases are included in the one special case that is to be considered. 


The values of k, l, m, n are given by 
k(ap’—adB)= f, m(ap’—a'B)=—«, 
I(a8’—a'B)=-8, n(ap’—wB)= a; 
and these values are determinate and finite unless 
af’ —a’B=0. 
First, suppose that #8’ —a’8 is not zero—which, of course, is the more 
general case. Introduce new variables wu and wu’, such that 
u=ket+l/, wW=me+nz; 
and then the period-pairs of these new variables are 
for enc 1) — i} 
w, =0J’ =1f’ 
respectively, in bracketted pairs. The field of variation of the variables is 
composed of a strip of unit breadth in the u-plane and of a strip of unit 
breadth in the w’-plane, the breadth of each of the strips being measured 


parallel to the axes of real quantities in the planes. The uniform function in 
question can be expressed as a uniform function of e and e"”, 


Next, suppose that a8’ —a’B is zero—which, of course, is a special case. 
As a and a’ may not be zero simultaneously, let « be different from zero; and 
as 8 and £’ may not be zero simultaneously, let 8 be different from zero. 
Then there are two alternatives 


(i) when both o and f’ vanish: 


(i) when neither a’ nor #’ vanishes, and then we have 


say, where c is not zero nor infinite, 


As regards (i), the variable z has periods a and §, while the variable 2’ is 
devoid of periods: and in order that a and 8 may be effective distinct periods 
for z, we must as usual have the real part of ia/8 distinct from zero, The 
field of variation of the variables is composed of the customary a-8 parallel- 
ogram in the z-plane, and of the whole of the 2-plane; and the uniform 
function in question can be expressed as a uniform function of @(z), @’ (z), 
and 2’, where g(z) is the customary Weierstrassian doubly-periodic function 
with periods a and ~. 

F, 15 
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As regards (ii), we keep the original variable z; and we introduce a 


variable vw such that 
v=2 — 2. 


When z and 2 have the periods « and a, then v has zero for its period; and 
when z and z’ have the periods 8 and #’, then again v has zero for its period. 
Accordingly, when we take z and » for variables, the periods of z are a and B, 
while the variable v is devoid of periods, The uniform function in question 
can be expressed as a uniform function of ¢ (z), @’ (z), and v, with the same 
significance as before for @(z) and the same requirement as to the real part 
of 1a/B. 
Should the requirement as to the real part of 7/8 not be satisfied, either 
there is an infinitesimal period, or the two pairs are equivalent to one pair 
only. In the former case, there is no proper uniform function with the 
periods; in the latter, the periods are not effectively two pairs of periods. 


Three pairs of periods. 
131. Taking the variables to be z and 2 as before, let the periods be 


for 2, ane =) ial), 


ty 

=a fins eB fmm | 
where manifestly no pair of quantities in a column can vanish simultaneously. 
Thus @ can vanish, and a’ can vanish; as they may not vanish together, there 
are three possibilities for the a, a’ pair. Similarly for each of the other two 
pairs; so that there are twenty-seven possibilities in all. They can be set out 
as follows. 


A. When all the quantities a’, 8’, y’ vanish, the period-tableau is 


/ 


tWwindmest 


no one of the quantities a, 8, y can vanish: there is one case. 


B. Let two of the three quantities a’, B’, y’ vanish, but not the third of 
them; there are three possibilities. When 9 is the one which 
does not vanish, then neither a nor 8 can vanish; and we éan have 
two alternatives, viz. y vanishing, or y not vanishing. The period- 
tableaux are 


(asia raacaimene st 


each is typical of three cases, 
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C. Let one of the three quantities a’, 8’, y’ vanish, but not the other 
two; there are three possibilities. When a vanishes, then a cannot 
vanish: and as #’ and y’ do not vanish in that event, we can have 
four alternatives, viz., 8 and y, either vanishing or not vanishing, 
independently of one another. The period-tableaux are 


oped) aa. (0 FY). oo, 


us B; mF ie D5 °,) 

Uae Wey (Uy); 0, 8, 7), (C,); 
each is typical of three cases. 

D. Let no one of the three quantities a’, 8’, y’ vanish; there is only a 
single possibility. But as regards a, 8, y, there are eight alter- 


natives, viz., they may either vanish or not vanish, independently 
of one another. The period-tableaux are 


Be aries). (D): 


ey) Gh ye) 

Sey AS ae. Ys (DS). 

Among these, (D,) and (D,) are one case each; (D,) and (D;) are, 
each of them, typical of three cases. 


132. As regards the kinds of functions considered, no generality can be 
lost by assuming that a function is substantially unaltered 
(i) when one period-pair is interchanged with another period-pair: or 


(ii) when linear transformations are effected upon the variables, coupled 
with corresponding linear transformations upon the period-pairs : 
and, in particular, when the variables are interchanged provided 
that the periods are interchanged at the same time, each combined 
period-pair being conserved. 


Under the first of these assumptions, the three cases typified by (B,) 
become one case only, of which (B,) will be taken as the tableau of periods. 
The same applies to (4), (C;), (Cs), (Cs), (Cx), (Ds), and (D;), in succession. 


As regards (B,), when we replace the variable z by u, where 


u=a—-t eZ, 


(0 ie ) : 


the case becomes (B,), and therefore needs no separate discussion, 


the periods for wu and z’ are 


15—2 
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It is convenient to consider next the case (D,). Let four quantities 
k, l, m, n be chosen so that 
ka+ le’=1, kB+ Ip’=0 
mat+na=0, mB + np’ =1 


> 


their values are given by 
k (ap’—a'8)= 8’, m(@B’—a'8)=—a') 
I(ap’—@B)=—B, n(ap’—a'p)=. af” 

When af’ — a’ does not vanish, the values of k, 1, m, n are determinate and 


finite; when it does vanish, the selection cannot be made. 


Accordingly, in the first place, suppose that a8’ —«’8 does not vanish. 
No generality is then lost by assuming that y§’—+y'8 does not vanish and 
also that, ay’ — a’y does not vanish; for the alternative hypothesis as to each 
of these magnitudes leads, by the permissible interchange of period-pairs, to 
the case when a8’ —a’8 vanishes—a case yet to be considered. Now write 


u=kz+l2’, wW=mz+nz, 
pe = ky + ly= (YB — 98) + (28 — «8), 
yl = my + ny =(ay’ — aly) + (ap’ —«'8), | 
where the new variables uw and w’ are independent of one another because 


kn — lm, = (a8’ — a8), is not zero. Thus the uniform function in question 
becomes a uniform function of u and w’, with the tableau of periods 


6 0, a 

Opdgapr yc 

In the second place, suppose that a6’ — a’B does vanish. Then 
a’ B 
a eo 


say. Introduce two new variables w and w’, defined by the relations 
_ yz ye 
elit ACV 
which are definite and provide independent variables when 9’ —cy does not 
vanish. The period-tableau for u and w’ is 


6 B, 0 ) 

0, 0, 9 —ey/; 

and so the case is inclusible in (B,), provided y’—cy does not vanish. If 
however +’ — cy does vanish, so that 


u W = 2 — Cz, 


a’ 


, 


is 
Y 


=C, 


‘a 


oe 
B 
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we retain the variable z and take a new independent variable v, where 
v=w' —cu; the period-tableau for z and v is 


(6 Isp ve 

OP ORO)": 

and so the case is inclusible in (A). Thus no new kind of function, other 
than those already retained, arises out of (D,) when a8’ — a’B = 0. 


Now consider the cases under (C’). The case (C,) is included in (D,) 
unless By’ — 8’y vanishes. When this quantity does vanish, we have 


say; we take a new variable wu, where u = 2— kz’, and then the period-tableau 


for wu and z’ is 
fe On i) 
OP BT, 


that is, the case is inclusible in (B,). Thus no new kind of function, other 
than those already retained, arises out of (C,). 


The case (C;) is inclusible in (D,). 


The case (C;), by interchange of period-pairs, becomes (C,) and so is 
inclusible in (D,). 


_ The case (C,), by interchange of variables together with the proper inter- 
change of periods, becomes (B,). 


Similarly for the cases under (D). The case (D,), by interchange of 
variables together with the proper interchange of periods, becomes (C,) and 
so provides no new kind of function, In the same way, the case (D;) becomes 
(B,), which is inclusible in (B,); it therefore provides no new kind of function. 
And, in the same way also, the case (D,) becomes (A). 


Hence the surviving independent cases are (A); (B,); and the case which 
has emerged from (D,). These will be considered now in succession. 


133. We can dismiss the case (A) very briefly. There are no periods 
for 2’. There are three periods for z; so that, in effect, the uniform function 
is periodic in a single variable only. But, in such an event, there cannot be 
more than two periods at the utmost*; hence the case either is impossible, 
or is degenerate by falling into a class of doubly periodic functions of two 
variables already considered. 


The case (B,) can also be dismissed briefly. In all the functions which it 
provides, the double periodicity in z alone and the single periodicity in 2’ 
alone are independent of one another. Even when the double periodicity 


* Theory of Functions, § 108. 
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does not degenerate, the function in question is a uniform function of 
e(z, a, 8)—with @’(z, a, 8)—and e”*’”; its triple periodicity in the two 
variables combined is not a proper triple periodicity, for it is resoluble into 
the double periodicity in one variable alone and the independent single 
periodicity in the other variable alone. 


It remains to consider the case which has emerged from (D,). This case 
provides uniform triply periodic functions, for which the triple periodicity is 
proper and not resoluble as it isin the case (B,). We have seen that, without 
any loss of substantial generality, the tableau of periods for the variables z 
and z’ can be taken in the form 


where neither w nor p’ vanishes. 

Further, both w and yp’ cannot be purely real. If, for instance, u were 
real and commensurable (equal to p/q, say, where p and q are integers), then 
a set of periods is 

Cag) 
0, ik q pl > 


ts 0, i 
0, ip qu’ > 


which is an instance of (B,). Similarly, if «’ were real and commensurable. 


that is, 


If wand p’ were real and, after the foregoing cases, were incommensurable, 
then the function would have infinitesimal periods. Thus let the supposed 
incommensurable quantity ~ be expressed as a continued fraction and take 
an advanced convergent to its value, say p/q; then 


where 0 <|e| <1, so that 
Thus a set of periods is 
Lege 
q |. 
0, 1, qu 
As »’ is incommensurable, so also is qu’; let it be expressed as a continued 
fraction and take a convergent 7/s to its value, so that 


where 0 <j|9|< 1; thus 
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Accordingly, a set of periods is 


0, . 1 s 
When we take s very large and q/s also very large, the quantities 
€ 7 and : ‘ 


are infinitesimal: that is, we should have an infinitesimal period-pair—a 
possibility that is excluded. Thus pu and p’ cannot be simultaneously real. 


The most general case arises when neither u nor w’ is real: and we shall 
assume that, henceforward, we are dealing with this case. It is to be remem- 
bered that, in effecting the linear transformation upon the variables so that 
1, 0; and 0, 1; are two period-pairs, we have used the constants of relation. 


Moreover, as the periods in the tableau can be linearly combined in 

simultaneous pairs, we have 
e+p.1+q.0, pw’ +p.0+¢q.1, 
that is, 
H+DP, w+ 

as a period-pair, p and q being any independent integers; and this period- 
pair can replace w and yp’ in the tableau, for any values of p and q. Let 
these integers be chosen so that the real parts of w+p and p’+q, say 
R(uw+p) and R(u'+q), satisfy the conditions 


O<R(wt+p)<1, 0€R(w'+q) <1. 


Assuming this done it follows that, without any loss of generality in the period- 


tableau 
Gora, 
Ee 


O<R(u)<1, 0<R(x')< 1, 


while neither of the quantities w and yw’ is purely real; moreover, this is 
effectively the general tableau for the proper triple periodicity of uniform 
Functions of two variables. 


we can asswme that 


134. The field of variation of the two independent variables occurring in 
uniform triply periodic functions can be assigned in two ways, which can be 
used in complementary fashion and will leave open an element of arbitrary 
choice. Let c and c’ denote simultaneous values of the variables z and 2’; for 
purposes of convenience we shall assume that they are a pair of ordinary non- 
zero places of two uniform triply periodic functions with which we may have 
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to deal. Moreover, we shall assume at once that the functions in question 
possess no essential singularities for finite values of the variables; and we 


shall take 
0; eA 
(0 Aye 


as the tableau of the periods, with the due restrictions on w and p’. 


Owing to the period-pair 1, 0, we can reduce any point in the z-plane to 
a point in, or upon the boundary of, a strip enclosing c, without thereby 
affecting the position of 2 in its plane. Similarly owing to the period-pair 
0, 1, we can reduce any point in the z’-plane to.a point in, or upon the 
boundary of, a strip enclosing c’, without thereby affecting the position of 2 
in its plane. Accordingly construct in the z-plane a parallelogram having 
c,¢+1,c+p,c¢+1+ pas its angular points; and produce, to infinity in both 
directions, the side joining c to c+ w and the side joining c+ 1 toc+1+uy. 
Similarly construct in the 2’-plane a parallelogram having cc’ + 1,¢ +p, 
ec +1+ ’' as its angular points: and produce, to infinity in both directions, 
the side joining c’ to c’ +p’ and the side joining ce’ + 1 toc +1+yp’ 

Then, for our triply periodic functions, we can choose a complete field of 
variation in two ways. By the first choice, we allow z to vary over the 
parallelogram constructed in its plane, while we allow z’ to vary over the 
strip between the two infinite lines drawn in its plane. By the second choice, 
we allow 2 to vary over the parallelogram constructed in its plane, while we 
allow z to vary over the strip between the two infinite lines drawn in its 
plane. For special purposes, it may prove convenient to contemplate both 
the fields simultaneously, even though each field by itself is complete for the 
triply periodic functions. 


But we do not obtain a complete field if we limit the simultaneous 
variations of z and 2’ to the two parallelograms drawn in the two planes. 
For, in effect, such a field would give 


: (1 p, 0, - 
Oss. 1, ee 
as the period-tableau; and then there would emerge a repeated double 


periodicity, one in z alone, the other in 2’ alone; that is, we should have a 
degenerate quadruply periodic function, instead of a triply periodic function. 


Four pairs of periods. 
135. Again denoting the variables by z and 2’, let the periods be 


for 2z, vi = 8 = %,), bt 
z’, =a. ? =i! ) =y'f 2 = 5 ? 
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where manifestly no pair of quantities in a column can vanish simultaneously. 
Thus there are three possibilities for each pair of periods; and each possi- 
bility for a pair is unaffected by the possibilities for any other pair. Hence 
there are eighty-one possibilities in all; they can be set out in a scheme, as 
follows. 


A. When all the quantities a’, 9’, y’, & vanish, the period-tableau is 


(% By °) 
Wee, Oy | Ads 


no one of the quantities a, 8, y, 6 can vanish; there is one case. 
B. Let three of the quantities a’, 8’, y’, 6’ vanish, but not the fourth; 
there are four possibilities. When 6 is the one which does not 


vanish, then neither a nor 8 nor y can vanish; while 6 may or 
may not vanish. Thus the period-tableaux are 


B, Y fi i B, Y - 
O, Oy 8) 0B) 1 N02.0;5:0, 8) 4B); 
each is typical of four cases. 


C. Let two of the quantities a’, 8’, y’, 6’ vanish, but not the other two. 
The period-tableaux are 
aa, 


% ey i B, ) 
0, 0, ry’, & , (C1)3 0, 0, y; o > (CA 
i. Bn, A if 6,10; a 
0, 0, Y’, ro ’ (O3)3 0, 0, Y, o ) (C,); 
each is typical of six cases. 
D. Let one, but only one, of the quantities a’, Q’, 7’, & vanish. The 


period-tableaux are 


C ¢ is 5), (D,); 


(0, #9” 8), Dos ) 
a, 8,.0,0 Oat 
G B; »), (Ds) ; 6 By, 5), (Ds); 
iba Oa a Orit a 
(0, Bao mb w (Drs (0) Pied Sie »), (D3) ; 


each is typical of four cases. 
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E. Let no one of the quantities a’, 8’, y’, 6’ vanish. The period-tableaux 
are 


4 


by Bs ye le ie ihe a Ue un a! sf 
a’, ioe Y, 5 ? (f,); a’, Be Y; & ? (£,); a’, B; Y; o ? (£;); 


07 0 0s 6 0; Os 0ae 

eNPUY, x), (£,); (7 Bie 5), (Es); 
of these, (#,) and (#;,) are each one case; (#,) and (#,) are each 
typical of four cases; and (H;) is typical of six cases. 


136. As regards the kinds of functions considered, the same assumptions, 
as to the interchangeability of period-pairs and as to the linear transformations 
of the variables without detriment to the generality of the functions, will be 
made as were made (§ 132) in the discussion of the triple periodicity. 


Consequently all the cases, of which each tableau is typical, become 
merged into a single case. 


The cases (A) and (#;) are impossible, or else the periods degenerate ; 
there cannot be uniform functions, periodic in a single variable and having 
four distinct periods for that variable. 

The cases (B,), (B,), (Ds), (#,) are impossible, or else the periods degene- 
rate; there cannot be uniform functions, periodic in a single variable and 
having three distinct periods in that variable. 


By taking a variable w instead of z, where 


w=Z— As oe 
Y 
the tableau of periods in (0,) is changed to a tableau of periods for w and 2’ 
represented by (C;) or (C,). Also by interchange of period-pairs, (C;) becomes 
(C,); hence (C,) and (Q,) are the only cases under (C) that require con- 
sideration. 


By interchange of variables and the proper interchange of periods, (Ds), 
(D,), (D;) become (C,), and so require no separate discussion ; and similarly 
(#;) becomes (C{), and can therefore be omitted. 


By interchange of period-pairs, (D,) and (D,) become (D,) and so they 


require no separate discussion. 


By interchange of variables and the proper interchange of periods, (/,) 
becomes (D,) and can therefore be omitted. 


Consequently, the cases that survive for further consideration are (C,), 
(C,), (D,), (D,), (£;). 
As regards (D,), change the variables to u and w’ by the relations 


z=au, 2 =P'u, 
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and write B=anr, d=ap, y =f, 8 =8'y’'; the period-tableau for the 
variables w and w’ is 
o ON, iW 


Oaetlh, eNy pe’ 
which temporarily will be called (F). 


As regards (C,), a similar change of variables, viz., 


, 
? 


z=au, 2=du 
leads to a special form of -the period-tableau (#’) in which 2’ is zero. 
Assuming this included in (F'), we have no new case out of (C;). 

As regards (C,), we have a function, which is doubly periodic in z alone 
with periods a and 8, and is also doubly periodic in 2 alone with periods 
and 6’. The functions thus provided are undoubtedly quadruply periodic, 
but the periodicity has an isolated distribution; they will therefore be 
omitted, as not belonging to the class of functions having proper quadruple 
periodicity. 

As regards (D,) and (£,), we effect linear transformations of the variables 
of the type 


u=ket+l, w=mz+nz, 
where the quantities *, 1, m, n are determined by relations 

ky + ly =1, my+ny =0, 

k§ + 18°=0, mé+nd’=1. 


Different cases arise as under (D,) in the discussion of triple periodicity : and 
we find either 


G) a period-tableau, with new variables, represented by (F’); or 
(ii) cases already decided; or 
(iii) cases that are impossible or degenerate. 


Consequently it follows that properly quadruply periodic functions, which 
are uniform and involve only two variables, can be modified as to their 
variables so that they have 

ee OA As ee) 
Oe Led he 


137. Now it is a property of quadruply periodic uniform functions, on 
the Riemann theory, that (for this tableau) the relation 


for their period-tablean. 


NV =p 
(or else X=y’) holds. Further, Appell* has proved, by analysis and reasoning 
quite different from those adopted for the discussion of functions on a Riemann 


* Liouville, 4™° Sér., t. vii (1891), pp. 157 sqq. 
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surface, that this relation holds in general for a properly quadruply periodic 
uniform function, that is, by change of the variables and by the association of 
appropriate factors, the function can be made to depend upon others which 
possess this property. But under both theories, the property emerges from 
the discussion of the functions themselves, whereas the preceding investigation 
deals only (or mainly) with the mere transformation of the periods ; the 
property apparently cannot be deduced at this stage solely from the preceding 
considerations. 


Just as was the case with the triple periodicity when the period-tableau 
had been rendered canonical, so here also we can infer (without any reference 
to a property ’ =m or X=’) that all the quantities A, X’, w, w’ cannot be 
wholly real; and in the most general case they will be complex and such that 
neither of the quantities \’/u, X/p’, is real. The course of the argument for 
the inference and its details are so similar to those in the earlier discussion 
that no formal exposition will be made. Moreover, the quantity d/p is not 
real, nor is the quantity 1/4’; both statements can be established by shewing 
that the contrary event would lead to a zero-period for commensurable reality 
and to an infinitesimal period for incommensurable reality. 


138. One difficulty, however, now arises; it is connected with the 
geometrical representation of two independent complex variables, which 
has already been discussed. Putting aside for the moment the method of 
representation in four-dimensional space, partly because of the difficulty of 
framing mental pictures in such a region, and partly because the representation 
does not by itself seem to retain sufficiently the individuality of the variables, 
we have the representation by means of the combined points in the 2-plane 
and the z’-plane. ° 


But we cannot construct a region in the z-plane and a region in the 
z'-plane that shall suffice for the field of variation of z and z’ within their 


} 
Cc 9 ’ a’ 5 
/ La 


a 


periods. Take any origins in those planes; in the z-plane, let the points 
a, b, c represent the values 1, A, ~; and in the z’-plane, let the points a’, b’, e 
represent the values 1, ’, «’; and complete the parallelograms as in the 
figures, so that the points a, 8, y, 6 respectively represent the values \ +, 
1+ p,1+A,1+2+ 4, and similarly in the z’-plane. No one parallelogram 
such as OaBc0 is sufficient for the representation of z; for there is a portion 
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of the parallelogram ObacO not included, and there is a portion of the paral- 
lelogram OaybO not included. The double parallelogram OaybacO is not 
sufficient, because there is a portion of the parallelogram Oa8cO not included ; 
moreover, the whole plane could not be covered once and once only by 
repetitions of the double parallelogram keeping unchanged the orientations 
of the sides. In the figure, the parallelogram OaBcO is partly excessive and 
partly deficient; for the interior of the small parallelogram between ab, by, 
a8, Be is reducible to another part of Oa8cO. The triple parallelogram 
OaydacO is excessive ; for much of its area (the part outside the parallelogram 
OaBcO) is “reducible” to the area within that parallelogram, and also the 
whole plane could not be covered, once and once only, by repetitions of the 
triple parallelogram keeping unchanged the orientations of its sides. 

The same remarks apply to the z’-plane, in connection with the figure as 
drawn. 

Thus, neither by means of parallelograms, nor by means of strips in 
the two planes of reference, is it possible to obtain definite unique and 
complete limited fields of variation for z and z’, that shall discharge for 
quadruply periodic functions of two variables the same duty as is discharged 
for doubly periodic functions of a single variable by the customary period- 


parallelogram. 

But by taking an associated two-plane variation of the real variables 
2, y, x,y’, the deficiency can be supplied for one purpose. This representation 
is as follows*. For a quadruply periodic function, with the period-tableau 

Le Aan ft 
(a x a) 
we resolve X, w, A’, w’ into their real and imaginary parts, say 
A=at+i1b, w=ctid, N=adtwd, w=c+id; 
then every place, differing from z, 2’ only by multiples of the periods, can be 
represented by 
e+iy+pt+r(a +wb)+s(c + id), 
ati +qtr(a + ib’) +s(c +2’). 

Take two planes, one of them to represent the variations of y and y’ with 
reference to O’y and O’y’ as rectangular axes, the other of them to represent 
the variations of # and w’ with reference to Ow and Oz’ as rectangular axes. 
In the y, y’ plane, let B be the point b, b’ and D the point d, d’; and com- 
plete the parallelogram DO’BF. In the a, «’ plane, let OA =1 and OC=1; 
and complete the square COAL. 

Then the integers r and s can be chosen, say equal to 7’ and s’, so that 
the point 

ytrb+sd, yt+rb+sd, 

* For this suggestion I am indebted to Professor W. Burnside, who communicated it to me 

in a letter dated 14 January 1914. 
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lies within or on the boundary of the parallelogram O’BFD; let this point 
be Q. Then every point, which is equivalent to y, y’,in the sense that its 
coordinates are y+7rb+ sd, y’+rb’ + sd’, is equivalent to @ and lies outside 
the selected parallelogram. 


y' bal 
Cc E 
°P 
O' fe) A x 


Again the integers p and q can be chosen, say equal to p’ and q’, so that 
the point 
wtp t+rat+se, ytq+ra+se 


lies within or on the boundary of the square OAEC; let this point be P. 
Then every point, which is equivalent to a+r’a+s‘c, y+7'a’+5'c’, in the 
sense that its coordinates are x+p+r'a+sc, y+q+ra' +s‘c’, is equivalent 
to P, and lies outside the selected square. 


It follows that, in connection with a place z, 2’, and with all places 
equivalent to it in the form 


zt+p+rrA+su, 2t+qt+rr' +sy, 


we can select a unique point Q within the y, y’ parallelogram, and then 
associate with it another unique point P within the a, 2 square. We take 
the point-pair @P as representative of the whole set of places that, in 
the foregoing sense, are equivalent to 2, 2’; it is given by the specially 
selected place 

ztptrrAtsp, Z+q trv +s'w. 


Uniform triply periodic functions in general. 


139. It is known (Chap. Vv) that a uniform function f(z, 2’), which can 
have poles and unessential singularities but which has no essential singularity 
lying within the finite part of the field of variation, can be expressed in the 
form 


where $(z, 2’) and y(z, 2’) are everywhere regular within the finite part of 
the field of variation. 
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We shall therefore proceed from this result, specially for the purpose of 
deducing* some initial properties of triply periodic functions that are uniform. 
We denote the period-pairs by the tableau 


Brus. fe 
if in Or 
S(2@+l, Z)=f (4, 2), 


and because the functions ¢ (z, 2’) and  (z, 2’) are regular, each of the equal 
fractions 


Now because 


$(z2+1,2) ww(e+l,Z) 
$@2) — ¥GZ) ” 
derived from the equation expressing the 1, 0 periodicity of f, is devoid of 
zeros and of poles and of unessential singularities for finite values of the 
variables: hence, as in § 79, the common value of the fractions is of the form 
e922), 
where g(z, 2’) is a regular function of the variables. Consequently 
o(2+1,2)=G, a) eoe7) 
V(Z+1, 2) =H (Z,2/) 67%?) f 
Similarly, through the 0, 1 periodicity of f, we have the relations 
o(z,2°+1)=¢(z, 2’) ere 
Ea cons | 
where also h(z, 2’) is a regular function of the variables. 
In order that the two sets of relations may coexist, we must have 
: ro) (2+ 1° (iets 1) = $ (z, 2’) eI Z+N+the,z) 
p(2t+1,2+1) =, 2) e9@7ther2) 
and similarly for y (z, 2’); therefore 
9g 244+1)-g(z, 2) =h(4+1,7)—h(z, 2), (mod. 277). 
- g(Z, 2 +1)—-9 (2, 2) —2kmi=h(z +1, 2’)—h(z, 2) — lm, 
where k—J/ is an integer: manifestly, either & or J could be taken equal to 
zero without loss of generality. Now suppose a function 2 (z, 2’) determined 
such that 


rA(z4+1, 2) -AE, “)=g (Z, 2) — 2kriz’ 
r(2z,2 +1)—-Al(z, 2) =h(Z, &) — Ariz 
which two equations are consistent because of the foregoing relation between 


gandh. If then 
d, (2,.2°) =o (2, 2’) e271, hy (2, 2) = (% 2) oo), 


* This particular investigation follows the earlier sections of Appell’s memoir already quoted, 
§ 137. 
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we have 


ob, fr (2, 2) 
Is, 4 of Wy (z,2)' 


where the functions , and +, satisfy the relations 
pi(zt+l,Z)=oi(2, 7c) Wi (z+1, 7)= Wz,  - 
, (2, 2 +1) = gh, (z, 7) et if py, (4,2 +1) = f(z, 2) ee 
The function f(z, 2’) under consideration has p and yp’ for a third pair of 
periods, Proceeding as with the other pairs 1, 0 and 0, 1, we have 
py (2+ p, J+w) _Wlet M, a +p) 
f(z, Z) Wi (Z, 2) 
where m(z, 2’) is a regular function throughout the domain. By the earlier 
relations which are satisfied by $, and ,, and from the relation 


piliatl+py,7 +p) _ 
pi (z+ 1, Z) 


= Mz) 


gin Zti,Z) 


we find 
m(z+1, 2 )=m(Z, Z)+2ri(at+ kp’); 
and similarly 
m4, a +1)y=m(Z, 7)+ Wri (B+lp); 


where a and f are integers. Let 


m(Z,2)= M (2, 2) + 2ri (a+ kp’) z+ 2mi(B + ly) Zz, 
80 that 


M(z+1, 2)=Mi(z, 7), U(274+1)=N(z, 7); 
then both , and W, satisfy the relations 
9$(2+1, 7/)=S, 7) ev’ 
9¥(2,7+1)=9, 7)” ; 
S (z+ ys, VA +p’) = (z, Z) Gmilarkp jarani Bly Z+M 2,2) 
where M (z, 2’) is periodic with 1,0 and 0, 1 for period-pairs, and a, 8B, k—1 


are integers, 


The triple theta-functions. 


140, The formally simplest cases arise when we take 
k=0, l=0, a=—-2, BP=—-2, M(z,7)=—2mri(utp’, 
and when we require that the functions shall be only triply periodic and 
must not be quadruply periodic. Then 
$(z+1,7)=S3, 7), 
¥(z,7+1)=3(, 2), 
(2+ pt, op!) mY (z,,.2/) emi betee arta ey, 


which (as will appear presently) are equations characteristic of functions that 
are triply periodic actually (or save as to a factor). 
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Without enquiring into the comprehensiveness of this set of functions 
% (z, 2’), we see that a large class of functions, which are strictly periodic in 
three pairs of periods, can be expressed as quotients of these pseudo-periodic 
functions. Even at the risk of a little confusion (because the title “ triple 
theta-function” has hitherto been assigned to uniform functions of three 
variables which are similarly pseudo-periodic in six period-pairs), it will be 
convenient to call certain functions, satisfying relations similar to those 
satisfied by 9S (z, 2’), triple theta-functions. 


We now proceed to a more detailed consideration of their simplest 
| 
properties, obtaining the above characteristic equations in a different manner, 


141. We denote by 1,0; 0,1; w, w’; the period-pairs in the variables 
z, 2. Owing specially to the first two period-pairs, we are led to consider 
functions expressible in extended Fourier-series in the form 


0 o 
6 (z, 2’) = 5 = Amn @(2m-+ba) wiz (an-bo") wiz’ 


—-0—-@ 
Here o and ao: are constants, taken to be integers; m and » are integers, 
ranging from —« to +o independently of one another; and the constant 
coefficients @,, are supposed to be such as to secure the absolute convergence 
of the double series. 


We cannot at onée declare, from the indices, that o and o’ are 0 or 1, 
each of them. Thus, if o were 2, we could substitute zero for it by changing 
m into m—1, so far as the variable part of the term is concerned; but the 
change could not necessarily be made in the coefficient, for there is no know- 
ledge of the way (if any) in which a, contains o or o’, But we have 


O(z+1,2)=(—1)" O(z, 7), 

6 (z, 2 +1)=(—1)" O(z, 2); 
and so we can infer that, so far as o and o’ are concerned, all the possibilities 
are covered by taking o, o¢ =0,1 in any combination: that is, four cases 
arise through this source alone. 


142. Our function 0(z, 7) is to have w and p’ as periods or pseudo- 
periods; so we form 0(z+ yp, 2+’), which is 


Dn 


> Apes mn g(2m-to) rip ano") wip! + (amo) wiz ano’) wiz’ 

=D = OO 
Adopting the usual process for dealing with the periodicity (actual, or save 
as to a factor) of a uniform function, we compare the coefficients of terms in 
O(z, 2’) and 6(z+y, 2+’); and different possibilities occur, according to 
the different methods of grouping the terms. We definitely choose (for 
reasons that will appear very soon) to group the term in 0(z+ py, 2 +p), 
which involves @nn, with the term in 6 (z, z’), which involves dm4iny,. AS 

fa} (z, z) oe ppt a ge 2m-+a) wiz tanta’ )mig'+antla+z’) | 


F, 16 
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we have 
ie O(2+p, 2 +p’) = Bem e+7) 6 (z, 2’), 
Amn Comte mint e+") Fi! — Bones nr, 
where B is taken to be a constant, independent of m and n. Let 
q= etn, g! =etriw'; 
and take new quantities cm», connected with the quantities dm, by the 
relation 


a oy, a 
Dail yn que) q (22-+0") ; 


then 

Cnn = Bao" Cm+i,n+1 

=< ACmia,nt> 
say. The pseudo-periodicity of 6 (z, 2’) is now exhibited in the property 
O (e+ py, 2+ pe) = Aer ee)—wrinte) 6 (2, 2°), 

Further, let 

A =e’ =(—1)-; 
the difference-equation for the quantities C,,,, becomes 

Omen Cm-+i,n-+1° 

Having regard to the form of this relation, we take 


Cmn = Et trt (pmM+p'N) +4. (M—~—N)?+-A13 (M—N) *+on0 


= emiomte'n) & (m — n); 
the difference-equation then is satisfied if 
pt+p=), 
and there is no restriction, beyond the requirements that secure the con- 
vergence of @(z, 2’), upon the function ¢. Accordingly, the form of 
C(2,.2 as 
P) (z, z’) As SS (- 1) tne! q (2m+a)2 qa p (m ee n) e2mto) mizt (2+) wig 
Also, p and p’ always will be made integers—either 0 or 1; hence 
A — (- Lrg — (- 1)- ete = (- Lt’; 
and so the characteristic equations, connected with period-increments of the 
variables, are 


O(¢+1,zZ)=(—1y 0 2)~ | 
6 (z, 2° +1)=(—1)" 6(, 2’) f 
O (e+ pm, + pw) =(— 1pte eaete)—miutn 9 (2, 2) 
These results, and all results connected with period-increments of the variables, 
are included in the formula 
O(z+au+ BP, 2 + ap’ +y) 
a (- LPrtye heer? e72tta (2+2') ~ria? (u+e’) @ (2, 2), 


where a, £, y are independent integers. 
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Manifestly, the integers p and p’ can be restricted to the values 0 and 1 
independently of one another. When it is necessary to put p, p’, o, 0’ in 
evidence as magnitudes occurring in @(z, 2’), we shall denote the function by 


a (F p A 
uO, 2 

143. Before proceeding with any development of the properties of these 
functions 6, it is convenient to indicate the reason for the selected grouping 
of the terms in the comparison of 6 (z+ p, 2 +p’) and @(z, 2’), As already 
stated, some grouping of terms has to be made under the method adopted ; 
and the simplest grouping would compare the term in 0(z2+ 4p, 2 +p’), which 
Involves @,»n, With either one or other of the terms in @ (z, 2’), which involve 
Am+a,n OT Am,n+ie 

Suppose that a difference-equation is established between a, and 


Am4i,n: all the following argument, mutatis mutandis, holds for the alternative 
supposition of a difference-equation between Ayn and Gy,n41. Let it be 


Bain Qe QM+o) wie (ano) wie! — Gyine 
When there is no other difference-equation between the coefficients, (in 
particular, when there is no relation between Gm», and Gm,n41), We take 


, dri, fat. 
Ginn = Cmn et em+a) rrign +I (200-+-0") wri : 


and then 
= 2 
Cm+i,n = Cmn Be tot ria — Comm: 


Cmn = Or (n). 


so that 


The function becomes 
=> (- per" w (n) om et (am-bo)? wip-+m (anor) wip! + (2m-+a) wiz+ (an-+o") wiz’, 
The aggregate of all the terms in the double series for one and the same 


value of n is (with the restrictions as to integer values of p and o) a single 
theta-function of z alone: and so it becomes 


Bo (2) fo (2’) + 1 (2) fi 2’) + Oo (2) SoZ) + Os @) Sa (2), 
where of (7), A(“), A(2), fs(Z) are functions of 2’ alone. It thus becomes the 
sum of four resoluble products, each of two factors: and each factor involves 
only one variable. The case is limited in generality. 


A similar result ensues when we assume a grouping which compares yyy, 
with Gm4,n and excludes at the same time a grouping which compares any 
With G@m,nys, Where 7 and s are any integers. 


Further, we cannot have two distinct sets of periods for the case when 
there is only a single grouping of terms. For otherwise, we should have 
Bamn COM te Tint Onto) ie = Amis 
/ * ‘6 lveut\t 
ee B te emo) TIA+ (un-+o") wid > 


16—2 
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for all values of m and n: hence 

X=pu(mod. 1), rA’=p’' (mod. 1), 
so that, when account is taken of 1, 0 and 0, 1 as period-pairs, \ and 0 are 
effectively the same as wu and p’. 


On the other hand, when there is a double grouping of terms, so that mn 
is compared with @;,, in one of the groupings and with a »,»4; in the other, 
we have one period-pair for the first and another period-pair for the second: 
this is the case with the double theta-functions, which are quadruply periodic 
(actually so, or save as to a period). Let the difference-equations be 


. oe 
Baan emo) myst (22-+0") ri’ Cnn 


Camn @ 2m+a) mIA+ (2N-+0") wid = On net 


for all values of m and n. Then 


Onin = Ban veer e(2m+o) mit (2n+2+0") rip’ 
? > 


= BC F RHPA) SE Gnu’) ae el Eg searea 
BGR CE aE Ni MATa 0) ama TPL 8 
and 

Oupia na = COmis mn Comer eT Bate eX 
‘d > 


= . viA ‘) i (A+!) + 2rd 
= BCG, CO ™ pe) + (2-bo") wi (Ape!) + 2rd, ; 


for all values of m and n; hence 
Qarir = 2rip’ (mod. 2772), 


or, having regard to the existence of the period-pairs 1, 0 and 0, 1, we infer 
the relation 

N= ae 
the well-known condition in the Riemann theory. 


Any other double grouping of terms gives rise to quadruply periodic 
functions. Consequently when there is a question of dealing only with triply 
periodic functions, there can be only a single grouping. When the grouping 
is such as to affect only one of the suffixes in a ,,, we have seen that the 
resulting function is composite and can be resolved into a finite number of 
sums of products of simpler functions. Accordingly the grouping must be 
such as to affect both the suffixes in Gm,. The simplest difference-equation 
of this kind connects @mii,n41 With @m,,: and so this is the grouping which 
has been chosen. 


144. We have taken our triply periodic function in the form 
6 (z, 2’) = SE (— Lymer’ game)? g/tento* § (m — n) eemtarmict ante’) mid ; 
and we know that, save as to a simple factor, at the utmost, @(z, 2’) has 
1,0; 0,1; », w’; for its period-pairs, whatever be the form of the coefficient 


o¢(m—n). The preceding discussion has indicated the reason for the choice 
that ultimately leads to the construction of the coefficient: but some special 
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cases have to be noted and rejected from the class of triply (and only triply) 
periodic functions. 

I. Let $(m—n)=1. Then 

6 (2, z’) = {S (- 1) query a hdd id {> (— 1)’ qd (2n+0")2 chante 6 
that is, @(z, 2’) is the product of two single theta-functions; and the period- 
pairs are 
forte y lp, 0; 0) 
fed ie 8 ag 

that is, @(z, 2’) becomes a resoluble, but quadruply periodic, function. 

Il, Let ¢6(m—n)=e™m, Then 

@ ( Z, 2’) = {> (- 1)™e+«) yearn e2m-+o) way {> (- 1)" (p’—a) qd (2n+a")? glare!) wiz’) : 
we have the same conclusion as in the preceding case. The function 6 (z, Z) 
is not a proper triply periodic function. 


III. Let 
d (m i n) pe etki (om+o—an—o')* 
where « is independent of m and n. Then it is easy to prove that, save as 
to a factor, @ (z, 7) has four period-pairs, viz, 
for z, 1,0, wt+x«, -kK 
Cand, tt sashes)» 
the addition of the third and the fourth of the pairs giving the period-pair 
ww, w. In that case, 0(z, 2’) is a’proper quadruply periodic function, being a 
non-degenerate, double theta-function; it is not a function which is triply 
(but only triply) periodic. 
Accordingly, ¢(m—n) may not have any one of the three preceding 
forms, nor any combination such as 
emia (m—n) -+deri (am+o—mn—o')? 
in order that the function may be only triply periodic. But any other form 
of #(m —n) is admissible provided, of course, that it is such as to secure the 
absolute convergence of 6 (z, 2’). 
If, in particular, for any one of these admissible forms, ¢ involves o and o’ 


so that 
gd (m —n) =a function of 2m +o —(2n +0’), 


then it is easy to prove that 
CN Se Op ue 
shes Ca 7) = 1p a(® owe 
PN REA dom) passe) 
a( o +2, 7) = ya (6 a a 
thus furnishing an additional reason for restricting the values of o and a’ to 
0 and 1, independently of each other. 
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145. One remark may be made at this stage as to the so-called addition- 
theorem for the theta-functions. Thus it is possible to express the product 
of four double theta-functions in terms of sums of products of four double 
theta-functions of other arguments: and it is possible to express the product 
of a double theta-function of 2+ 2, 2/+2/ and a double theta-function of 
2,— 2, 4 — 2, in terms of double theta-functions of 2, 2,/ and of 2%, 2. In 


the purely arithmetical establishment of this theorem, relations 
1/4 (flat ba + Ha + ba) — He 

Ines : (pa + bat bs + Ma) = \ (r= 1, 2, 8, 4), 

vy =+ (1, + Vg + Vg + V4) os ».J 


for arguments, parameters, and integer-indices of terms, are adopted (requiring 
that, for parameters, o,+ o,+0;+ 0, is an even integer, and so on); and 


then 
“ 7 =) oF 
tw= lu, Bw = dy, 
o vr / “a A 10 o 
Seas, Spy = spy, Jy Sy, 


The last equations allow the transformation of a product of four coefficients 
such as 

ex (MMe) *® 
into the product of other four like coefficients: and so renders the addition- 
theorem possible. But except for coefficients that have this quadratic index, 
the transformation cannot be effected: for instance, it could not be effected 
for coefficients such as 

ex (nn) 
Consequently, we are not to expect an addition-theorem for our triply periodic 
function similar to that possessed by the double theta-functions. 

] Wi 


The siateen triple theta-functions. 


146. Coming now more specially to the detailed properties of the 
functions denoted by 
9 (P #2) 
CS 8) * 


we have seen that, when p and p’ are restricted to be integers, it is sufficient 
to take for each of them either 0 or 1. Further, the actual values of # and 
o’ in the coefficients of the variable parts of the exponential terms would not 
be of importance as, owing to their linear occurrence, they would (if changed) 
affect only a factor common to the whole series; but they occur in the 
coefficient in each term and the occurrence is not linear. We have seen that 
a large class of these functions @ is selected from the whole body, by assigning 
to o and o’ the values 0 or 1 independently of one another; but it must be 
noted that such an assignment of value is a distinct limitation upon the full 
generality of the functions. 


¥ 
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Suppose then that the values indicated are assigned to p, p’, a, 0’; as 
there are two possibilities for each of the four parameters, there are sixteen 
functions in all, It is convenient to shorten the symbols of the functions: 
and so we write* 


~~ 


eos 


. 


0 


( 
( 
: 


| 
( 
a 


1, 
1, 


1, 


? 


> 


1 
0, 


i 
a 


At 


1, 


- 


. 


eee enon 


. 


. 


- 


. 


. 


. 


- 


- 


. 


et et ie ee A eee Cet) oS ie tO OO SO OU 


- 


. 


- 


oui allel —ilen 


- 


a =6, =>2a, gm qi” e2mmiz + 2nmiz! \ 
a =0, = = da, at 1)? os e(2m+ 1) riz + 2naiz’ 

A) =6, =>Sa, waa gant 1)2 e2mmiz + (2n +1) riz’ 

a) = 0, =SZay, q2MtU? g/(2n+ 1)? g(2m-+ 1) wis + (2n-+ 1) wie! 

4 =0, = >> (— ne Cy on Geib e2mmiz + Qnriz’ 

4 =6, = es (— 1 Cy giant 1)? vor (2m +1) wiz + 2niz’ 

vi =0, = >> ( Dy Uy ae grant: e2mmiz + (2n+ 1) mia! 

) =6, = ss (= 1" a, ae 1)2 gan 1)? e(2m+ 1) wiz + (2 +1) riz’ 

=6, =>> a1)? &, ie * fu e2mmiz + Qnmiz’ 
*) =§, => (— 1)" a, gi2m+ 1)2 oe e(2m+ 1) riz + 2nmiz’ 

4 =6,,= > (= iy Cy on gone iL) e2mmiz + (2+ 1) wiz’ 

4 =6,=>> (= Ty Ay sil 1)? "eile 1)? el2m+ 1) wiz + (2n-+ 1) wiz’ 

> ) =0,,= ss (= i Cy on rer e2mmiz + Qnmiz’ 

A =0,;,= 33 (= Hs Oy gmt 1)2 dail e(2m+ 1) wiz + 2nmiz’ 

) = 6,,= py ee ve +N g,, hes gant 1)? ,2mmiz + (2n-+ 1) wiz’ 


4) = On= 55 (- 


1)" +n Cy gem +1) q/ ent Le el2m+ 1) wiz + (2n-+ 1) riz’ 


* The symbols adopted agree with the symbols used for the double theta-functions in a 
memoir by the author, Phil. T'rans. (1882), pp. 783—862; the reason is that, as indicated above, 
the functions actually become double theta-functions when the proper value is assigned to the 
coefficients a,.. 
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where, throughout, r denotes m—n, and the coefficient a, is an abbreviation 
for ¢(m—n, a, o’) in the respective cases. 


The law that m and n, when they occur in the coefficients, must occur in 
the combination m —n, secures the periodicity (actual, or save as to a factor) 
of the functions: thus itis essential. As will be seen later, another limitation 
will be imposed so as to secure the oddness or the evenness of each of the 
sixteen functions; but the limitation is conventional, not essential. In the 
meanwhile, we note that o and o’ are the same for the set 0, 04, 05, A103 
likewise for the set 6,, 0;, 9, 9:3; for the set 0,, 05, Q, 94; and for the set 
O, 8 Ore Ons Ose LeU 


d(m—n, 0, 0)=f (m—n) =f (r) 

o(m—n, 1, 0)=g(m—n)=g(r) | 

(m—n, 0, 1)=h(m—n)=h(r) |’ 

d(m—n, 1,1)=k(m—n)=k(r) 
then the typical coefficient a, is 


Even functions: Odd functions. 


147. It is important to know the conditions that will allow any (and, if 


so, which) of these functions to be either odd or even in their arguments. 
We have 


; Se fi egies _ 
6 (- Zi =e ) re >S (- 1 m+n Og ig nto’)? » (2m+¢e) riz tanto!) wig 
where 
Op =p (M—N, a, a’). 
Let new integers m’ and n’ be chosen so that 


m+m+a=0, n+nr +0 =0; 
then 


0 (- Z,— vA ) = (- LyeresS (- L)metn'e’ a, grey. (an'+-o')2 plam/-+a) wiz+lan'+o') riz 
But 
6 (z, 2) ~ Dae (— 1)metn'e’ Cp pac fh e2m'+o) mize (an'to') riz’ 
where 
Cr = (m' —n’, a, @’). 
In order to compare 0 (— z, —z’) with 0(z, 2’), we take 


¢ (m' —n',.o, o)=h(m—nN, a, a’); 
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and then 

0 (— 2, —2) =(— 1p7*""'0 (z, z), 
that is, 6 (z, 2’) then is even when pa + p’o’ is even, and @(z, 2’) then is odd 
when po + p’o’ is odd. 


Thus the imposition of the condition upon ¢ secures the evenness or the 
oddness of the functions. As regards the expression of the condition, let 
m—n =—r, 
so that 
m—-n=r—ot+a'; 
the condition is 
o(-1,¢,0¢°)=¢(r—act+o,a,c). 
To modify the expression of the condition, let 
o(t,0,0¢)=p(2t+c-a',0, 0’), 
where yf is a new form of coefficient ; then the condition is 
W(-—2rt+a-oc7,0,0°)=WQr-—c+o',a, 0’) 
shewing that is an even function of the first of its three arguments. This 


is the necessary and sufficient condition, that each of the functions 6 (z, 2’) 
should be either odd or even. 


One very important class of functions is provided by limiting the co- 
efficients wy still further. Let it be assumed that the function W is a 
function of its first argument only, so that the typical coefficient, which 
was $(m—n, a, a’), is 

(2m —2n+a0- <a’), 
where ¥ is now an even function of its only argument 2m —2n+oa-—o': the 
parameters o and o’ enter into the coefficient solely through their occurrence 
in this argument. If then by any change in the function 6 (z, 2’), such as an 
increment of the arguments, the parameters o and o’ are increased or are 
decreased by the same integer, the coefficient is unaltered. 


It may be noted that the double theta-functions arise from one particular 
case of this last law, viz. 
Ve = Te aaa 


Other simple laws can be constructed, subject always to the requirement of 
convergence ; for our immediate purpose, we have also the requirement of 
merely triple periodicity. 


148. Before the final postulation of the aggregate of conditions and 
limitations upon the coefficients, consider any function @ (z, 2’), which is triply 
periodic but not otherwise limited, so that it is mixed as to a quality of 
oddness or evenness. Let 


E(z,2)=0(z,7)+0(—2,-7), O(4, 2)=0(, 7)—-90(-z, —2’), 
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so that # (z, 2’) is certainly an even function, and O (z, z’) is certainly an odd 
function ; and let the series-expressions for H and O be 


/ Y 9) 2 rls 2 tot (9 !) aria!) 
E (z, Z ) = Sp, (— Lymenne en quae q (2n-+0") eens OY, 


J / 2 p tis /\2 * ow 
O (2, Z ) = SS (- Lee Ua P gaan q (QQN-+o"')? g (2in-+-o) miz+ (2n-+0") riz 


Then substituting for @ in the definition of the function #, and denoting by 
Qm,n (as at first) the customary part of the coefficient of the typical term in @, 
we find 

Ken, n = Omn,n a (— 1 Verne e A_m—s,—n—o'+ 
Consequently 

m—,n—o' = Am—o,n—o' + (- Deere. Am, —n> 

km, —n = Am, —n A (- Deere Am—c,n—o' 5 

and therefore 
tin, =a = (— iL eee Alar erie n—o'+ 

Similarly, we have 


espera = (- pores: ee n—o'* 


Moreover, by analysis that is similar to the analysis used in establishing 
the earlier condition that a function should be odd or even (and not mixed), 
we have 


E (—z, —2’) 

— (— Dae >> (- Leora | ee Lae O (2m/-+o) 2 rh (2n'-+0)® 9 (2m!-+a) miz+ (2! +0") wiz! 

= Sy) (- Leauge Kem! “ gone. q (27'+o")? ge 2m'+be) riz+ (2' +0") riz! 

= H(z, 2), 
Similarly, we have 

O(-—4,-27)=— O(4, 7). 

Consequently, even when the initial function 6 (z, 2’) is mixed as regards its 
quality of oddness or evenness, we can deduce (by appropriate combinations) 
triply periodic functions which definitely are odd or definitely are even. We 
therefore have said that the limitations imposed upon the coefficients in 0, to 


secure the oddness or the evenness of the function, are conventional and are 
not essential, 


Effect of half-period increments of variables. 


149. The law of reproduction of the general function @(z, 2’), when the 
arguments are increased by any combination of integer multiples of the 
periods, has already been given. We proceed to consider the laws of changes 
among the functions 6 (z, 2’), when the arguments are increased by linear 
combinations of half-periods: and these have two forms according as the 
typical coefficients in the series are taken to be $(m—n, oc, o’) in general or 
Wr (2m + o — 2n—o") less generally, excepting from the latter the single case 
when the expression for w gives quadruply periodic functions. 
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I. Let the coefficient in 0 be 6 (m—n, c, 0’). We have 


a(” Ps 1 EE aie p's ay 


a, a. e Gr, Oe 
9(° p, 2 jae a(? eh *) 
a, 0,244 Goes 


a(? p; od +) nies g (Pt) p +1, a 


a, a, 2+4 Tepes of 
With these half-period increments, the members of the set 
4, 6,, Os, A, 


are interchanged among one another, as also are the members of each of 
the sets 

A,, 95, A, Ars; 

O., A, A, 143 

O,, 9, Oy, Os; 


the law of interchange being the same as that given in the first four columns 
of the table on p. 254. 


Further, let & te hy P 2) denote the value of 0 ¥ -P Fy ) when, in the 


Foes OR (ei 4 
latter, we take ¢(m—n, c—1, o’ —1) as the typical coefficient in place of 
o(m—n,a,o'). Also, let 

N=mi(z+2)+4ri(utp’). 
Then we have 


P, P> @ hays 
a0, 2+4p’ 


( at Ad 
(” p,2t+tp +8) age eats [lec 3 p’ ah 
( 


Pp 
o+l1, oo +1, 2 


a, a, 2 thp’ 


P» Pp» 2 +oh ) 
o, a, a+hy' +h 


a(? p’; a + tp PR wry (PF p +1, zs) 
a, o,2+4y'+4 o+1, o' +1, 2 


fo —N P Pps 2 
2 i cdcateagt Seen 


It therefore follows that, with the general coefficients adopted, there is no 
interchange of the functions @(z, 2’) among one another; they change into 
other triply periodic functions S$ (z, 2’) with different general coefficients. 


There are corresponding laws of change for the functions 9 (z, 2’), when 
the arguments are increased by linear combinations of half-periods, into the 
functions 4(z, 2’): this reciprocal property being, of course, due to the 
periodicity of 0 (z, 2’) and of 9 (z, 2’). 
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It is to be noted that, in all these changes, the quantity o—o' is 
unchanged: so that, when the coefficient $(m—n, a, 0’) is specialised into 
wv (2m +o—2n—o’), the functions 9(z, 2’) are the same as the functions 
6(z, 2’). The functions 6 (z, 2’) would then interchange for all these half- 
period combinations; these laws of interchange will be given in the table 
(p. 254). 

Again, we have 


a(® p’, pats = metre G+ P > Ps a 


/ / 
opne pilte o+1, a, 2 


Pi Pr # at rte diag | P? eae 
J / ae. Sif ee 


P > Pp Bi =(-1?0- ie P x ‘ 


Cy 5 2 


( 
( 

ae eB ’ *) =(-1)'@+ ie p’; 4) 
( 


/ f 
T5651 e 


Pp... P ‘)= 3 fF fis) 
ao +2, Bikey e (edpiae ao A a 


where 0+ & Ps Ss le Be p ih ale ps ‘Na fe. p =) are derived 
lox 


TG a Oy Cave o,o,¢ 


from a(? giais ial by changing its typical coefficient ¢(m—~n, a, o’) into 


a, 0", 
$(m—n,o—1,0'), 6(m—n, a, oc —1), 6(m—n—1, 6, 0’), 6(m—n+1, a, 2’), 
respectively, all these functions 0+, 6-, @+, O~ being triply periodic. Also 

0 e p z+ PY (— Lpetremin @- ve Ep i 


Oo, 0, z 0, a’, zg’ 
6 He p> 2 ee. 1) eerie rin! @t C? ps o 
ect op! (omy Ope, PA 
II. Let the coefficient in 0 be W (2m + o — 2n— a’), where w is any even 
function of its argument except a constant or 
p (2m+o— an—o')? 
always provided that the series converges. Then the sixteen functions 
4 (z, 2’) range themselves into two sets, the members of each set interchanging 
with one another for half-period increases of arguments, as in the first eight 
columns of the table (p. 254). 


III, Let the coefficient in 6 be a special case of the last, so chosen that 
ap (2m + o — 2n— a”) = pomte—an—oi)t 
ae etemiamto—an—a')* 
where there are limitations upon the real parts of w+«, w+, pe + «(wt pm’) 
necessary to secure the convergence of the functions 0. 


if 
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The sixteen functions are now quadruply periodic (being the double 
theta-functions): when we write 


AyKHKMrK, Aye K, Ayy = pe TK, 


the four pairs of periods and pseudo-periods are 
anergy 
ee OUR ie Ooh n. ia 
The three pairs of periods for the triple theta-functions are 
for z, 1, 0, (Qn +a.=) ph | 
ob Oe 1 ay Hag) Bo) 


As already stated, the first four columns in the table give the laws of 
interchange for half-period increments when the coefficients in the triple 
theta-functions are quite general; the first eight columns give the lawa of 
interchange for half-period increments when these general coeflicionts are 
limited so as to secure that the triple theta-functions are, each of them, either 
an odd function or an even function of its arguments; and now we add the 
result that the sixteen columns give the laws of interchange for half-period 
increments when the coefficients are further specialised so as to give rise to 
double theta-functions. 


150. With the definitions just given for a, yy, d», we write 
Lemizt+hri(ut+n)=mie+ tidy 
M = rid +4 ri (p' + x) = ie! + f ridy, | : 
Ne=mi(et2s’) +4 (utp) =i (e+ 2’) + ft (ay + 2g 4 an) 


and then the table is as on the next page, 


151. Of the sixteen functions, whether they are the general properly 
triply periodic functions or the more special quadruply poriodic functions, six 
are odd, viz. 0,, 0,,, 95, 9w, As, 94; and the remaining ten are even, 


The table enables us to deduce a number of irreducible zero-places for 
the functions, whether triply periodic or quadruply periodic, from the fiet 
that the odd functions vanish at 0,0, These zero-places are given, say for 
any function @,, by noting that 


O(e+turd, 2 +p’) =O, (2, 2’), 


so that z=4y+4, 2’ = 4p’ is a zero of 0, (2, 2’), and so for the others in turn, 
The whole set thus deducible is given in the succeeding table (p, 255); the 
first eight lines give the zeros when the functions are triply periodic and not 
quadruply periodic; the last eight lines give the further zeros when the 
functions are further specialised so as to become quadruply periodic, 
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592 — “02 
892 — ¥9 
Mg 492 
olg %9 


O92 | %92— 
Mga ‘9 
59 ¥92- 
°9 0 


G4 Ips ln 
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oa 
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But it must be remembered that each such picked zero is, for a single 
function, only a place in a continuous aggregate of zero-places: for any pair 
of functions, any simultaneous picked zero (such as 0, 0 for 6; and @;) is an 
isolated simultaneous zero. 


The table* of picked zeros is as follows :— 


2,7= 6 | 9% | A | 43 | 4 | 45 | % | 9% |! O3 | A | Fro | O11 | P12 | A13 | O14 | O15 
0, 0 x x fox Sir leo 
4,0 x x || 3 | He 
0,4 x | x x | x x x 
4,4 > al | es xP x x x 
SH oe x x x | x x | 
tuts, gy’ x x saa || SS 
Sp, dp +h x | x x | x x x 
buth, Bu 44 ae ai bis 
$a, dep x x Xe oe (es x 
$4144, $42 | X x x x ret cS 
$44, $42.44 ol x x x 
$y, 4+4, $a2+4 | x x P|! OPOHER x 
FM25 $02 x Medex | ck x x 
3Ae2+h, dao x x x Sal saul 
“fans, $ae+4% | x | x x x x x 
$ayo+4, $444] x eileen 3 x x 


Construction of functions that are strictly periodic. 


152. The results of § 142 shew that each of the sixteen @-functions is 
periodic in 1 and 0, save possibly as to sign; also in 0 and 1, save possibly as 
to sign; also in w and w’, save as to the factor exp (— 2aiz — 2ariz’ — rip — Trip’) 
and save possibly as to sign. The actual periods (except for multiples of « and 


* Both the tables may be compared with the table given by Kénigsberger, Crelle, t. lxiv (1865), 
p. 23. 
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m’, when the variable exponential factor occurs) for the functions are as 
follows :— 


1; 03 0.) 04 pee 4 ofor Op andeele 

1,0; Oj; 22, 25 for Ceandie,: 

2, 0; 0,23. si re) dora@end Ces 

2,-0.5--0,' 25 Qu Qu 5. 100) Cena Gas 

2,/0:5 Delt Ap; oes etor PO,pandeass 

2.1090) 1 W2ie 2. for Candie). 

1,}05 0,2 5" yin es tore C,andst,: 

1,05 0,232, 204% for Osand:¢,,. 
Hence the fifteen quotients of any fifteen of the functions by the remaining 
sixteenth function are actually triply periodic (save possibly as to sign) in 


1,0; 0,1; pw, w’; the squares of these quotients are actually triply periodic 


in the three pairs of periods. And it may be noted that the eight quotients 
6:1 2 OB) Oe 8, Ve Oem tees 


O15 i 6; ; O15 ‘ 6,5 d 0, 1 0, ; O15 ; Ay 
are actually triply periodic in 1,0; 0,1; w, yw’. 


The analogy of the quadruply periodic functions which arise out of the 
double theta-functions suggests that, for the triply periodic functions, we 
should take the quotients 

6, + Ors, 

where r has all the values 0, 1, ...,15 except r=12. Triply periodic 
functions thus are secured without doubt: but it must at once be noted that 
the functions are tied as to their infinities. In the simplest case, when the 
0-functions are regular for all finite values of the variables, the infinities of 
each of the fifteen quotients are the zeros of @,; and are these alone. But 
such zeros are a continuous aggregate ; and so the simultaneous poles of the 
fifteen quotients, taken in pairs anyhow, are not isolated points: the fifteen 
quotients are tied, through the common occurrence of 6,, in the denominator. 
The simultaneous zeros of any two of the fifteen quotients are isolated places, 
being the simultaneous zeros of the 6-functions which occur in their nume- 
rators: and these constitute the whole of the zeros simultaneously belonging 
to two quotients for finite values of the variables. 


But, of course, the quotients indicated are, initially at any rate, not a 
potential aggregate of actually periodic functions. Thus, for any one of the 
6-functions, it is clear that the quantities 

"+8 log 6 

“Moe 
for integers r and s, such that 7 +s > 2, will provide periodic functions: and 
so for other possible derivatives and combinations. 
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Later (§ 161), we shall return to the “double” theta-functions which arise 
as a particular set of these “triple” theta-functions. 


A property of uniform quadruply periodic functions in combination. 


153. We proceed to consider the level places of two uniform quadruply 
periodic* functions f(z, z) and g (z, 2’), having four pairs of periods in 


the form 
4 (ho 4 
oe Bee Gg 


Let a and 8 be two level values for f and g, so that 
S@27)=% 94 Z/)=P. 


If z=a,, 27 =a, be a place where f and g acquire the values a and 8 
respectively, they will acquire these respective values at the whole set 
of places 

GQtptrtsy, a +q+rr + sy’, 
for all integer values of p, q, 7, s. 


We have seen, in § 138, that, by taking an associated two-plane repre- 
sentation for the real variables a, y, x’, y’, we can choose a unique point-pair 
Q; P;, where Q, lies in a parallelogram in the y, y’ plane and P, in a square 
in the 2, # plane, such that the point-pair @,P, may represent the whole 
foregoing set of values equivalent to a, a. We shall say that the whole 
set of values is expressible by the point-pair Q, P,. 


Let z=a,, 7 =a, be another place, not belonging to the set expressible 
by the point-pair Q,P,, where f and g acquire the respective values a and 8; 
and let the whole set of places, equivalent to a, a by the addition of 
periods, be expressible by the point-pair Q,P.. 


And so on in succession, for places and sets of places equivalent to them, 
each new set containing no place belonging to any of the preceding sets. 
Each new set will be expressible by a point-pair, in the associated two-plane 
representation of the real variables a, y, #’, y’. We thus obtain a succession of 
different point-pairs Q, P,, Q.Ps,..., expressing the succession of distinct sets 
of places where the functions f and g acquire the respective level values 
aand 8. Each such set can be denoted by any one of the members of the 
set; and from the construction of the sets, each set contains finite places in 
the field of variation. Let these finite places be denoted by a, ay’; ds, dy} «++, 
in succession, corresponding to the point-pairs Q, P,, Q.P2,-... We shall say 
that such a finite place z,,, Zn’ is the irreducible level place for its set. 


* An attempt to establish the property for triply periodic functions, similar to that which 
follows for quadruply periodic functions, did not meet with success. 


F. 17 
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If the number of point-pairs Q,P,, Q.Ps, ..., which thus arise, is finite,- 
then the number of irreducible level places z, z’, giving level values a and 8 
to the functions 7 and g, is finite. 

If the number of point-pairs Q,P;, Q.P., ..., which thus arise, is infinite, 
then within the finite y, y’ parallelogram and the finite #, a square, there 
must be at least one (and there may be more than one) limiting point-pair 
QP such that its immediate vicinity contains an infinite number of such 
point-pairs. We then, for all such point-pairs in that immediate vicinity, 
have an infinite number of finite places a, a’, at which the functions f and g 
acquire the level values a and 8 respectively. 

Now suppose that, for finite places in the field of variation, our functions 
J and g possess no essential singularities. On this hypothesis, we know 
(§ 121) that the level places are isolated, so that there cannot be an infinite 
number of those level places in the immediate vicinity of any one of them. 


The second alternative must therefore be rejected; and so we infer the 
theorem :— 

The number of trreducible level places, giving level values « and B to two 
independent free uniform quadruply periodic functions, is finite. 


154. It has been established for a couple of independent uniform 
functions in general, and therefore for a couple of independent uniform 
quadruply periodic functions in particular, that the level places are isolated 
pair-places. Any such pair-place may be simple or multiple. Whether 
simple or multiple, it is isolated, provided the two functions are independent 


and free. 

Further, if a, a is a simple level place for two independent and free 
functions f(z, 2’) and g(z, 2’), such that 

I 2)=% 9% 2)=B, 
so that it is an isolated level place of those functions for those values a and B, 
then there is one (and there is only one) simple level place in the immediate 
vicinity of a, a’—say at a+b, a’ + b’, where | b| and | b’| are small—such that 
fa 2=a4+e, gz 2)=B8+ 8, 
where | a’ | and | 8’ | are sufficiently small, and 
Jate’|<ja|, |B8+B8'\<|8}. 

For, by the theorems in Chapter Iv and Chapter vu, if z=a+b, 2 =a +0’, 
then we can write 


f(z 7)-a=f(atb,a+b’)-«4 
= Ab + ay, b' +..., 

9%, 2)-B=g(at+b,a+b)—-B8 
 .6)9b + yb 3 
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and therefore, as the level place a, a’ is simple, the equations 
Ayob + yb +... =a 
C9) + Oy, b' +... = ek , 
for sufficiently small values of |a’| and | §’|, provide a single pair-value for 
b, b’, where |b| and |b’| are small. 
Similarly, from the theorems in §§ 113, 120—122, we infer that, when 


a,@ is a multiple level place of multiplicity M for two independent and 
free functions f(z, 2’) and g (z, 2’), such that 


Flee =a, of, 2 )= 8, 
so that it is an isolated level place of those functions of multiplicity M for 
those values, there are level pair-places (some perhaps simple, some perhaps 
multiple), in the immediate vicinity of a, a’—say at a+b, a’ +b’ where |b| 
and |6’| are small,—of the same multiplicity M in additive aggregate for 
F4 2jeat+a, g(27)=B+8, 
where | ’| and | 6’| are sufficiently small, and 


Jata'j<|a|, |B+RF<|8|. 


155. Now consider the total finite number of irreducible level places such 
that the uniform quadruply periodic functions f and g acquire the values a 
and 8. The propositions just quoted shew that we can proceed from these 
values of the two functions to other values having smaller moduli: to any 
aggregate of level places at or near any one place a, a’ for the values @ and £, 
there corresponds another aggregate of level places for the values a+ a’ and 
8+’, the corporate multiplicity of one aggregate being the same as the 
corporate multiplicity of the other. We can thus proceed from one pair of 
level values to another pair of level values for f and g—in the argument, we 
have chosen a succession with decreasing moduli—without, at any step, 
affecting the corporate multiplicity of the level places. Moreover, in this 
succession, it is necessary to have only a finite range for z, and only a finite 
range for z’, because the ranges in the y, y’ plane and in the a, a plane in 
the two-plane representation described in § 188, giving the finite irreducible 
places 2, 2’, of § 153, are finite. Hence we infer the theorem :— 

The number of irreducible level places, at which two independent and 
free uniform quadruply periodic functions f and g, having no essential 
singularity for finite values of the variables, acquire finite values « and B, 


so that ‘ 
f@r)y=a, 9(z,27)=B, 


regard being paid to possible multiplicity of each such level place, is inde- 
pendent of the actual level values acquired by the functions. In particular, 
the number of level places is the same as the number of simultaneous zero 
places of two such functions, regard always being paid to possible multi- 
plicity of occurrence at a level place or a zero place. 

17—2 
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The property also holds when the level value for either of the functions 
or for both of the functions is a unique infinity so that the level place is a 
pole (an unessential singularity of the first kind) for either of the functions or 
for both of the functions, as the case may be; it follows at once by con- 
sidering the reciprocal of the function or of the functions having the place 
for a pole. But care must always be exercised to make certain that the 
functions are free as well as independent: thus the theorem would not 
apply to the poles of functions, such as 0, + 0. and 6,+ 0, of § 152, because 
the poles, so far from being isolated, are the continuous aggregates of zeros 
of the function O,. 

But the unessential singularities (the unessential singularities of the 
second kind) of a single function are isolated; and when two functions are 
considered simultaneously, their unessential singularities are not necessarily 
(and are not usually) the same places. Hence the theorem does not apply 
to unessential] singularities. 

And the theorem does not apply to essential singularities, 


If, then, we adopt a more comprehensive definition of level places and level 
values, the first including ordinary places and poles, and the second including 
zeros, finite values, and unique infinite values, we can say that the nwmber of 
irreducible level places of two independent and free uniform quadruply periodic 
Functions, having no essential singularity for finite values of the variables, vs 
independent of the actual level values, regard being paid to possible multiplheity. 


This integer, being the number of irreducible level places of the two 
functions when regard is paid to possible multiplicity, will, after Weierstrass*, 
be called the grade of the pair of functions. 


Algebraic relations between functions. 


156. Now consider two uniform quadruply periodic functions f(z, 2’) 
and g (z, 2’)—say f and g—which are independent and free; and let them be 
of grade n, so that there are n irreducible places giving level values a and B 
to f and g. 


Let h (z, 2’) be another uniform function, homoperiodice with f and g. At 
each of the n irreducible level places of f and g, the uniform function h has a 
single definite value; and therefore, at the aggregate of those places, there 
are n values of h in all, Hence there are m values of h corresponding to 
assigned values of f and g; and these n values arise solely from the values of 
f and g, without any intervention of the variables z and 2 beyond their 


occurrence in f and g. Consequently, there is a relation between f, gh, 


* Crelle, t. 1xxxix (1880), p. 7; Ges. Werke, t. ii, p. 182. 
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which is of degree n in h; the coefficients in this relation are functions of 
J and g alone, 


Next, suppose that f and h, being uniform quadruply periodic functions 
of z and 2’, are independent and free; and let them be of grade m. Also 
suppose that g and / are independent and free; and let them be of grade J. 
Then an argument, similar to the argument just expounded, leads to the con- 
clusion that the relation between /f, g, h, already known to be of degree n in 
h, is of degree J in f and of degree m in q: it is an algebraic relation. 

Of the n values of h, corresponding to assigned values of f and g, it can 
happen that several may coincide for some not completely general assignment 
of values. But if this coincidence occurs for completely general values of 
J and g, the values of h coincide in groups of equal numbers; and the 
number of values of h, corresponding to assigned values of f and g, is a 
factor of n. Hence we have the theorem* :— 


I. Between any three uniform functions, which are homoperiodic in 
the same four period-pairs and which taken in pairs are independent 
and free, there subsists an algebraic equation: the degree of this equation 
im each of the functions either is equal to the grade of the other two 
Junctions or is equal to some integral factor of that grade. 


It is assumed explicitly that the functions, in pairs, are independent and 
free; and the only level places that have- been used for the functions are 
such as give finite level values to the functions. But it may happen that 
two functions, independent of one another, and free for all finite values 
(including zero), are tied as regards infinite values. Thus the quadruply 
periodic functions, which arise as the quotients by 0, of the quadruple 
theta functions other than 6,,, cannot be estimated for grade by their 
infinities; their infinities are given by the zeros of @,,, and (except for the 
irreducible isolated unessential singularities, limited in number) they are 
the same for all the quadruply periodic functions so framed. These functions 
therefore, while they are independent, are tied as regards their infinities. 

The foregoing theorem is still true for these uniform functions: there is 
nothing to traverse the argument at any of its stages. But the effect of the 
tie, in connection with the infinities, is to simplify the form of the algebraic 
equation. We can suppose that the latter has been made rational and 
integral. The three functions f g, h are infinite together and only together ; 
and therefore the terms of the highest aggregate order in all the functions 
combined will, by themselves, give relations among the parts of f, g, h that 
govern their infinities. 

* This theorem, and several of the theorems that follow, were enunciated by Weierstrass for 


2n-ply periodic uniform functions of n variables, The enunciations, in most instances, are not 
accompanied by proofs; they are to be found in his memoirs, Berl. Monatsh. (1869), pp. 853—857, 


ib. (1876), pp. 680—693, and Crelle, t. Ixxxix (1880), pp. 1—8; see also his Ges. Werke, t. ii, 
pp. 45—48, 55—69, 125—133. See also Baker, Multiply periodic functions, ch. vii. 
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157. Among the functions related to any given uniform quadruply 
periodic function of two variables are its two first derivatives, which mani- 
festly are homoperiodic with the function, Moreover, all the infinities of the 
original function are infinities (as to place, but in increased order) of the 
derivatives; and they provide all the infinities of these derivatives. 


The foregoing theorem, when applied to a single function, leads to the 
result, practically a corollary :— 


II. Any uniform quadruply periodic function f(z, 2’) and its first 
Ff amg Of 


derivatives ¥. and ay are connected by an algebraical equation. When 
z 


the equation is made rational and integral, the aggregate of the terms 
of highest order gives relations among the constants of the infinities of 
f and its derivatives. 


Thus a quadruply periodic uniform function of two variables satisfies a partial 
differential equation of the first order, just as a doubly periodic uniform 
function of one variable satisfies an ordinary differential equation of the 
first order. 


158. We return to homoperiodic functions. For purposes of reference 
among them, we select three uniform functions f, g, h, of the character 
prescribed in theorem I. 


Now let k (z, 2’)—say k—be another uniform function, homoperiodie with 
J, 9, h; and let it be untied with any of them. Then between f, g, & there 
subsists an algebraical equation, the degree of which in & is either n or is a 
factor of n: taking the degree as n, we can denote the equation by 


Af, g, k) =0. 


Also, between f, h, & there subsists an algebraical equation, the degree of 
which in k is either m or is a factor of m: taking the degree as m, we can 
denote the equation by 


Bf h, k)=0. 

Similarly, there is an algebraical equation 
C(g, h, k)=9, 

which is of degree / in k; and there is the original algebraical equation 
D(f, g,h)=9, 


which is of degree / in f, of degree m in g, and of degree n in h. These 
equations are necessarily consistent with one another; thus the /-eliminants 
of A =0 and B=0, of B=0 and C=0, of C=0 and A=9, all vanish in 
virtue of D=0. 


158] HOMOPERIODIC FUNCTIONS 263 


These k-eliminants can be formed by Sylvester’s dialytic process, because 
all the equations are algebraic; and an added use of the process leads to 
another important result. The equations 


kA (f, g, &) = 0, for r= 0, 1, ...,m—2) 
MB (fh, k=O, , e=0,1,...,0 = 2) 


are a set of m+n— 2 equations, linear and not homogeneous in the m+n —2 
quantities k, k*,...,k™*"-*, When these are resolved for the m+n —2 quan- 
tities, we have expressions for the various powers of & (in particular, for & 
itself) rational in the quantities f, g, h and reducible, by means of D =0, so 
as to contain either f to no degree higher than / —1, or g to no degree higher 
than m—1, or h to no degree higher than n—1. Paying no special regard 
to these degrees, but noting the assumption made as to the degree of the 
equation A=0, we have the theorem :— 


III. When f and g are uniform functions, quadruply periodic in the 
same periods, and are of grade n, and when h is another uniform function, 
which is homoperiodic with f and g, and which takes n distinct values at 
the reduced point-pairs determined by given values of f and g; then any 
other wmform function, which is homoperiodic with f and g, can be expressed 
rationally in terms of f, g, and h, provided every two of the four functions 
are independent and free, and provided also no one of the functions has 
an essential singularity for finite values of the variables. 


And, as before, we have a corollary to the theorem, as follows :— 


IV. When two uniform quadruply periodic functions f (z, 2’) and 
g (4, 2') wre independent and free, and when neither of them has an essential 
singularity for finite values of the variables, then g(z, 2’) can be expressed 
i, af of. 
rationally in terms of f, An? ag! 
og og 
aa’ Oe" 


and f(z, 2’) can be expressed rationally 


in terms of g, 


Note. But just as there was possible degeneration of degree in the 
equation D(f, g, h)=0, so it might conceivably happen that, owing to the 
equation D(f,g,h)=0, the actual expression for k might not be deter- 
minate. But this indeterminateness would not occur for every power of &; and 
so we should then only be able to infer that some power of & is rationally 
expressible in terms of f, g, h. Such cases occur when the fundamental 
periods of the functions considered are only commensurable with one another 
and are not exactly the same for all the functions. The exceptions may be 
wider than the exceptions of the same kind in the case of doubly periodic 
functions of one variable, though they will cover the generalisation of such 
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apparent (but only apparent) exceptions to Liouville’s well-known theorem 
which might imply that cn z and dnz are expressible* in the form 


d 
P+Q a (sn z), 
where P and Q are rational functions of sn z. 


159. Next, consider two uniform functions f(z, 2’) and g (z, 2’), homo- 
periodic in the same four pairs of periods; and, as usual, assume that they 
are independent and free, their grade being n, and that they have no 
essential singularities for finite values of the variables. Their Jacobian J, 
with respect to the independent variables, is 


_ofog og of 


0202 dz dz 
_(h9) 

OZ 2)” 
It is a uniform function, homoperiodic with f and g; consequently it satisfies 
an algebraical equation, which has rational functions of f and g for its co- 
efficients, and the degree of which in J is either » ora factor of n. Moreover, 
as f and g are uniform, infinities of J can arise only through infinities of f or 
of g or of both; and no infinity of J can arise from finite values of f or of 
g, or from any integral relation between f and g satisfied by finite values of 
f and g. Hence, when the algebraic relation between J, 7, g is completely 
freed from fractions, the coefficient of the highest power of J is a constant; 
and the degrees in fand g of the succeeding powers of J are limited. To 
indicate the limits, take the simplest forms of two extreme cases : 


(3) when fand g are completely free as to infinities : 


(11) when they are completely tied as to infinities—in such a way as are 
e.g. the periodic functions indicated in § 152. 


In the former case, consider the vicinity of a simple simultaneous pole 
of fand g; then we can take, in that vicinity, 


(WE 1; 
eae I= 3? 


where V and S have a simple simultaneous zero at the place. Then 
a 
ih ae 
where 7’ is a uniform function, regular, and usually not vanishing at the place. 
The place thus is an infinity of J, as is to be expected: manifestly it is of 


order 4. Hence in this case, the algebraic equation (taken to be of order m in 
J) must be such as to provide infinities of order 4 for J; hence the coefficient 


* The explanation, of course, is that sn z, enz, dnz do not possess the same fundamental 
periods. 


’ 


160] ALGEBRAIC RELATIONS 265 


of J” is a polynomial in f and g of order not greater than 4m’, while for 


some value or values of n’, among 1, 2, ..., m, it must be of order 4’. 
In the latter case, we can take 
ts R 
j= Va Ve 
where the infinities of the functions (now tied) are given by V=0; then 
1 
J = v3 W, 


where W is a uniform function, regular, and usually not vanishing with V. 
The place thus is an infinity of J,as again is to be expected; manifestly it is 
of thrice the order for f and g. As in the preceding case, the coefficient of 
J” is a polynomial in f and g of order not greater'than 3n’, while for some 
value or values of n’, among 1, 2, ..., n, it must be of order 37’. 


Other orders of infinities belonging to f and g will lead to other degrees 
for the polynomial coefficients in the equation. In all instances, we have the 
theorem :— . 

V. The Jacobian J of two uniform quadruply periodic functions 

JF and g, which are independent and free, and which have no essential. sin- 

gularities for finite values of the variables, satisfies an algebraic equation ; 
when this equation is of degree n, the coefficient of J” is unity and the 
coefficient of J" is a polynomial in f and g, of degree not greater 
than 4m’, for n’=1,2,...,n. Also, n is either equal to the grade of 
Ff and g, or is a factor of that grade. 


160. Combining this result with the earlier theorems I and ITI, we have 
the further theorem :— 

VI. When f and g are uniform functions, quadruply periodic in the 
same periods and of grade n, and when the algebraic equation satisfied by 
their Jacobian J is of degree n, any uniform function, which is homo- 
periodic with them, can be expressed rationally in terms of f, g, and J, 
provided no two of the functions are tied as to level values, and provided 
neither of the functions has an essential singularity for finite values of 
the variables. 

In particular, for such functions f and g, we have the relations 


A) 0 
Lan GI, £-Aba0) 


ay 0g _ 
ay lh gd); ay = AAG J); 


where F,,, F,, G,, G, are rational functions of the arguments. The algebraic 
relation 


J=F,G,.—F.G, 


must be satisfied in virtue of the algebraic equation between f, g, and J. 
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The quadruply periodic functions which arise out of the double 
theta-functions. 


161. It is desirable to have some special illustrations of the foregoing 
general propositions relating to periodic functions of two variables. 


Accordingly, we assume that the coefficients ¢(m—n, a, o’) of the triple 
theta-functions are so specialised as to yield the double theta-functions, 
periodic or pseudo-periodic in four pairs of periods, always limited so as to 
secure the convergence of the double series. Moreover, we shall assume that 
our functions have no essential singularity for finite values of the variables— 
an assumption which requires the theta-functions to be finite (as usual) over 
the whole field of variation given by these finite values. We thus have ten 
even functions, viz., 9), 0,, 42, 43, 4;, 85, 9%, 95, 5, 5; and six odd functions, 
viz., 95, 97, 9, On, 93, 94: all these being functions of z and 2’. 

When z=0 and 2’=0, the six odd functions vanish. The ten even 
functions then acquire finite constant values which are denoted by ¢, ¢, ¢s, 
Cs, C4, Ce, Ca, Co» Cia Cre Tespectively. 

p: p> 2 \ 


The effects upon any function 6 ( 1) of a period-increment in the 


oO, “3 


various cases are given by the relations 


a(P eee =(-1°6(% eS) 


/ ty / (d 
ORs OR 5 4 O,0,2 


0(e tga) -ewree 


o,o,2/+1 Te Oe 
> 
if / \ 
6 is glk ons a = (—1p en2re—nian g ius pain 
a, 0,2 +A, a, a, z'/ 


6 i p ad oe == {—, | pi e—arte —w as 9 te p's a 
a, 0, Z + Ang a, 0,2 
and by derivatives from these relations. The effects upon the sixteen 
functions, by way of interchanges consequent upon half-period increments of 
the arguments, are given in the full table on p, 254. 


Among the even theta-functions, the simplest relations* are as follows: 
Co? Oy? — C9? Oya? = C,? O,? + C6? O62 = 65? 0,2 + 6,7 0? 
Cy? Ay? — cs O° = 69 Oe + 62 OF = 67 02 + c2 02> , 
Co Oy? — Cas Ors? = Co? O,? + 05? O58 = 07 0,7 + 6,2 02 


* These are taken from my memoir, Phil. Trans. (1882), pp. 783—862; they occur in many 
of the memoirs there quoted, and in others, relating to the subject, as well as in treatises such as 
those of Prym and Krause. Much algebraical discussion of the properties of the functions will 
be found in Brioschi’s memoir, Ann, di Mat., 2% Ser., t. xiv (1887), pp. 241—344, and Opere 
Matematiche, t. ii, pp. 345—454, Reference also may be made to Baker, Abelian Functions, 
ch, xi, and Multiply Periodic Functions, ch, ii, and notes, p. 327. 
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and others derived from these by linear combinations. The simplest relations 
among the constant values of the even functions when the arguments are 
made zero are the sets: 


Cot — Cry = Cy* + C66 = Cah + es 
Cot — Cs! = Ct + cet = CF + Co! 
Co — Cys* = Cot + Cy = C4 + C44 
and others derived from them: as well as the sets of simple biquadratic 
relations, 
Co” Cia” = Cg’ Cy? + Cy? Cys 
C5" Cia" = Cg? Cy? + Cy? Cag" 


BE SO Sao lb 
(Cp Cy — CnC g et Cat Cra 
Cy? Cx? = C3” Cg” + Cy” Cio” 
Cac = (OO + Cs wean 


Co” Cg” = Cy" Cy? + CY? Cy? 
GOO BOs Ge Ab (Ge 


Cet Cy Ca + Cf Ce? 


Cy" Cy? = Co? Cg? + Cy” Cys” 


Cy” Cyp? = Cg? Cg? + Cy? Cys” 


C17 Cg? = Cy? Cy? + Ce? Cas” 


C376" = C) Ce’ + Ce” Qs Av 


PaCce— Cy Gy ts Cs Ca 
Cy? Cy” = Cy? Cy? + CQ? C5” | 


Among the simplest relations, expressing the squares of the odd functions in 
terms of the even functions, are the set 


Gs 62 = 2 OE + 3? Oy? + Ce 0,,? 
OO" = 2 OF +62 02+ cf A: 
Cy” Ayr = Ce te — C3 0.7 — 66 O12? 
cf A= 6°02 —¢,° 07 — 02 0, [ ” 
62 As = Cy? AF + 62 OF — ¢7 Oy 
oF Oe = ¢.°02 — of 0,2 — cs? 85° 


as well as others derived from the relations, among the even theta-functions 
above given, by using the table on p. 254 for interchanges among all the 
functions for half-period increments. 
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Lastly, for the present purpose, it is sufficient to give the three relations 
CO = OS Og On Cast 
Cf Oe OF Be — 6! On Goat, 
Ce Os = ae A+ 62 Oi + oats 
connecting the squares of odd functions alone. They can be derived from the 


relations connecting the squares of the even functions alone, by using the 
same table of interchanges for half-period increments of the variables. 


As regards the odd functions, we write 
Os hye hey ey 


where the expressed terms are the terms of the first order, and w has the 
values 5, 7, 10, 11, 13, 14; and we have 


CoC lights = CyCe Cig hry + Cy C403 Hrs 
CoCyCroh, = Cy Cy Cas hyo + Ce CpCg Kas 

J 
CyCaCy Kyy = C,C3C3 yy + eee 


CoCaCighyy = CaCo Cg. Kin — 61s Cis his 


with exactly the same relations when k’ is substituted for k. 


162. All the relations thus far given, connecting the theta-functions, and 
connecting the quotients of the theta-functions, are quadratic in form. In 
each relation, there are three such quotients. Every function involves two 
independent variables z and 2’; and therefore it is to be expected that each 
of the functions is expressible algebraically in terms of two new independent 
variables. This expectation is justified by the detailed results and properties 
of the double theta-functions which give rise to the hyperelliptic functions of 
order two, being quadruply periodic functions; and the actual forms can be 
expressed as follows. 


We take five constants a, dz, ds, 4, d;, unequal to one another; and we 
write 


dm — In = Mn, 


for all the five values of m and of n, avoiding equal values, avoiding also some 
other similar limitations that obviously are to be avoided. ‘Two variables 
€ and ¢’ are introduced; and we write 


7 = {(E— a) (=a) (E— a) (6-4) (E—as)}8, 
7! = {(£’— a,) (¢’— aa) (C’— ag) (E’— a) (€’— a5) 3, 
P = {(p—«a,) (p= a) (p= a3)(p— a) (p= as)}}. 
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Two other variables wu and w’ are introduced, being defined by the equations 


$ D— Ay rs" — dy 5 | 
w=] PDP dp+a] PDP a| 


, Sp— a "Dp — a, 
got] Sp eta! | 


The variables € and ¢’ are, in general, uniform quadruply periodic functions 
of uw and u’; for sufficiently small values of wu and u’, we have 


13.14.15 
Bo tire oe | 
EE ERE. ye fe 
tbat ea pone ee 


where the unexpressed terms are of even orders (beginning with the order 4) 
in wu and wu’ combined. 


The fifteen quadruply periodic functions of z and 2’, arising from the 
quotients of the double theta-functions, are algebraically expressible as 
follows’:— 

0,5 + Oy» = (12.18.14.15)~*p, } 

O15 + O14 = (21.23. 24.25) *p, 
6, + O = (—31.32.34.35) "+p, | 
0. + Oy = (—41.42.43.45)~ 4p, 

0, + Oo =(51.52.53,54)—4 0, 

Oy, + Oy = (18.14.15 .28.24.25)-4 a, 
O, + Oy = (12. 14.15.32 .34.35)— 2 p,, 
6, = Og =(12.18.15.42.43.45)-#p, 4, 
6, + 0. =(-12.13.14.52.53 .54)74 p,, 
Oy5 + Org = (21. 24.25.31. 34.35)? pr, 
O, + Oy =(21.23.25.41.43.45) 4 po, 
O05 + Oy = (— 21.23. 24.51.53. 54)~* por, 
0, + Oy, = (31.32.35.41.42. 45) 4 py 
9, + Oy = (31.32.34.51.52.54)~? p95 
Ox + Og = (41.42.43.51.52.58)-4# py, } 


where 
Pr? = (ay — §) (ay — &), 
ryt, 2,3, 4,5; and 


Pre _ § eit! gee 


Pp Pr = ay) (€ — ae) 4: (g - Gr) C — a) ) 6° ~ 7 


for all the ten combinations of r and s from the set 1, 2, 3, 4, 5. 
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variables are related as follows: 


The 


(aes 52\4 
oe 53. 54) 

41 . 42\4 
‘a ae 43. a, 
oe Hae wae a 
me += (- 34.35 
tie. Ee 
er ey (— 12.53.54 
ee a Ee A 
eR ICs Gos 43 . 45 
a 41.23. aa 
pa ie Gir 43. 45 
te cas f ble 2Ba 24Ne 
tS Z 21.53. Al 
a ee SEL 
Oy a 9 nA BE 
<ocete 2824 nee 
ou + Ou = (55-~aa~aB | 


4 
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The constant values of the even theta-functions for zero values of the 


The lowest terms in the odd theta-functions are as follows :— 


6, /18.15.98.25\4 7 14 . 94 
7 Ot da ae ”) (“i5-"' 55) + 
6,  /18.14.28.24\4/7 15 25 
Fe ar) (« 12 i) 
Oy _ (32.42 a oe 

Ce Os TF 

pi = (18.14.15.23.24. 25) 4 
6, 81.41. 51\4 

i 21 =i ao 

6,, /15.14.25.24\47 18  ,28 
a= 34.35 ) (wig ™ Wig) to 


relations between the two variables wu and w’, 


z and 2’, are 


/ 
ky kyo 


; (=: 
= 2= 


Cio 


42.52\4 , 
+ oy] 


Cry 
kes 
21 


Cie Cyp . 


and the two variables 


ee: 
a; stl y= CLS 
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The quadruply periodic functions of z and 7 are quadruply periodic functions 
of w and w’: and conversely, 


Finally, derivatives of any function, of the first order with regard to w and 
ware linear combinations (with constant coefficients) of its derivatives of the 
first order with regard to z and 2. 


Kaamples of the theorems in S§ 156—160. 


163. Adequate illustrations of the first theorem, in § 156, are provided 
through the homogeneous relations among the theta-functions which have 
just been stated. Each of them, when divided throughout by the appropriate 
power of @,,, gives a relation among strictly periodic functions. Many other 
such relations are given in the memoir by Brioschi already quoted (p. 266, 
note); and many can be deduced from the algebraical expressions for the 
functions p in terms of the variables € and ¢’.. Among them, we select the 
following, as being of particular use in the succeeding investigation:— 

Pr Ps Pe 
SANG oi kiletn ia” 


where rs=a,—a;, and so on, and r, s, ¢ are any three of the integers 
2, 3. 4, 5;..also 


Pr aS (Pre? — Prt?) =rl. rm, 


(st) prPrat (tr) PsPei + (78) Pepa = 9, 


where 7, s, t, /, m are the integers 1, 2,3, 4,5, in any order. These examples 
will suffice for the present requirement. 


164. We now proceed to give an example of theorem II, in § 157, by 
forming the partial differential equation of the first order which is satisfied 
by the uniform quadruply periodic function p,. 


From the values of wu and w’, expressed in terms of € and ¢’ by means of 


at at’ at ae’ 


definite integrals, we have the values of au? Du? du? Dal Using the ex- 


pression for p,” in terms of € and ¢’, we find 


SS 
p, ow €-a,du C’—a, du 


i 27 ; 2r’ 
“ares a pa C-}, 


2 Ph a pap fee Ow pi ths 
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and therefore 


2 rt of 1 Op, 
papa eee A cee 
it a I) bs 1 Op, 
Paget ey. sarge ice Ma), ul 

Now, for the values r = 8, 4, 5 in particular, we have 
pw ane dea] T é, 7 
pp, €-C(C—a)(C—a@) ([—a)(o —a,))* 
so that 

lags Lars 1 He {% 1 op, 

Pe py = — (ar) Pe (ar) = 

on substituting the foregoing ate of rand 7’. Thus, if we write 
Op, ee Op, ee 
Ou Nn ? Ou’ Nn ) 

we have 


a= — DsPi3 = (23) qi + (13) qi 
=— Pu = (24) n + (14) G, 3 
Y = — PsPrs = (25) @ + (15) a’ 


where a, 8, y are temporarily used to denote the combinations of q, and q,’. 


Again, from the values of the functions in terms of € and ¢’, we have 
1 
py + 34 (pis? a pis’) —s 12 . Ns), 


eee ; 
py ac 54 (Pas? — pu’) = 1) . 13, 


and therefore 


a? 8? 
eae a 
Also 
si Sb Ps" _ Pe 
18.147 81,944.49” 
so that 


34 31 
Ds? = 31 . as + ian 41 pe 


elk 
4] Ps 


say ; and similarly 
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bo 
| 
ow 


say. Thus 


a ” Bp? _,) 
ane fy eb. fe 
air 
ry 2 ms , 
oe seks 
rere 
These two quadratic equations satisfied by p? can be written 
Ops — (L— B? — Ce’) pe + Be’ = 0, 
Ap,- ee ) pet Ba’ = 0; 
where 
,_ 41 ree 41 41 
ee ee eta, NS a: 


Eliminating p,’ between the two equations, we find 
{(L — 6? — Ce’) a’ — (N — 8B — Aa’) c'} {((N- 8? — Aa’) C —(L— B*- Cc’) A} 
= 8? (Ac' — Ca’), 
which is a form of the partial differential equation of the first order satisfied 
by pi. 


It is desirable that the equation should be simplified; the various re- 
ductions are mere exercises in algebra. We find 


A-CO=53 (12. 14—p,), 
so that 


yao = — se ee (12. 14— p,) (13. 14 — p,*) (14. 15 — p,’); 
also 
aa’ (= (1B 15 — p,’) 
so that 
(ad — 0) A = 24-29 (12, 13 — ps) (12.15 — pt) (13. 15 — pe) 
And 
Ca’ — Ac a a (IRs 13.14.15 —p,4). 


As regards the parts involving derivatives, we have 
(L—Bp*) a —(N — B*)c 
14. 


— Fagg 4 14. 15 — py) a +35 (18.15 — pi) B+ 43 (13. 14 — pr’) 


14.84.45.53,.. | a 
SS 13.15 : (12? — pe (ath vis 
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on substitution for a, 8, y; and, similarly, 
(Np) 0- (Lf) A 
Ad. 45 eh Ie eal ne — 
= "(12.18 psy (12.14 —p) +5 (12.15 — pi) 
12 ) 
Bx, ¢ 7 ‘ je § IND Se) ore 
=—12. 1434.45.53 q+) 1314015 PO 


Hence the differential equation for p, takes the form 
xX Xs 
9.13, 142.15 (Q ee | Peta tees ie ) 
1213.14.15 (Q1+ 39 t4e) (+ yo 43. 15 
= (24. 9,414. 9,')? X33, 
where the various symbols in the equation (which manifestly is of the first 
order, and of the fourth degree, in the derivatives of p,) have the values 


ee ~ 
d= Oe 122 pr (h sedi 


na 12 saat? 
Oem (+90) ~ ag Te ap Pian 

X, = (12. 14—p,?) (18.14 — p,*) (14. 15 — p,’) 

X,= (12. 18 —p,2) (12.15 — p,?) (13.15 — p,) 

ESTO IR MN 
The infinity of p, at any place being of order x«, that of g, at the place and 
that of q’ at the place are «+1; from the terms of highest order in the 
infinities, as they occur in the differential equation, we have (as these orders) 

8e+4, 10Ke+2, 12K, 10K+2, 

which are the same when «=1: that is, any infinity of p, is simple. The 
result is to be expected because p, is a constant multiple of 60,71: so that 
an infinity of p, 1s a zero of Op, that is, it is simple. The terms of highest 
order also provide relations among the constants connected with any such 
infinity: but these are not our present concern. 

165. The partial differential equation of the first order for any other of 
the functions p can be constructed in the same manner; in particular, the 
equation satisfied by p, can be derived from the equation satisfied by p,, through 
interchanging p, and p., q; and q.’, qi’ and q,, a and a,, where 


_ Ops , _ Op, 
12 age Qe carte 


Note. Another proof can be framed, by noting the relations 
C2030, 0) + C3Cy O19 Or = Cy Cy O05 
Ce? Oyo? = Cya? Oo? — 6,2 yg? — 0,249" 
CE Or? = Cy? OF — C763" — OF Ors 
C62 Bo? = 042 O67 — C4? Oy? — 05? Oo" 


0, Osi== Ce 6° — 057 O15? — 05° Oye? 
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among the theta-functions, by using the expressions for the constants ¢ and 
the quotients of the theta-functions, and by observing that @,4)@,:7? is a con- 
stant multiple of the quantity denoted by y and that 6,0;0,.~ is a constant 
multiple of the quantity denoted by £. 


A third proof can be framed by noting the fact that 


emia: L Op, L Op, 
p— a = (p — ay) Ou oF itis Wo, Ba! 


is satisfied by p=€ and p=’, so that the quartic equation 


(2 — tt) (2 — Us) (2 — dy) (2 — Us) — (2 — ch) {(e — (ly) = oP + (z—d) sel = () 


uw p, ow’ 


has € and ' for its roots. The analytical conditions for this property of the 
quartic equation ultimately lead to the partial differential equation of the first 
order satisfied by p,. 


166. The analysis in the preceding investigation leads to a simple 
illustration of theorems III and IV, in § 158. It must, however, be borne in 
mind that those theorems refer to functions that are homoperiodie. 

Now the functions p, and p, are not homoperiodic: their periods are only 
commensurable. But the functions p? and p,* are homoperiodic: and there- 
fore by the theorem LV, we must have pf expressible rationally in terms of 
p,’ and its first derivatives, that is, expressible rationally in’ terms of 
Pw Wy hs 

The two quadratics that occur in the investigation give 

Dex, Ac’ — A'c 
— B (N-B Ad) C-(L- B= Ce) A’ 


or, with the preceding notation, 


rth (244), L4g,') X; . 
ng 


12218414 0;+ ————— 
ds 12.18.15 
the required expression. 
Also 
: , 

— Pipu = 24g, + L4qy, 
so that we can deduce at once a rational expression for p,? in terms of 
Pod GH- Expressions for p;, ps, Py, Ps can be derived by interchange of the 
constants ds, 4, 5; and expressions for the remaining functions can be 
derived by simultaneous interchanges of the variables w and w’ and of the 
constants a, and dy. 


As an illustration of theorem V in § 159, consider the Jacobian of any two 
functions p,, ps: and let 
r, 8 imn= 1, 2, 3) 4, 5, 
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in any order. We have 


0 (u, wu’) 
a(E, £’) =e ($—&") (dz = th), 


O(Prs Ps) 
a6 £) =i, 67 £’) (de — Oy), 


and therefore 


0 (Drs Ps) 
UPR DD 0(u, w) 
sr 
— 2] PLP mPn: 
Consequently 
' 3) 
(J (Drs Ds Yj ei \ pr Om n> 
= (=) lr ls.mr.oms.nr. ns. Py, 
where 
Pye] sueet supe oy pee pit - Pr) (1 Pe ve) 
;. ‘ rl.rs  sl.sr/ \ rm.vs  sm.sr m.rs sn.sr]’ 


so that the square of the Jacobian of p, and ps is an even polynomial in r and 
s of joint degree six. 


Similarly, we find 
{J (Dr, Dra)? = be Prt Drm Prin’ 


= (Drs + p,?. st—rin rn. st} {pp +p? .sm—rn. rt. sm} 

X [Pret p2.sn—rt.rm. sn} ; 
and so for other instances of Jacobians. So long as the Jacobians are formed 
from any two of the fifteen functions, the algebraical equation between two 
functions and their Jacobian is of even degree in the Jacobian. It is easy to 
verify that 

(J (Prms Prn)}” 
is an even polynomial in p,m and p,, of degree six; and from general con- 
siderations (but without having constructed the respective equations) I infer 
that 
J (pr: Pst)> DA Dyin, Pst) 
each of them satisfy an equation, quartic in its own Jacobian and of the 
degree twelve in the term free from the Jacobian. 


As a last illustration, consider a special case of theorem VI in § 160. 
The derivative of p, with respect .to u, already denoted (§ 164) by q,, is quadruply 
periodic. It is homoperiodic with p,; but it is not homoperiodic with pas, 
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their periods being only commensurable. But ¢,?, p,’, p.2 are homoperiodic : 
and therefore, by the theorem, q,° is rationally expressible in terms of p,’, p.’, 
and the Jacobian of p,? and p.°; that is, q,° is rationally expressible in terms of 
Pr, Ps, and J (p,, po). The actual expression can be obtained in a variety of 
ways, requiring mere algebra for the purpose. Proceeding from the relation 
1 1 T F 7 
— = = —(C’—aM)-¢ -(€— a), 
pt 21-£ ee Ba ag >} 
already obtained for g,, we find ultimately the following result, Let 12, 17, ... 
denote a, — M2, , — @,, «.. as usual; write 
A = (p= pi 2.12 (pi + py) +12 
Ky = ps — p;? + 12 (Ir + 2r), for r =1, 2, 3, 4, 5; 
and, for any quantity &, let 
(E + Ho) (E+ xs) (E+ 4) (E + x5) 
= 48,84 5,84 S,F+8,. 
Then a rational expression for q,? is 
64, 9712’. A+128.12' p3p.J (p,, po) 
= (S,+ 8,4 + A?) (84,4 + «,°) — (S, + 8, A) (842A + A?) 
Other examples can easily be indicated: these will suffice for the present 
purpose. 
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INDEX 


(Lhe numbers refer to the pages.) 


Abel’s theorem partially extended to double 
integrals involving a couple of algebraic 
functions of two independent variables, 
193-197. 

Accidental singularity, 61; (see unessential 
singularity). 

Algebraic functions in general, 61, 170 et seq. ; 
rational functions, involving one algebraic 
variable, 171, and two algebraic variables, 
173; integrals of, 178 et seq. 

Algebraic relations between homoperiodic 
functions, 261 et seq.; illustrations of, from 
hyperelliptic functions, 265 et seq. 

Analytic function, 59. 

Analytical continuation, 60, 80. 

Appell, 147, 235, 239. 


Baker, H. F., 110, 131, 261, 266. 

Berry, 170. 

Borel, 77, 78, 126. 

Boundaries of a region for certain fields of 
variation, and their frontier, 20, 24. 

Brioschi, 266. 

Bromwich, 72. 

Burnside, W., 26, 58, 237. 


Campbell, 42. 

Canonical form of lineo-linear transformations, 
26; leads to powers of the transformation, 
28; 

of equations for quadratic frontier, 51; 
of rational functions which involve 
algebraic variables, 171, 173. 

Castelnuovo, 170. 

Cauchy, 4. 

Cauchy’s theorem as to the integral of a 
function of a single complex variable ex- 
tended by Poincaré to functions of two 
complex variables, 13, 159. 

Conformal representation with one variable 
extended to two variables, 18. 


Continuation of regular functions, analytical, 
80. 

Continuity of a function, region of, 81, 82, 86. 

Continuous function, 59. 

Continuous groups, Lie’s theory of, applied to 
determine invariants and covariants of 
quadratic frontiers, 40, 42. 

Contour integrals, as used by Cousin, 131 et 
seq. 

Cousin, 130, 147. 


Dautheville, 80, 126. 

Dependent variables, number of, 2; used for 
a kind of inversion, 4. 

Divisibility (relative) of two regular functions, 
112. 

Domain, 57. 

Dominant function, 71. 

Double-integral expressions connected with 
coefficients in the expansion of regular 
functions, 64. : 

Double integral for real variables, application 
of theorem by Stokes on, 157. 

Double integrals, defined for two complex 
variables, 154; Poincaré’s extension of 
Cauchy’s theorem for functions of a single 
variable, 159; residues of, with examples, 
160 et seq. 

Double integrals of rational functions in- 
volving two algebraic variables, 187; 
equivalent forms of, 189; conditions that 
they should be of the first kind, 190; 
Abel’s theorem partially extended to, 
193. 

Double theta-functions, 249, 253 et seq. 


Enriques, 170. 

Equivalent functions, 134, 141. 

Essential singularity, 61, 83, 119, 123; be- 
haviour of a function at and near an, 77, 
83; functions devoid of, 125. 
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Field of variation, in general, 57; for periodic 
functions, with one pair of periods, 224; 
with two pairs of periods, 225; with three 
pairs of periods, 231; with four pairs of 
periods, 236, together with a modified two- 
plane representation of the variables, 237. 

First kind of double integrals, conditions for, 
190; extension of Abel’s theorem to, 
193. 

First kind of single integrals of algebraic func- 
tions of two variables, 178; initial condition 
as to form of subject of integration, 180; 
equivalent forms of, 180, with the necessary 
relations, 185; do not exist for general 
equations, 187. 

Four-dimensional space, used to represent two 
variables, 5; used by Poincaré in connection 
with double integrals, 153. 

Free functions, 208; properties of two, 209- 
212. 

Frontier of a region in certain fields of 
variation, 20, 24; its analytical expression, 
21; invariantive, for lineo-linear transforma- 
tions, 32; quadratic, 34. 

Funetions devoid of essential singularities, 
everywhere, 125; in the finite part of the 
field, 130 et seq. 


Geometrical representation of two variables, 
Chapter 1; in four-dimensional space, 5; by 
means of a line in ordinary space, 7; by 
means of two planes, one for each of the 
variables, 13. 

Gordan, 25. 

Grade of two uniform quadruply periodic 
functions, 260. 

Hadamard, 126. 

Hartogs, 62, 123, 131. 

Hermite, 4, 131. 

Hobson, 1. 

Homoperiodic functions, algebraic relations 
between, 261 et seq. 

Humbert, 170. 

Hurwitz, 126. 

Hyperelliptic functions of order two used to 
illustrate algebraic relations between homo- 
periodic functions, 265 et seq. 


Independent functions, 208. 

Infinitesimal periods excluded, 213-216, 

Integral function, 60. 

Integrals, of functions of two variables 
(Chapter VI); of algebraic functions, 178 
et seq. 


279 


Invariant centres of lineo-linear transforma- 
tions, 29. 

Invariantive frontiers for lineo-linear trans- 
formations, 32; simplest forms of, 34, 37. 

Invariants and covariants of quadratic frontiers, 
39; invariants alone, 48. 

Inversion, a kind of, 4. ) 

Irreducible places of quadruply periodic func- 
tions, 257; any set expressible by a single 
place in an associated two-plane representa- 
tion, 257; their number for level values of 
two functions is finite, 258, and is indepen- 
dent of those level values, 259. 


Jacobi, 14, 26. 

Jacobian of two homoperiodic functions, 264 ; 
used, in connection with the two functions, 
for the rational expression of other homo- 
periodic functions, 265; equation satisfied 
by, when they are hyperelliptic, 275. 

Jordan, 26, 


Konigsberger, 255. 
Krause, 266. 


Kronecker, 4. 


Laguerre, 126. 


Larmor, 157. 

Laurent’s theorem extended to functions of 
two variables, 87-91. : 

Level places of two uniform functions 


(Chapter VII); must exist for assigned 
values of the functions, 203. 
Level values of a regular function, 108; order 


of, 111. 
Levi, E. E., 123. 
Lie, 25, 40, 42. 


Line in space used to represent two complex 
variables simultaneously, 7; limitations 
upon use of whole line, 11; by means of 


the points where it cuts two parallel 
planes, 12. 
Lineo-linear transformations, Chapter II; 


canonical form of, 26; powers of, 28; in- 
variant centres for, 29; invariantive frontiers 
for, 32; property of, when coefficients are 
real, 35; periodic, 52. 

Lines, Volterra’s functions of, 13. 


Meromorphiec function, 61. 

Multiform function, 58. 

Multiplicity, of a simultaneous zero of two 
uniform functions, 168; expressed as a 
double integral, 169; of a level value of 
two functions, as a double integral, 169. 
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Nether, 170. 
Non-essential singularity, 61; (see unessential 
singularity). 


Order of multiplicity, of a common zero of 
two uniform analytic functions, 205, 209 ; 
of level values of two uniform analytic 
functions, 212. 

Order, of zero of a regular function, 111; of 
pole of uniform function, 119. 

Ordinary place, 60. 

Osgood, 62. 


Pairs of periods for uniform functions of two 
variables (see period-pairs). 

Periodic functions in two variables (Chapter 
VIII). 

Periodic lineo-linear transformations, 19, 28, 
52. 

Period-pairs, if infinitesimal, are excluded, 
213; may not be more than four for 
uniform function of two variables, 216-223 ; 
one, 224; two, 224, with the different cases; 
three, 226, with the different cases, and the 
general result, 231; four, 232, with the 
different cases, 235. 

Picard, Preface, 5, 14, 26, 77, 78, 92, 152, 
153, 156, 161, 169, 170, 178, 193, 197. 
Pieard’s theorem, on functions that cannot 
acquire assigned values, extended to func- 

tions of two variables, 78. 

Picard’s theorem concerning single integrals 
of rational functions involving one algebraic 
variable extended to integrals of rational 
functions involving two algebraic variables, 
180-187. 

Poincaré, Preface, 1, 4, 5, 13, 26, 71, 126, 
131, 158. 

Poincaré’s extension of Cauchy’s theorem to 
double integrals, 159; with inferences, 160 ; 
extension to the residues of double integrals, 
160, 161, with examples, 161 et seq. 

Pole, 61, 85 (see unessential singularity); ex- 
pression for uniform function in the vicinity 
of, 119; sequence and order of, 120. 

Polynomial, when a regular function is a, 
74; properties of, as regards singularities, 
124. 

Prym, 266, 


Quadratic frontiers, 34; invariants and co- 
variants of, 39; suggested canonical form 
for, 51. 

Quadruply periodic functions, 253 et seq. ; 
level places of two, 257; satisfy an algebraic 
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partial differential equation of the first 
order, 262, with example, 273. 


Rational, any uniform function entirely devoid 
of essential singularities must be, 126. 

Rational function connected with algebraic 
equations in two independent variables, 
most general form of: (i) when there is 
one equation, 171; (ii) when there are two 
equations in two algebraic variables, 173 ; 
integrals of, 178 et seq. 

Rational function, singularities of, 125. 

Reducibility (relative) of two regular functions, 
115. 

Region of continuity of a function, 81; its 
boundary, 82, 86. 

Regular functions, any uniform function having 
essential singularities only in the infinite 
part of the field is expressible as the 
quotient of two, 147. 

Regular functions, 60; fundamental theorem 
relating to, 62; double integral expression 
for the coefficients in the expansion of, 64; 
one property of, 73; condition that it is a 
polynomial, 74; analytical continuation of, 
80; level values of, 108; relative divisibility 
of, 112. 

Relative, divisibility of two regular functions, 
112; reducibility of functions, 115, 

Riemann, 4, 16. 

Riemann’s definition of a function extended 
to two functions, 16. 


Sauvage, 58. 

Severi, 170. 

Simart, Preface, 92, 152. ; 

Simultaneous poles of two uniform analytic 
functions exist, 204; usually is an isolated 
place, 211. 

Simultaneous unessential singularities of two 

. uniform functions do not exist in general, 204. 

Simultaneous zero, of two regular functions, 
must exist, 202; likewise for two uniform 
analytic functions, 203; usually is an 
isolated place, 207, 209, but there may be 
exceptions, 208. 

Single integral, 152. 

Single integrals of algebraic functions in- 
volving two algebraic variables, 178 ; 
equivalent forms of, 180, with necessary 
relations, 185; first kind do not exist for 
general equations, 187. 

Singularities, 61, 82, 119; 
function, 125. 

Stokes, 157, 


of a rational 
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INDEX 


Theta-functions, triple, 240 et sey.; even 
functions and odd functions, 248; double, 
249, 253 et seq. 

Tied functions, 208. 

Transcendental function, 60. 

Triple theta-functions, 240; effect on, caused 
by increments of periods, 242, by half-period 
increments, 250; two sets of, 251 et seq. 

Triply periodic functions, 238, 

Two functions, everywhere regular in the 
finite part of the field, must vanish at some 
common place, 202; likewise, when they are 
uniform and analytic, 203. 

Two-plane representation of the real parts of 
the variables used for quadruply periodic 
functions, 237, 257. 

Two-plane representation of two variables, 13 ; 
some properties of, 14; limitations of, 19. 


Umbral symbols introduced for coefticients in 
homogeneous forms, 41. 

Unessential singularity, 61, 83, 119; ex- 
pression of uniform function in the vicinity 
of, 121; is an isolated place, 122. 

Uniform analytic function must acquire. an 
infinite value, 72, and a zero value, 76, 
and an assigned finite value, 76. 

Uniform function, 58. 

Uniform periodic functions (Chapter VII). 


Valentiner, 25. 
Vicinity of a place, 58. 
Vivanti, 12. 

Volterra, 13. 


Weierstrass, 
101, 105, 
261. 

Weierstrass’s theorem on the behaviour of a 
uniform continuous analytic function in the 
vicinity of an ordinary place, 92; various 
cases of, 96, 97, 100; example of, 102; 
alternative method of proceeding in one 
case, 105. 

Weierstrass’s theorem on functions entirely 
devoid of essential singularities, 126; proof 
of, 126-129; on functions having essential 
singularities only in the infinite part of 
the field, 130, with Cousin’s proof, 130 
et seq. 

Weierstrass’s theorem on infinitesimal periods, 
214. 

Weierstrass’s theorems on algebraic relations 
between homoperiodic functions, 261 et seq. ; 
illustrated by hyperelliptic functions, 265 
et seq. 


Preface, 4, 77, 80, 82-86, 92, 
112, 122, 124, 141, 214, 260, 


Zeros (selected) of the theta-functions of two 
variables, 255. 
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‘*We have before us the two concluding volumes of Prof. Forsyth’s monumental Vheory of 
Differential Equations. 'The completion of so great a work is too important an event to be lett 
unnoticed. No mathematical treatise on the same scale has appeared since Darboux completed 
his Théorie Générale des Surfaces in 1896. What Darboux’ work is to the student of Differential 
Geometry, Prof. Forsyth’s will be to the student of the pure theory of Differential Mquations.... 
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